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ON THE SYTATES OF A DYNAMICAL SYSTEM UNDER FUZ2Y CONTROL

V. N. BoayrLev

Computing Center AcAD. Sci., VaviLova 40, Moscow, USSR

CoNSIDER A DYNAMICAL SUSTEM PROVIDED WITH A PROGRAMMED
CONTROL. [T iS CLEAR THAT RECAUSE OF PERTURBING INFLUENCES
THE RESULTANT BEHAVIOUR OF THE SYSTEM MIGHT DIFFER FROM THE
PROGRAMMED ONE AND SO OUR KNOWLEDGE OF THE SYSTEM’S STATE
MiGHT DECREASE IN TIME EVEN IF THE KNOWLEDGE AT THE INVTIAL
JNSTANT BE EXHAUSTIVE. QUR FIRST AIM iS TO ESTIMATE SUCH A
PROGRESS IVE UNCERTAINTY IN TERMS OF FU223 STATES FOR A
LiNEAR CoNTiNUous SYSTEM (THeorem 1). TheN LET>S NOT iNSiST
THAT THE KNOWLEDGE AT THE INITIAL INSTANT BE EXHAUSTIVE.
LeT, (NSTEAD, THE KNOWLEDGE INCREASE, RATHER THAN DECREASE
in Time. QUR SECOND AIM s TO ESTIMATE SUCH A REGRESS|VE
UNCERTAINTY (THEOREM 2).

As A NAIVE (LLUSTRATION, CONSIDER THE PROBLEM OF DEMAND
PROGRAMMI{NG. IT 1§ CLEAR THAT VARIATIONS iN CONJUNCTURE
DEPRECIATE EXCESSIVE KNOWLEDGE OF THE iNiITiAL DEMAND. ON THE
OTHER HAND iINSUFFICIENT KNOWLEDGE IS UNDESiRABLE T0O, So A
COMPROMISE B0DY OF KNOWLEDGE IS NECESSARY.

To APPLY THE ESTIMATES OBRTAINED HERE & IN COMPARISON WiTH
(CRiSP) ELLiPSOiDAL ESTiMATES [1], ONE NEEDN’T SOLVE ANY
Caucuy proaLEMS. JET ONE HAS YO ESTIMATE CERTAIN SPECTRAL
CHARACTERISTICS OF THE SYSTEM. As REGARDS THE DiSTURBANCE IN
CONTROL, WE SUPPOSE THAT THE SET OF ITS POSSIBLE VALUES viZ.

THE FU22y SET OF iTS VALUES [2], INCREASES IN TIME.
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1. THE STATE SPACE AND FUZZY-VALUED FUNCTIONS OF TIME

Ler 2, Yy, X, 8e POINTS OF THE AN-DIMENSIONAL EucLipeAw
sease, anp X, Y, X, TS NONEMPTY BOUNDED FUZZY SUBSETS
(iN THE SENSE OF BEING NORMALIZED iIN HEIGHT AND BOUNDED IN
SUPPORT (31). By TRADiITIiON, FUZZY SETS ARE REPLACED WiTH
THEIR LEVEL SETS, AND CRiSP ONES ARE IiDENTIFIED WiITH THE|R
supporTs, Let 0 < A< 1 AND &v DESIGNATE LEVEL SETS.
ler T, 9 T, BE NON-NEGATIVE ReaL numpers. Ler A &e a
REAL MN-BY-N. MATRIX WIiTH THE TRANSPOSED MATR) X A* THRE

wateix [A]= (A +A*)/2 THE iNVERSE MATRIx A | (iF it
EXISTS), THE EXPONENTIAL eA AND THE SPECTRAL NORM “ A“ .
THE UNIT N-By-n. MATRIX is DENoTED L.

ON THE COLLECTION OF ALL X0’S LET 0S DEFiNE THE ORDER BY

incLusion <, Tue Minkowski ADDITioN +, THE MULTIPLiCATiON

ss A, anp The (weichTED) piameTer diam | iupLyiNG ThaT
x<Yy < (xel, X = xet § )y,
v (£+5)={osy: xe v, %, yetey 51,
v, (A) = { Ao e o, %1,
diam3 < diam & = sup <, sup {|x-y} %, yeloy % ],

WHERE THE FUNCTiON A»COAE[O,"] IS A WEIGHT To LEVEL SETS.
I+ is EASY To REVEAL A MUTUAL SUBORDINATION WITHIN THIS

STRUCTURE.
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IN THE FOLLOWING THE FUNCT)I ONAL diam willL PLAY A SPECIAL

ROLE, SO LET us EXHIBIT ITS ATTRIBUTES:

Oédiam§<oo, JiamzzOérb’i:{x\},
x ey = damXx < diam Y’

max {oliam x ,o(ia.mS } < diam(i*"i) < diam ‘z'*'cl‘:amg ’

diam x
| A

ANOTHER ATTRIBUTE OF THE DiAMETER 1S SLiGHTLY BELOW.

< diam AX < ||A] diam x .

Ler T— u,c BE A FUNCTION WITH VALUES 2C AND THE EXIiSTIiNG

T
LesescuE iNTEGRAL ST Ug dO@. Ler aLso T U, BE A FUNCT]ON
P~ °

WiTH VALUES XC AND THE NONEMPTY BROUNDED AUMANN INTEGRAL
T ~ ] .

§7 U, dB , iMpLYiNG THaT
Te O

T T
&VASG;aez guedO: uee&vafd'e VGST}
To To

R T
(RUNN)NG OVER ALL U ’S). Ler T—» Ve AND T—> W_ BE ANOTHER

PAI R OF SUCK FuNcTions. CLeEARLY, iF THE FUNCTION T— o‘iam u
T

'S LEBESGUE-INTEGRABLE THEN WE OBTAIN

T T
To T

OBSERVE THAT FROM THE STANDPOINT of TwE AUMANN INTEGRAL AND

DIAMETER THERE IS NO NEED TO DiSTINGUISH SETS THEMSELVES AND
THEIR CONVEX nuLLS [4].
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2. DESCRIPTION OF THE SYSTEM

CoNSIDER A CONTROL SYSTEM REPRESENTED AS

d
7{_—&= Aﬁt+u,t )
x =xo€x0 b u’CGuT

T=0
IN WHAT FoLLOWS THE KNowN (SYMMETRIC) MATRIX [A] }S SUPPOSED
E. A MATRIX WIiTH NEGATiVE EIGENVALUES).

Yo Be sTARLE (1.
- 4
anp A ExisT. We SUPPOSE ALSO

THERERY THE MATRICES [A]

THAT

{Vel + W Y,

oo

WITH THE FUNCTION W _ INCREASING (IN THE SENSE OF INCLUSIiON)

~ IN SYMBOLS:

~/

g<T :=>wegwt

THEw, cLearLy, THE FUNcTioN T —> diamu,_ is Leseseue-

INTEGRABLE (OWiNG TO iTS MONOTONICITY).
Givewn X _AND U, THE SYSTEM’S STATE iS REPRESENTED BY

The CAuCHY FoRwmULA

T

-6

X, =e + S eAGC )“6 oo
0

o~

GIVEN NOTHING BUY AND W , TuE STATE iS REPRESENTED 8Y
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THE FUZZY ATTAINABLE SET

T
~ AT X A(<-6)
X =Q Xx_ + e

8]

w. de
5 0

AS CONSISTENT wiTH LADEW’S EXTENSION PRiNCIPLE £3].

THROUGH THE DEFINITIiON OF AUMANN INTEERAL THE PRECEDING

FORMULA MIELDS

T T
rr_r-:oc,co-»ge veol9+§e Wgdo YT>Ts.
_CO o

THE FUNCTION V. PLAYS THE ROLE OF PROGRAMMED CONTROL.
FroM THe WAZEwsKi iNEQUALITY (5], THAT Gives AN UPPER

(AND LOWER) BOUND FOR THE NORM OF THE SOLUTION OF A LINEAR

CaucHy PROBLEM, WE DER)VE

Lemma 1.

\LAT"

: -1 .
THEREBY THE MATRIX (F_- ~ e_A) EX1STS, AND FROM ONE WELL-

KNOWN [NEQUALITY [6], THAT GIVES AN UPPER BOUND FOR THE NORM

le™ll < exp

OF THE vON NEUMANN SERIES’S SUM, WE DERIVE

LemMa 2.

AY-1 ox ~1 -1
1= < (4= o gt )

OBSERVE THAT J/H[A]J" is THE mAxinaL Eicenvaue o LA .
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3. ESTINATION OF THE UNCERTAINTY

IF THE UNCERTAINTY ASSOCIATED WITH A FUZZY SET IS To BE
MEASURED @Y THE DIAMETER OF THiS SET, THE UNCERTAINTY

. ~ 1]
ASSOC)ATED WITH x't’ CAN BE ESTIMATED AS FOLLOWS.

THEOREM 1,

To-T O(Lam r\:)-co
(1- o AT 7 A

Proor. WE SHALL CONSIDER THE CASE T>T,_. The DEFiINITioNS

diam E't P

oF AUMANN INTEGRAL AND MATRIX INTEGRAL YIELD

T T 5 ) )
SQA(r-e)%de 5 N G)dea, NG ~QA(t ))Wzo

To
To TO

TURNING TO THE DIAMETER’S ATTRIBUTES, WE OBTAIN

T T
diam . = diam(Z.p+ § 1", 4o+ § SOy ,40)>
- T, T_'o
20‘&&»’03 e ACT- e)N de 2 diam W,

%o I(E - =) IAl

T+ REMAINS To APPLY LEMMA 2.

ThuS THE QUANTITY

ofiam wto
Al

ESTIMATES A PROGRESS IVE UNCERTAINTY CONCERNING THE SYSTEM>S

(a2
STATE INDEPENDENTLY OF xo.
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TueoREN 2.

dism %, 3 JAT" ) diem Wy = diam X € diam &

< x

9 °

Proor. LEMMA { yiELDS

i AT < (- 1e™1) LAY

TURNING To THE DIAMETER’S ATTRIBUTES, WE OBTAIN

. e
dLam x"'t =

T

= Lam<e X +SeAGt e)\/ do + &eA(Tge)\';)'eolG)s
S“e " diam X X, t S "eA(T—G) “ d0 diAMCJ’.c <

)
e diam®, + (1= 1) LAY I diam ™

T+ REMAINS TO ASSUME THAT

diam Ty 2 \[AT] diam We .

THUS THE QUANTITY

ICAT") diam We

ESTIMATES A REGRESS|VE UNCERTAINTY CONCERNING THE SYSTEM’S
STATE.
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CoNcLUSiON

THE ABOVE PRESENTED APPROACH TO MATHEMATICAL DESCRIPTiON
OF UNCERTAINTY AND OF ITS EVOLUTION ALONG THE TRAJECTORIES
OF DYNAMICAL SYSTEMS OPERATES IN TERMS OF FUZ2Y SYSTEMS [7].
NATURALLY | THERE EXiST APPROACHES IN OTHER TERMS, E. 6. THE
iNFORMAT iON APPROACH [8] WHERE RENYiI®'S ENTROPY ACTS AS

DIAMETER WITHIN A PROBABILISTIC FRAMEWORK.
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