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FIXED DEGREE THEOREMS OF GENERALIZED FUZZY MAPPING
Liu Shiye

Hebei Institute of Mechanical and Electrical Engineering,
Shijiazhuang, China '

This papér obtains some new fixed degree theorems of
fuzzy mapping by concept of fixed degree of generalized
fuzzy mappings. The results given in this paper improve
and extend some results in (1] by Chang Shihsen.

1. Preliminaries

Throughout this paper '(K,d) denotes a complete metric
space; H(+,-), the Hausdorff metric induced by metric 4;
CB(X), the collection of all non-empty bounded closed sets
of X; F(X), the collection of all fuzzy sets in X. Let A€
SF(X), o«€(0,1]. We write

supp A ={xeX: A(x)>0} ;
Aw ={ xEX: A(x):m};'
<Adx ={, xeX: A(X)ZCX};
E={E; xeX, ax)=x €(0,1},
where gi is a fuzzy point which takes xvas supporting point,

. as value.

Definition 1. Let A e F(X), F: K—f-g;(x) be a mapping, which
is called a fuzzy mapping over A, if for each £ € K, we havé
F(EX ) A. We write F(Eﬁ;):Fg . |

Clearly, if A is an obvious set, then +the fuzzy mapping
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defined above is considered in [1]). The set-valued mapping T:
X—»2% can be taken as a special case of above mentioned

fuzzy mapping.

Definition 2. Let A € $¥X), F be a fuzzy mapping over A, Ei*e
A. If Fgf(x*)dx » the §- is called fixed degree of gY for
fuzzy mapping F, we write Dix (gf, F)=%.

Specifically if Dy, (Ef, F)=1, i.e. Fex (x)=)_, then EI is
called fixed point of P. If T i(x):&!ﬁ{x ng (u), then we say
that F obtains maximal fixed degree at fuzzy point EJ .

Let Ae F(X), F be a fuzzy mapping over A, if for any xe
supp A, there exists a corresponding o(x) € (0,1] such that
{ yeX: Fg;;m(y)zu(x) } €CB(X), then we can define a set-val-
ued mapping # supp A—=CB(X) as follows:

f‘(x):{ye X: ngw(y)=o<(x)} for VY xesupp A. (1.1)

Cleary, for any X € supp A, we have f‘(x)c supp A, thus for any
y € F(x) we have Eﬁ'meﬁ. From the definition we can imme-

diately obtain the following result.

Lemma i. Let A € Z¥(X), F be a fuzzy mapping over A,' 'f‘ be the
set-valued mapping defined by F according to (1.1). Then
fixed degree of g':(,oeK with respect to F is equal to %‘% if
and only if x is fixed point of the set-valued mapping P,
i.e. x& F(x)= {-ye X: Fﬁfm (¥)=ox(x) } .

Lemma 2. ((3}). Let A, BE CB(X), then for any &€ A and £>0,



87

there exists a point b€ B such that

d(a,b)==H{(A,B)+E .

Lemma 3. Let @: [0, 00)—{0, @) be a increasing function and
écp"(t)<00 for any t=0 where ¢"(t) is nth composite | func-
tion of @(t), then we have '
(1) P(t)<t, V t=0; ' (1.2)
(2) ®(0)=0. | (1.3)

2. Main results

Theorem 1. Let A€ %H(X), <A%eCB(X), O<r<l1, F,G be two fuzzy
mappings over A. If for any x,y e supp A there are correspond-—
j ox(x € (r,1] such that (Fex ) Gey Jery, €CB(X

ing o(x), @(y)e[r,1) su (g poa (Cgy, Joon €CBLD),

and

S SR TRIVEES
$(d(x,y), d(x, (Fg;‘m Ject> )9 .d.(-Y7 (GEXM )?(y) )s
A (Gggy o )o ATy (B day))s  (241)
where the function &: (O, W)?——’[O, 69) satisfies the follow¥
ing conditions: |
(®) & is a nondecreasing for each variable, and & is
upper semi-continuous; | (2.2)
(%) &(t,t,t,2t,bt)=<P(t), ¥ £30, a,b0,1,2; a+b=2; (2.3)
where ¢ : [0, 00)—{0, »9) satisfies the '.fq.llowing conditions;
(1) (t) is strictly increasing over [0, 00); , (2‘.4)'
(2) E;q’(i;)<oo , ¥ t=o0. (2.5)
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Then there exists a fuzzy point. g}fxn,ex such that the com—

mon fixed degree of g:&*, for F and G is equal to

min {%‘-%;g— ’ %’-é—i—;;—} .
Proof. Let P, &: supp A—CB(X) be two set-valued mappings
defined by F and G according to (1.1) respectively. By using
Lemma 1, it :'_Ls sufficient td brove that there exists x* €
supp A such that x* € (f?‘(x*)n@(x*)).

Taking X,esupp A and x.ef‘(xo ), then x e < < supp A. . Let
=1 (F(x, ), CA}(X. )), by using ILemma 2 there exists Xp € é-(x, )
(%o € ¢A% ), such that d(x,, X, )= .

First we prove that H(ﬁ'(xa), @(x, ))<<p(ox ). In fact, it
follows from (2.1), (2.2), (2.3) and (2.4) that

B(G(x), P(x)) =®(a(x s %), dlx, 8(x,)), alx, F(x,)),
(%, 8(x)), alx , F(x,)))
<®(d(x,, x,), (% , %,)+0, ﬁ(é(x. )y ¥(x)), 0,
alx,, x)+b(x, ), )
<B(A(x,, x2)y A(x,, Xp), A(x,, Xp), O,
| 2a(x,, xp))
=P(a(x 5 %)) <P(ox), |

where d(x,, xz)zﬁ(é(x, )y ﬁ(xg)). In fact, if d(x,, x )<1
H(é(x, ) ‘f«‘(xz )) then we have |

H(G(x, ), B(x)) <H(A(x, ), B(x))
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This is a contradiction. .

By using Lemma 2 again, there exists x, e ﬁ'(fxz) (x5 € <Ax )
such that d(x,, X3 ) =P(x ). In same way we can prove H(f‘(x,),
G(%3)) <@( P ))= A ).

Continuing in this way we can produce a sequence {x,,};‘,.c:d.;r

such that

Xon € é(xan_, ), n=1,2,......3 v (2.6a)
Xy € Fxen ), n=0,1,2,...... ; . (2.6b)
A(Xpy Xpy)s=P(x), N=2y3ye0000s o : (2.7)

It follows from (2.5) and (2.7) that {x,}5;, is. a Cauchy se-
quence in X. Le’c‘x'n—wx*é X. Since <A € CB(X), hence x*€
<A). , thus x*e supp A. |

Now we prove that x*é& f‘(x*), i.e. d(x*, P(x*))=0. In fact,

if d(x*, F(x*))=0 we have
a(x*, B(x*))=a(x*, Xpm )+d(%pn , F(x*))
<d(x*, Xpn )+H(8(%pp. ), F(x*)) |
<A(x*, Tpn )+ 2(d(Zeng » X*), A(Xony » Xgn )40,
a(x*, B(x*), d(x*, Xp )40, A(%ny » X*)+
| a(x*, $(x*))).

Letting n—sso on the right side of inequality above, noting

the upper semi-continuity of & and by using Lemma 3 we have
a(x*, F(x*)) <&(0, 0, a(x¥, H(x*)), 0, a(x*, H(x*)))
=Pa(x*, Bx¥)))=d(x*, Bxr)).

This is a contradiction. Prom this contrediction it follows
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that d(x*, ﬁ’(x*)).-:O, thus x*éf‘(x*), i.e. Fggz*)‘ (x*)=cx (x*),
Thus
' ox(x*)

ot
Dpgy ( Edcem » F)= Tiz%y

Similarly we can prove that

*
Therefore

z* : x(x* x*
Dfix ( EA(K*) ’ FﬂG):mln {‘A_{X_*}_ ’ %Fg'} .

Theorem 2. Let A€ ZF(X), <A € CB(X), O=<r<1, (B };l be a se-
quence of fuzzy inappings over A. Suppoge that for any x, y €
sSupp A and any positive integers i, j, ixj there are corre-

sponding oy(x) € (r, 1] such that

(g s € OBX) @

and

gz 0y Ty » (F’ﬁ(v; LR

=$(d(x, y), d(x, (F f(z‘.) )03(1) )s a(y, (Ejgz(y, )u"(y) )s

a(x (B gy Vs AT (-Figfs:o dogxy 1)+ (2.9), .
Where the function Q satisfies the coﬂditions () (H);
the function ¢ in ( &, ) satisfies the conditions (2.4) and
(2.5). Then there exists £,m€A such that the common fixed
degree of £f*) for (R };:, is equal to m{%&%}-} |
The way of proof of this Theorem is analogus to the way of
proof of Theorem 1.

The corresponding Theorems in {1] can be. extended by same
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method,
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