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Abstract

TIn this paper, we'll introduce two important concepts of
fuzzy distance and limit of fuzzy numbers, and give some elemen-
tary properties of the fuzzy distance and the limit of fuzzy

numbers,
Keywords: Fuzzy number, Fuzzy distance, Fuzzy limit.

Tatroduction

D. Dubois, H. Prade, R. Goetschel, W, Voxman and J. He etc.
{2, 3, ] have done much work about fuzzy numbers. They have
introduced the distance of two fuzzy numbers and given some
properties of the limit of the sequence of fuzzy numbers in the
distance. In this paper, we'll introduce a new definition of
distance of two fuzzy numbers, which is called fuzzy distance.
We'll see that the fuzzy distance of tWo fuzzy numbers is a fuzzy
number and is also the extension of the distance of two real-nu-

mbers (]a - b|), this is to say the fuzay distance of two real
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numbers a and b is a real-number |a - b|. We'll also introduce
the fuzzy 1limit of the sequence of fuzzy numbers in fuzzy dis-
tance, which has alﬁost all the properties similar to those of
the 1imit of the sequence of real-numbers,

The paper is divided into three sections. In Section 1,
after recalling some basic definitions and properties of fuzzy
numbers, we introduce the relation " £ " of two fuzzy numbers
and define the least upper bound and the greatest lower bound
of a set of fuzzy numbers, and give.an expression to each of
them.

Tn Section 2, we introduce the fuzzy distance of two fuzzy
numbers, which possesses almost every property of the absolute
value of real-numbers.

Tn Section 3, we introduce the limit of the sequence of
fuzzy numbers and obtain some results similar to those of the
1imit of the seaquence of real-numbers.

We'll discuss some important theorems of fuzzy numbers in

nthers paver,

1. Basic Definitions and Properties of Fuzzy Number
T.et R be the set of all real-numbers and F(R) all fuzzy sub-

sets defined on R [11].

Nefinition 1.1. Tet a € F(R), a is called a fuzzy number, if

a has the properties:
1) a is normal, i.e., there exists x € R such that

a(x) = 1;
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2) Whenever A € ( O, 1], then a, ={x; a(x) =A} is a

closed interval, denoted by [al , all.

Tet F*(R) be the set of all fuzzy numbers.

By decompsition theorem of fuzzy set

a = UAlay at]
p=4 /\f(b,l]‘h ] A.J s
for every a € F*(R).
Tf we define a(x) by
a(x) =1 iff x = a;

O iff x £ a,
for every a ¢ R, then a ¢ F*(R) and

a = Uafla , al .

MO, 1]
Definition 1,2, For every a, b, ¢ ¢ F*(R), we say that ¢ =
a + b, if for every A € ( O, 1], cx = a, + b, and cI = at + b:.
We say that ¢ = a -.b, if for every A ¢ ( O, 1), c, = a, - bt
and ¢, = a: - b,.

Definition 1.3. For every a ¢ R and every a & F*(R), we de-

fine
UA[a-al , a-at] iff a = 0;
Ac(0,1)
a.a =
UA[asa} , a-a7] iff a < o.

At(o,1]
Note that the definitions of multiplication, division,
maximal and minimal operations of the fuzzy numbers were also
introduced by [1] .

Definition 1.4. For a, b € F*(R), we say that a £ b, if for

every A€ ( 0, 1],

-z -
ay £b

+ 2z +
~ and a, £ by .

We say that a ¢« b, 1f a2 € b and there exists A € ( O, 1] such



that
- - +
a” < by or ay < b, .

We say that 2 = b, 1if a € b and b £ a.

Definition 1,5. For every positive real-number M, there

exists a ¢ ( O, 1] such that M £ af or a} £ -M, then a is called

fuzzy infinity, write oo.

Definition 1.6. A non-empty A is said to be dense, if for

every a, b € A, a < b, there exists ¢ ¢ A ¥ith a«¢ ¢ < b,

Theorem 1.1, F*(R) is dense.

Proof. Tet a, b ¢ F#*(R), a ¢ b, then there exists Ae( 0O, 1]
such that

ay < by or a:'< br ,
S0

a, < (ay + by)/2 < b, or a:’< (a: + b:)/Z < by .

We define

c= UNANWeal +1v)/2, (af +10)/2],
Aelo,1]
then obviously, a ¢ ¢ < b and ¢ ¢ F*(R). X

Definition 1.7. Let A ¢ F*(R), if there exists M ¢ F*(R),

M # o, such that

a M for every a ¢ A,
then A is said to have an upper bound M. Similarly, if there
exists m ¢ F*(R), m #x, such that

m < a for every a € A,

then A is said to have a lower bound m.

A set with both upper and lower bounds is said to be bounded,
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NDefinition 1.8. M ¢ F*(R) is called the least upver bound of

A ( Ac F*(R)), if M has the properties:
1) Whenever g ¢ A, we have a £ M;
2) For any ¢ > 0O, there exists at least one a ¢ A such

that

1=

a2 +E
we write M = sup A.
Similarly, we introduce

Definition 1.9. m ¢ F*(R) is called the grestest lower bound

of Al AC F*(R)), if m has the properties:
1) Whenever a € A, we have m £ a;
2) For any § » O, there exists at least one g ¢ A such
that
m>a-¢ ,
we write m = inf A,

Theorem 1,2, Let A ¢ F*(R), if A has the least upper bound

and the greatest lower bound, then

sup A = U Aflsup ay , sup aI] ; )

MO, 1] aeA ach
inf A = U A[inf ay , inf ar] . (2)
A0, 11 "achA ach

Proof. For every a ¢ A, since a £ sup A, we have
- 4 - + 4 +
a, % (sup A), and a, £ (sup A)A,
for every A ¢ ( O, 1] . Therefore

sup a,

ach ach

£ (sup A); and sup a. 4 (sup A): ,
thus

U A lsup a, , sup ai] £ sup A:
ANe(0,1]1  aeA ach
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On the other hand, for any € > O, by using definition 1.8,
there exists at least one a ¢ A such that
sup A< a +¢ ,
hence we have

(sup A); £a +¢ and (sup AL: £ ai +E&

for every A ¢ ( 0,, 1] . Thus, for every A ¢ ( D, 11,

(sup A); £ sup a, +¢§ and (sup A): £ sup aI +& .
aeh aech

Since £ 1is arbitrary, then

- - + +
(sup A)K £ sup a, and (sup A), £ sup a3, ,
acA aeh

for every A ¢ ( O, 1], that is to say

sup A £ U A[sup a, , sup a:] .
Ae(O, 1] aeA aeh :

Tt follows that

sup A = U Alsup ay , sup ar] ,
Ael0, 1] acA aeh

and this completes the proof of (1).

The vroof of (2) is similar. 1

2. Fuzzy Distance of Fuzzy Numbers and its Properties

Definition 2,1. A fuzzy distance of fuzzy numbers is a func-

tion P: (F*(R) , F*(R)) — F*(R) with the properties:
1) (a, ) 20, a2 = b if and only if @ (2 , L) = 0O;
2) £(a, b) =0 (b, 2);
3) Whenever ¢ € F*(R), we have
£(a,b)£f(a, c)+ 8 (c, D).
If € is the fuzzy distance of fuzzy numbers, we call (R, F*(R),

£) a fuzzy distance space.
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In the following, we introduce a function f,.which plays a
key role in the theory of fuzzy numbers.

We define

() 2 s oAt -l e e - v e - el
»0, 1] ASAg|

for a, b ¢ F*(R).
Theorem 2.1. € (a , b) defined by the equality (&) is a
fuzzy distance of fuzzy numbers,

Proof. 1), 2) obvious.

3) By using the triangle inequality of real distance

(ia - bl), we have

lag - byl ¢ Ia; - cgl + Jey - by |
and

la; - b;l

IN

[aq = eql + fey - gl

for every (¢ ( O, 1], therefore

27 = Byl ¢ 1ay = cqlvilay = eql + fey = vylviey - vyl
and
\a{ - b;l ¢ |ay - c;l\/|a; - c;l + lc; - bq\\/\c; - b; ,

for every 17 ¢ (O, 11, thus
b{l V’la; - b+|

1

]
~
1

¢ lag - oyl Viag - ] +ley - vy 1V ieq - wql,

for every 7 ¢ (O, 1], it follows that

lay - b3 |V lay - vl

¢ sup | a7 - e | Vlar - col + supler - b lvie! - bf ,
AQSI\ 1 '(l \ ( 'Z\ "‘"[ﬂ\,l 'l\ 1“9 'l\
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for every ¢ (AN , 1], A€ (0O, 1]. Therefore we have
suplai-b',il\/‘a;—b;l

ASSH
< suplaa - c»{l\/la{ - c,ﬂ + suv|c, - b;l\/lc; - b,{\ ,
Al A1
for every A € ( O, 1]. It results that
Pa,n)£f(a,c)+ P (c, b |
Tt is easy to see that, if a, b are real-numbers, then

£(9_9.12)=‘a'bl.

Theorem 2.2, Whenever a, b, c, d ¢ F¥(R), a ¢ R, we have

1) 2(a+b,a+c)=28(b, ¢l
2) Lla-2,a-c)=28(, c);
) £(b-2a,¢c-2)=0 (b, ¢c)
4) P (a2 , ab) =|a|-f (a2 , b);
5) If a ¢ b 4 ¢, then

) If a £ c £ band 2 £d £ b, then
E(E,Q)za'g(és

Proof. Phe proof is obvious. , i

%, Limit of the Sequence of Fuzzy Numbers

Definition 3.1. Let {an} ¢ F*(R), a ¢ F*(R), {a,} is said to

converge to a in fuzzy distance £, denoted by

jima, =a or a;——sa (n— x),
if for erbitrary ¢ » O, there exists an integer N » O such that
£(ag , 2) < £ as n = N,

Theorem 3.1. Let {a,}c F*(R), a ¢ F*(R), then {a,} converges
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to a in fuzzy distance £ if and only if {a, }, {an+} converge to
A A

ax , a; uniformly for every A ¢ ( O, 1} in usual distance of

real-numbers,

Proof. Obvious. :

Theorem 3.2. Let {a,} , {bn} c F*(R), a, b ¢ F*(R), a ¢ R, if

lim a, = a and lim b, = b

nee 0 T neo B T
then

1) 1lim (g, + by) = a *+ b;

n-+

2) lim (ap - bp) = a - b

3) 1im (ara,) = a-a.
N-o0

Proof. 1) For arbitrary € > O, since lim a, = a and lim b, = b,
' n-w N~ ,

then we can find two integers Ny > 0, N, > O such that

£(a, , 8) < 3¢ asn 2N,

and

(b, , D)< 3¢& a2sn=N,

Let N = max (Ny; , N,), then we have

€ (a, +b,,a+b) 4P (ay +by, a,+b)+8(zg;+b, a+D)

(b, » )+ 8 (a,, 8) ¢ €+ Fg=¢,
as n 2N, This means that

%_j;ri (én + p.n) = é + -b_'

2) Similarly, we can prove

lim (a_. - b ) = a - b.
N-»c0 n n
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3) For arbitrary & > O, since lim a_ = a, we can find an
nN-+c0

integer N > O such that

e (_a_n y 8) < —i“*’
lal + 1
as n 2 N, Therefore
f(ava, , a+a) = lalf (ay , &) < la] & < E
tal + 1
as n > N, this shows that
%}3 (a'én) = a*a. 1
Theorem 3.3. (Limit uniqueness theorem) If %im an = a and
>R
lim a = b, then
n-+<x
a = b.
bProof. ¥or any ¢ > O, since lim a, = a and lim a, = b, then we
o ] N=»0

can find two integers N1, Né » O such that

£ (g, , 2)< %€ as n > N,

and

£ (a, , B)< %€ as n * N,.

Let N = max (N, , N,), then
0<£L(a, b)28(ap,a)+ Q8 (a,, b)< 3e+3e=¢,
as n > N, The arbitrariness of £ implies that
£(a, b) =0,
that is
a = b. 1

Theorem 3.4. Let {a,} , {b,}, {cp} € F¥*(R), a ¢ F*(R), if

for 22 £ ~and lim = im ¢, = a, the
every n, a, En €, an %}w an = 8, %*& Ch = 8, n
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lim b = a.
N+ 1
Proof. For arbitrary ¢ > O, since lim a, = a, lim ¢ = a, we can

N+ — N — 0

find two integers Ny N2 > O such that

p(a, , 2) < E/3 as n x> Ny
and
(ep, a) < 3 as n > No.
Since
-@-né-—né—n’

for every n, then, as n > N = max (NH . NZ)’ we have

R (b, 27) €L (cy,ay) 68 (cyr @)+ 8(a, gy

<&/3 + £/3 =(2/3)e .

Therefore

E(En,é)ég(hn,gn)+§_(§n’g)<3§£ +_§_=£,

as n 2 N, it follows that

1}
Y

lim b
n-sco ~ 1 ]

Theorem 3.5, (Boundedness theorem) Let {ap 1 ¢ F*(R),

a ¢ F*(R), a #,O_Q y 8n £¢£ y o= 1, 2, 3,000 oee if 1im 2n = 3,
n-rew

then there exist M, m ( # = ) € F*(R) such that
m<a, £M,

for every n.

Proof. Let ¢ = 1. Since lim a, = a, we can find an integer N > O
new "1 -

such that
é—]é_a_né§.+1,

as n 2 N, Let us denote
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+
M= U A max X, max X, ]
AO, 11 Xefa,a,~a,a+1} xefa,a,,-a,at+
m= U A min X5 min x} ]
A0, 11 Xefa, a3, 2=} Xefa, a, 2,2~} ’

then, obviously, M, m ( # o ) ¢ F*(R), and for every n

£ £

Theorem 3.6. (Keeping sign property theorem) Let'ign}<:F*(R),

a, b ¢ F*(R), lim a = a, if for every n
n-+od

a £ b (

o
IN

an)s

then

|»
IN
o
~~
o
1N

a).

Proof. Obvious, ]

Theorem 3.7, Let lim a, = a, lim b, = b, then
N+ N0

lim @ (én ’ .b.n) =£ (a , b).

n->«

Proof, Obvious. ']
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