ON THE BASIC FUZZY OPERATIONS

Radko MESIAR

Katedra matematiky SvF SVET
Radlinskéhe 11, 813 68 Bratislava
Cszechoslovakia

1. Basic fuzzy operations

Applications of the fuzzy sets theory in several domains,
especially in the area of consulting aystiu, recall the probe
lem of the definition of basic fuzzy operations, namely complee
mentation, interaection end union, see e.g. [4] . These opera-
tions are to be defined for each point x of the universal space
U as the universal operations on the values of the membership
functions, what leads to the analegy with the fuzzy logic con=
nectives. These problems are studied in several papers as [1] [2]
or [5] . In what follows we deal with membership values x, y
etc. of the unit interval (0 , 1) and the basic fuzzy operatie
ons represented by the functions COMP, INT and UN. In the clas-
sical fuzzy sets theory following principles are used:

i) the reductien to the non-fuzzy sets operations in the
face of binary membership grades

ii) assecimtivity of intersection and union

iii) commutativity of intersectimn and union
iv) CoMP(x) = 1 - x
v) COMP(INT(x,y)) = UN(COMP(x),COMP(y)) the rules of
CoMP(UN(x,y)) = INT(COMP(x),COMP(y)) (De Morgen
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vi) INT(x,y) + UN(x,y) =x +y ( additivity ) .

We give three classical examples satisfying i) - vi) :

a) INM(x,y) = min (x,y) UN(x,y) = max (x,y)
b) INP(x,y) = x.y UN(x,y) = x + y - X,y
c) INT(x,y) = max (O,x+y-1) = UN(x,y) = min (1,x+y) .

The work of a rule based consulting system dealing with proe
positions that may be uncertain consiats in the propagation of
uncertain knowledge throughout the net of rules according to
some combining functions. These functions may be considered as
some fuzzy operation functions ( see [4] ). So e.g. if we take
the combining function GIOB ( for notation and details see [3]) .
asuring the calculation of the global weight of a proposition
from the particular contributions, we can consider it as an ana-
logy of the fuzzy union, i.e. as a possible type of the fune
ction UN ( here we deal only with nonnegative weights ). In this
way it is used the function GLOB(x,y) = x + y - x.y , i.e, our
type b) of the union function UN, in the consulting systems
MYCIN and EMYCIN,

The function UN will be the main subject of our interest. To
get some now-types ( with reasonable properties ) for UN, we
need to modify or to give up some of the principles i) - vi) .

2. Nonassociative models

Let us preserve all principles i) « vi) with the exception
of i1), i.e. of associativity. Then we can use any convex or
fuzzy convex combination of the models of type a), b) or c) to
get new possible types for UN and INT, As an example we can take
the model described in [4]| , which is a fuszy combinetion of the



models a) and b) .
d) INT(x,y) = ( IHTb(x,y), INT, (x,¥), Una(x,y)-INT‘(x,y) ) =

= min (x,y) =(min (x,y)).( 1 - max (x,y))e
.( max (x,y) - min (x,3)) |
UN(x,y) = ( UN,(x,3), UN,(x,y), UNg(x,y) = INF (x,3)) =

= max (x,y) +(min (x,¥y)).( 1 - mex (i.y)).
.( mx (x,y) ~ min (x,y))

Here (u,v,z) = z,u + (l-z).v is a convex combination.

In this way we can obtain a variety of different types of
functions INT and UN. The dissadvastage of this method is the
loss of the associativity.

3. Asaociative models

Most productive generalization seems to be the case, when we
preserve the principles i) -~ iii) and the validity of one of
the De Norgen rules.

Let INT(x,y) be sny associative commutative representative
of the fuzzy intersection increasing in every component,
INT(x,0) = 0 , INT(x,1) = x . We modify the principle iv) in
the following msnner:

iv’) COMP is a strictly decreasing tran-fomtioh of the unit

interval (0 , 1) ( it follows COMP(O) = 1, COMP(1) = 0 ).

Now, we define the function UN by the De Morgen rule,

UN(x,y) SCW'l[IE(COHP(x).CQIP(y))] .
It is easy to see, that then UN is an associative commutative

representative of the fuzzy union increasing in every component,

N (x.e) = x and W\\(x,l) =1.
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Conversely, if we are given functions UN and COMP, we define

INT(x,y) = COMP™L[UN(COMP(x),COMP(y))] .
4, Remark

Now, put INP(x,y) = x.y . Let COMP satisfies the modified
principle iv’). For x # 1 we define
f£(x) = -1n CoMP(x) .
Then f is an increasing mepping of <O , 1) to <O , + ) end we
obtain
UN(x,y) = COMP™L[INT(COMP(x),COMP(y))] =
= CouP™L(CoMP (x) .COMP(y)) =
= COMP™L[exp -(-1n COMP(x) - ln COKP(y) )] =
= e7Me(x) + 2(y)) .
This result coincides with the results in [3, §2.8] for the com-
bining function (L.OB.

5. Power stability

Let agnin INT and COMP be as in part 4). Then eny peositive
powsr COMP*™ , r>0 , preserve the principle iv°®) and it may be
regerd as a new complementation function COMPy . This new com~
plementation function retains the originsl definition of UN, as

UN(x,y) = COMP™*(COMP(x).COMP(y)) =

= cowr™! (courléx) .cae (3))/T =
= Coup;l(CoMP, (x) .COMP, (y))

6. Mplll

#e give some examples for the function UN following the fun-



7
ction COMP ( satisfying the principle iv’) ) and INt(x,y) = x.y .

o) CaMP(x) = coMP(x) = $5& , k>-1

W(x,y) = W

f) CW(X) = Bxp( is'-"—-I ) . CO'P"I(X) = #x_x_::
UN(x,y) = Ii.:r;z;:_&x ( here COMP(1) = 0,

cowr~1(0) =1 )
1-x, neN, cowr~(x) = (1 - x)¥/0
P xn.xn)lln .
The powsr stability warrants the same result for
COMP, (x) = CoMPl(x) = (1 - PP |

g) COMP(x)

H

n

UN(x,y)

7. Remarks

£) The inverse COMP™! we can regard as & new complementatiom
function COMP,(x) = COMP™l(x), COMP;(x) = COMP(x) . This
exchange may influences the definition of UN. So e.g. in
the model g) we have COHPZ(x) = (1 -x)l/n. With regerd to
the power stability this case corresponds to the classical
COMP5(x) = COMPR(x) = 1 - x , what leads to the model b),
i.e. UN(x,y) = x+y = x5

II) The model f) is the limit model of type e) for k | <1 ,
This is csused by the following facts: the power stabilie
ty property remains unchanged the definition of UN in the
model e) also if we take COMP, (x) = OOKP(]'/(“]'))(:) =

= («%—}%)V(k‘i) « For k | =1 we have

- 1Ak+1) ‘
b, RN e xsa
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1I1) The union function UN of she type e) with k = 1, i.e,

[5]

UN(x,y) = I‘-‘—,‘-'—x{-y- is used as the GLOB function in the
consulting aystem PROSPECTOR .
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