75
Ol FUZZY REGULARNITY AND SCHE WEAKER SEPARATICK AXICQHS I FIS

Dewan Kuslim ALI"

Rajshahi University

Department cf mﬁthematics
Rajshahi, Barjgladesh

1. Introducticn

This paper is a summery of our research work. In
Section 2, we give 2 complete comparison of fuzzy regularity
concepts presently in use and obta@n their char=cterizaticns,
in Zection 3, we introduce and stwﬁy weaker forms of fuzzy Ty,
fuzzy TZ’ fuzzy RO, fuzzy Rl and ﬂpzzy regular spaces and in
Section 4, we note some shortcomiqgs of the fuzzy Hausdorfiness
concept of 4zad 37 and introduce @ related concept of fuzzy
Hauscdorffness, viz. ngausdorffneéﬁ, which possesses meny
pleasing properties. 'le use mainl& Chang's topolcgy (4] in

this paper. Ye alsc use the folld%ing facts

Let x, be a fuzzy point/singleton ir X and a be a fuzzy
set in ¥X. Then |
(1) x,€0 1iff r<a(x) when rFre (0,1).

(1) x,€a iff r<a(x) when Fre(0,1) end a(x) =1

when r=1

(11i) x,<a iff réa(x) and re (0,17,

r= J
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We also write nhd, in short, for neighbourhcod. Iet I = [0,17.
If a€ I, then a shall denote the a*valued constant fuzzy set
also. ‘e write 1, D(X), G, and E(f,g) to denote the
charscteristic functicn of ACS X, dgagonal of X, graph cf f and

equalizer of f, g respectively (f,é:x~* Y).

If d

X— X x X is the dihgonal wmapping then

d(a)

@ lpx) ¥ aé&I.
2. Fuzzy Tegularity Concepts

e begin by giving a list o@ seven previously introduced
fuzzy regulesrity ccncepts plus a néw ene (see def. 2.1(2))
which we additionally propose. Thé seven previcusly intrcduced
concepts are due tc Eutton and Reimly [6], Adnadjevic [2],
Sarkar [137, Ghanim et al. [5], Ma@ghan and LBencheili [11],
Tang [187 and 411 [1}. As all the eight concepts would zppesr
to be qualified for being nanmed "f@zzy regularity concepts®,
we shall presently distingulsh therﬁ‘i by labelling them as FR(i)...

e s e ey F‘T{(Viij,\;c

Definition 2.1. An fts (X,t) is called

(a) FR{i) iff for each fuzzy point Xp and closed fuzzy set

awith x,eco a, I\, €t §.t. x,€ A, a£u and N\ £co w.

(b) FR(11) iff each \ €t 1s a ufiion of open fuzzy sets u&s

s.t. ﬁjék, for each j [6].

(c) ER(i1i) iff fer each fuzzy singleton x, and strong nhd

r

M of x,, J a strong nhd x of x, s.t. <A\ [2].
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(d) FR(iv) iff for each fuzzy singleton x, and closed fuzzy

r
set a with x €co a, I X, u€t s.t. x €\, a£p and

A<gco p (137,

(e) FR(v) iff for each fuzzy singleton x, and closed fuzzy

r-
A gco w [5].

set a with x_<co a, J X, wEt s.t. xréx, ag 4 and

(f) FR(vi} iff for esch x€X and closed fuzzy set a with
a(x) = 0, I N\, €t s.t. N(x) =1, agp and A Leo u [11].

(g) FR(vii) 1iff for each fuzzy #ingleton X, and pseudocrisp

closed set a with x Aa = 0y a # 0, 3 R-nhds X\ of x, and

g of ¢ s.t. Awvu=1 {18]

(h) FR(viii) 1iff for each fuzzy singleton x, and closed

fuzzy set a with x, g co a, 3N, k€t s.t.xLq A,

aep and X gu 17,

Theorem 2.1. The fclilowlng implici#ticns heold among the fuzzy

rezularity concepts FR(1),......FR(viii).
FR(v)=>FR(1i1) € FR(1y)=>[FR(1) &> FR(11) &>FR(vii1)
FR(vi) ‘

Furthermore, nc cther implﬂcations exist among

FR(1)yeareeesy FR(Viii).
Theorem 2.2. For an fts (X,t), the following are equivalent :

(a)(1) (X,t) is FR(1) ' (FR(iv) or FR(v))

(11)V fuzzy point (singleton) ;q

and A&t with x, € X (x, €A

Lr ]

or x,£\), 3 net s.t. xréu (x,€u or x,&u) and L <\,
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{1i1) Bach fuzzy point (singleton,; has a local base of

closed nhds.

)

(v, Bach fuzzy point (singleton,; has s locel subbase of

closed nhds.

(bi(1) (X,yt) is FR(vi).
(i1)V x€X and N €t with M(x) =1, et s.t. pu(x)=1
and 4 £\,
(1ii) Each crisp singleton has a local base ¢f closec¢ nhds.

(iv) Bach crisp singleton has 2 local subhase of closed nhds.

(c)(1) (4,t) is FR(vii)
(i1) V fuzzy singleton X, and pseucocrisp closed set a #Z0
with XrAxa = G, J open {-nhds )\ of x and p# of a s.t.

XA u = 0,

Iheorem 2.3. FR(1i) property is initiel and hence productive

nd pereditary.

2. Some 'Jesker Separation Axions

Following the style of fuzzy Touness intrcduced and
studied by lowen snd Srivastava [10] (which is ecategorically
right), we intrcduce here the concepts of fuzzy Tl’ fuzzy To,
fuzzy R,, fuzzy Rl and fuzzy regular spaces and discuss their

properties.

Definition 3.1. An fts (X,t) is called

{a) FI, 1ff ¥V %, yeX, x# y, 3 A€t s.t. either

A v—

M) > A y) or Myl > N(x; flOE-



(b)

Eata

(@]
—

(dJ

{e)

(f)
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FI, 1f7 ¥ X, y€X, x £y, d Ny €L s.t. MXI>NY)

and s(y) P u(xl.
FI, iff V %, y€X, x# ¥, 3 Ny #EL 5.t M) DMy,
w(y)> u(x) and XAp = 0.

FR, iffV x, yeX, x #y, whenever 3 X €t with

Sm———

AMx)>N(y) then J et with u(y)’zu(x).

E Iff ¥ x, YEXy, X # Yy wlﬁenevef q x et with

a(x) # a(¥), then I X, €t s.t. NX)>Ny), u(y)>plx)
and NAu = O or equivalently, AMx)>»C, w4(y}>0 anc
YAu = 0.

FR 1ffV x€X and closed fuzzy set a with cc a(x)> 0,

F A, €t s.t. Mx)»0, @Lp and N<co M.

It turns out that FT.-ness fs equivalent to fuzzy

T,-ness of Katsaras [77.

Clearly, FI,=> FI,=>FI_ and FR,=>7
and Fh

i

Lpecrem 3.1, F’I‘l, ™™ F*ﬁlerctperties are good eXtensicns

Co

(in the sense of lowen [81jof their tcpological counterparts.

FT

o properties are good extensiocns

It was shown respectively in (107 and [15] thst FT, and

Theorem 3.2. Conusider the following stetements in an fts (X,t):

D(%X)}, the diagonal of X is fuzzy closed In (X x X, t X dj,

vhere d ie the discrete fuzzy topology on X.
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{x y V X €X, is fuzzy closed in (¥,t).

o
Jde
e
——

~~
s
|30
e
Nt
N
o
-
ct
o
e
n
tx
ge
L}

Then (1)&S>1)==> (111) and (111)=>(i1).

fheorem 3.3. For topologieally renerated fuzzy tcpclogical

spaces, the three statements of Th. 3.2 are equivalent.

A

Thecrem 3.4. A topological space (¥,T) 1s ccumpaect T, 1ff
(X, (T )) is fuzzy compact FT; (¥uzzy compactness is in the

sense of 87,

(¥,t), the fcllowing statements are

=]
O
’- ~
3
4
b}
«t
L6}

Theorem 2.8

vy o "3 o
ecuivalient

(e d(1) (4Lt) is Ffl
(11 {¥,%t) is FT, and F&_ .

bl G4ty is FT,
L
(11, (%,t) is FI; and FR,
(iii) (X,t) is FT_ and FR,
L% e

(e)(1) (Z,t) is ¥R
(11)Y x €% and X €t with A(®)>0,F p€t s.t. u(x)>0

and z<\.

-3

ren 3.6. FRO, Fﬁl and FR properties are initial,

iheorem 3.7. FI,, FR, FR, an¢ FR properties are productive

and hereditary.
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Several fuzzy lausdorffness concepts have 2ppeared in the
literature sc far {2 few such sicnificant concepts, togetner
witn their comperiscn, sre mentioned in [157 anc [171. In 737,
7.¥. hzad intrcduced a fuzzy liausdorffness concept zs follows :

An fts (X,t) is ec=alled fuzzy tausdorff : iff d¢()\) 1s t x t - closed

v %€ 1x,

Evidently fuzzy lausdorffness of [21 is also fuzzy
Lousdorff in the sense of Srivastave et 2l. [16](equivalent
to the fuzzy liausdorffness concepts of {87 and [121); the

converse is false.

Considering any discrete topolegical space as 2 fuzzy
tcpelogical space and the 'Fort topolcgical space', we caL show
respectively that Azad's fuzzy llsusdorffness neither generalizes

usual Heusdorffness ner i1s a good extension of Ilizusdorffness,

e also cbserve that tne seemingly useful thecrem 4.11

te
=

ir 737, which invclves fuzzy Hausdorffness of Azad, surlves
his fuzzy llausdorffness is replaced by the wezker fuzzy

izusdorffness concept giver in 137,

To repair these unpleasant aspects of Azad's conecept, we

introduce here ancther related fuzzy lausdorffness conucept, viz.
a - Hausdorffness, which possesses many pleasing properties.,

From now omwards, a € (0,1] and is fixed.

Definition 4.1. An fts (¥X,t) is saild to ve g-Iausdorff iff

Vr, s€(0,1) and V distinct x, y€ X, 3 X\, u€t s.t. ((x)>r,
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L{y}i>s and »Augl - a.

(A similar nsme for z different fuzzy Hausdorffness

ccncept has 2lsc been used by Nodabangh [141).

Ihecrem 4.1. Ccnslider the fcllowing statements for an fts

&

(X,, t

-
.

10 tp)

(1, o4 lD(K is tl X tl - closed.

17
(11)  If (X55t5) is an fts and £ : (X, to)> (X,t4) 1s fuzzy

continuous then a 1 is t, x t,~-closed.
G 2 1

f
(111 If (X54t5) 15 2n fts and f,g (Xg, tg}-—i(xl, ty) are

fuzzy continuous then a lE(f,g) is tg - closed,

{(iv) {Xietl) is o - Hausdorff.
Then
(&) In Chang's fuzzy topologies

il (11)& (11l j=> (iv) and (iv)=> (i11)
i In lowen's fuzzy topolegies

&> (11> (1111 &> (dv),

Theorem 4.2. (i} g - Hausdorffrness is a good extension of its

topological counterpart.

(11)  If (%4,t) is g - Hausdorff then (X, 1(t)) must be
Hausdorff; the converse is not true. (For the ccnverse, consider

the counterexample, last but one, of [8]).

Ihecrem 4.3. g - Hausdorffness is productive and hereditsary.
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