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CALCULUS OF FUZZY

Jézef Drewnigk

Silesian University, Department of Mat

Summary: A general view on fuzz
presented with a list of sufficient

properties.

Operations on fuzzy relations. Let L

a binary operation #* : L% - L,
denote arbitrary sets.
DEFINITION 1 <(Zadeh (7], Goguen (5]

Cartesian product Xx=<Y is called an
Y.

and let

SETS ITI >

hematics, Katowice, Poland.

y relation composition is

assumptions for its usual

be a Dbounded poset with
P, Q X, Y, Z # @

>. Any L-fuzzy set imn the

L~fuzzy relation from X to

The set of all such fuzzy relations is denoted
by L<KX,Y>.

A fuzzy relation R € L(X,Y) has [lts converse R~' e L(Y,XD
such that |

R(y,x) = Rx,y) for xe¢e X, yle Y.

Any R € L, X) 1is called an| L-fuzzy relation on X.
In particular, the identity fuzzy relation on X is
I~ € LX,X> such that

1 for x=y
&9 Ielx,y) = y X ye X
0 for x=#y

As 1in the case of fuizy setsg LX,Y) 1is ordered by
the relation
@) P¢Q & (Px,7) ¢ Qx, v for ¢ X, ye ),

*) It is a part of Chapter III from (31|
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-and has the extended operation

3 (P * Qx,y) = Plx,y) & Q(x,y) f

where P, Q e L<X,Y).

this can be considered as a union g

Using certain
1
relations *).

The main operation on fuzzy relat
the opt
It can be extended by the

For general case a set

necessary.

) $ (W x,y) = $<{R(x,y)| ReU)) forx

and different operations ¢ can 1
arguments.

DEFINITION 2 D Let R ¢
The g—#% composition of R and S
RS € L«X,Z) such that
(5) (RS) (x,2) = $({R(x,y) * S(y.2)| ¥

The ¢-% n-th power of fuzzy
a relation R™ € L<(X,X), where

(6 R’ R, R°* = RR" for ne N,

The g-#* closure of fuzzy relation

R e LX,X) such that

AT R=g{R"l ne N

with pointwise extension (4> of §¢.

Properties of +the above

the particular assumptions on ¢ and
this paper has the form:

HYPOTHESIS 1. Operation *+ is ass

fulfils

=
over g, i.e.

b

a ¥ f§{({xn! peP})>

f{{a * x| pel

p

§({x! peP}) * a §({x- % al pel

for a € L, X% € L, p e P.

*)

**)

Cf. Drewniak [21.
Cf. Zadeh [81].

definad

or xe X, ye Y,

assumptions on operation #

r an intersection of fuzzy

ions is their composition.

ration # 2t - L is

formula

‘U c LY, xe X, ye Y

g distinguished by their

LX,Yy, .8 e LY,2>.
is the fuzzy relation
€ Y}) for x e X, z € Z.

relation R € LI, XD is

R e L,X) is a relation

operations depends on

#. The main assumptions of

ociative and distributive

3,

)3
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Operation ¢ fulfils the law of gener#

(8> - §({Znql peP, qeQ)) = $({f({Xpq! pf

for pe P, g € Q, Xpgq € L,

P)>1 geQ))

HYPOTHESIS 2. Operation #* has pull 0 a#d identity 1.

HYPOTHESIS 3. Operation g is isotone

THEOREX 1. Assume Hypothesis 1. Thef

2} the composition (B) is associativé.

3

and g({1}>

lized associativity

= 1.

b> the composition (8) is distributive over g, i.e.

%) # ({Rs! peP))¢((Sql qeQ)) = §({R=S4

for Re. € LX,Y), Sy € L(Y,2), p €

extension (4> of ¢.

cy the closure (7)) fulfils

| peP, qeQ))

P, g € Q, with pointwise

(10 ®=z=rR=%, & =F for RE& LA&X.

d> if we add Hypothesis 3 then

D R¢R, «((®» ¢R for Re LX),

ne N

e’ if we add Hypotheses 2 and 3 thén LX,X) with composition

(5 1is a semigroup with identity Ig

Proof To simplify our notatipn let

WVe ask whether

(12> R(ST) = (RSO)T.

and null

OX:‘X~

R, 8, T e L, XO.

For arbitrary X, uvu € X considgr left and right sides

get

[RESTYI (x,w)

"

§ ({R(x,y) * (S(y,z)
[ (RS)TI (x, W)

#

i

Thus, by associativity of #, the equality (12) is proved.

* T(z,ul! vy,

L R(x,y) ¥ Sy, 2)) * T(z,ul y,

§{R(x, y) * §({S(y) # T(z.u| zeX))| yeX))

#({g ({RUX, ) * (S(y,2) * T(z,u))lzeX))iyeX))

z e X)),

FF R, y) % SCy,g)) yeX)) # T(z.w)l zeX})

# g (LR(X,y) # S(y,2)) * T(z,w)lyeX))izeX))

z € X},

of (12). Using distributivity and geﬁeralized associativity

we
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Now let consider left and right sides of (9) for x € X, z € Z.

Using Hypothesis 1 we get

[§({Ral peP))§({Sql qeQ})1(x,2)
§ ({#({Ro(x,y)| peP}) * #({8a(y,
§({f ({$({Ra(x,y)| PeP}) # Saly,

§ (L ({F({Rp(x,y) # Sq(y,z)| peF

$§({Ra(x,y) * Saly,z)| peP, geQ,
§ ({RoS,! peP, qeQ)) (x,z) =
§({f ({Rp(x,y) #% Sq(y,z)l yeY})!I

§ ({Ra(x,y) * Sq(y,z)! peP, qeQ,

which proves (9). A special case of

T2 = g({R"I neNI>F({R*| keN))

f({R"*<| neN, keN}) = §({RR"I

1]

R¢ ({R~| meN)) = RR = RR,

which proves the first part of
induction
(®)» =R'R for ne N, n32

and therefore

® = g{@®" ne N

J{® y ® 'R n22Ns=

FCLFC{R'R*1 k € N})I n e N}

FCR=1| n, ke N))
R.

L

FCER™ me N

Thus (10) is proven.

R=g({R)) ¢ g({R"} n € NI)

= R
and using the proof of (10) we also

F®)r = AR k 2 n¥)> ¢ g({RI

which proves inequalities (11).

From Hypothesis

z)! qeQr )t yeY»)

[}

z)! qeQ)) i yeY))

it

)1 qe@ )1 yeT))

yeY}),

peP, qeQ))
yeYl ),

() has the form
meN))

10). Now by mathematical

get
ke N») = R,
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1f additionally
(13> asl1=1%a=2a a*0=0%a

then from (5) we get

(IxR) (x,2) = $({Ix(x,y) * R(y,2)!

({1 * R(x,2), J)) 3

H

(Ox 2 xR) (x,2) = ({0 % R{y, 2|
for Re L, X, %x,z € X. Thus

(14 IxR = RIx = R, OxmxxR = ROxmx =

0 for ae L,
ye ¥3) =
({1, 0)) * R(x,z) = Rx,2),

ye ¥} = ({03 =0

Ox » x for R e LY.

Therefore L(X,X) forms a semigroup with identity Ix and null

0)(3-:Y~

Now we consider connections beliween fuzzy relations and |

fuzzy setis.

DEFINITION 3 *). The image of fuzzly set A € L(X,Y) by fuzzy

relation R € LX,Y> 1is a fuzzy set
(15> RA(y) = gC{AX) # R(x, )} x e X

The inverse image of fuzzy set B ¢

RC(AY € L(Y) such that
I for y e Y.

+ LCY)> under fuzzy relation

R is its image R"'(B) € L(X) by [the converse relation R™7,

i.e.

(16> RIVBIX) = g{{B(y) # R(x, ! y ¢

Y)») for x € X.

Special cases of the image and inyerse image are prdjectians

of fuzzy relation R € LX,Y) on X on
am xR = R7V({1y), Ry = R{x).

The image (15> and inverse image

boundary cases of composition (5.

on Y:

(16) can be considered as
it suffice to identify X

with (1) X or L(X> with L{1},K>.

LEMMA 1. If A e LX>, B e L) and R e L(X,Y), then

(18> R(A) = AR, R"'(B) = BR™'

with interpretétion of A and B as bpundary relations.

*) Cf. Brceg [41.
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Proaof. AR € L(€1},Y) = L) dire

(AR (1, y)

L}

FCLAL, ) # RGx, I X

f{A(x) #* R(x, )} xeX

Similarly we get the second equality

Using the above Lemma the prop

obtained from the properties of

a consequence of Theorem 1 we get

THEOREK 2. a) Under Hypothesis 1

erties of

composition (5).

X)) = _
}) = RA () for y e Y.

in (17).

~tly from Definition 2 and

images can be

Thus as

(19> (RS) (A) = SR for Re LX,N, Se L(Y,Z2), Ae LD,
20) RP+1 (A) = RP(RCAY), (R () = R(Rm(A))
for Re L(X,X), A e LXX>, n e N,
@n # ({Rp! peP)) (g ({Aql qeQ))) = F({Ra(Ag)| peP, qeQ))
for Re € LCX,Y), Az ¢ LX), pe P, |[g € Q.
b> Under Hypotheses 1 - 3
@2> Ix(A) = A, ROx) = Ov, Ox>xv(A) |F Oy
for Re LY, A e LX),
The application of Definition |3 +to +the characteristic
function of a crisp function £ : X - Y leads to the notions

of image and inverse image of

function *).
LENMA 2. Let f : X - Y, A e LX.
23> fCA) = 1eCA), £79(B) = (1) (B

and assuming Hypotheses 1 - 3 we get

»

fuzzy set by a

B € L(Y>. Putting

24> fy) = g{AI) f(x) =y, x€X}) for y € Y,
(25> f-1(BY(x) = B{f(x)») for xe X

26> 1e{led™? 2 Ix, (L1ed7'1le € Iv.

*) Cf. Beliman and Zadeh (11].

given



X
w»

Proof. Let y € Y. Then

fAI(y) = LA #* 1le X, 0| X € i) =

= g({A(x) * 1} f(x) =y, x€ X} u

= g({A! x> =y, xe X} U {0

and we get (24). Similarly

£-1(BI(X) = B ¥ Le(x, I x ¢ X2

F{B(Y) * 11 y=£x) u {B(Y

il

$ ({B(£(x)), 0)) for x € X,

which gives (25>.
Using (5> we see that

F({0, 13) =1
[1e (1) '} x.2)

(0> = 0

[ (1)1l Ly, 2D

L]

{ §(€0, 13> =1
§CL0¥) = 0

which proves (26).

Using this Lemma and Theorem 1 we obtain

THEOREX 3. Let £ : X = Y. Us

27> (1eln(A) = h(£(AD) for h: Y

28> f-1(fCA™ A, £UETB) ¢B fo

1

, 1f f£(x)

otherwise

{A(x) # 0] £(x) vy, xe X}) =

# 0l yfx®, ye 1)) =

= f(z)

otherwise

» Z, A e LD,

, X, z € X,

for y =z e £0

,y,ZSY,

nder Hypotheses 1 - 3

r Ae LX), Be LD,

29 f({fAx)l p e PY) = g({fAx)!l p g P}) for Ae € L, pe P,
30 £ ({fByp! q € Q) = FLE (B g € Q)
for Bgs € LY, q € Q,
3L £(0x) = 0v, £77(0v) = Ox.

Another kind of fuzzy relatjon can be obtained by
the Cartesian product of fuzzy sets:
32> (A =< B)(x,y) = A(x) # B(y) for he LK, Be LN, x€ X,ye Y.

This operation is strictly connegted with images (15>, (16>

and projections (17).
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THEOREX 4. Let A e LX), B, Ce L), De L(Z), R e LK, 1.
Assume Hypotheses 1 — 3. If operation #%# is isotone, then

(33> A > Ov = 0x > B = Oxxwv,

(34> x(& »x B)Y ¢ A, (A > B)v ¢B,

(35 x(A »>1v) = A, (1x > B)y = B,
(36> (4 > BS(A) ¢ B, (A x B)"'(B) ¢|A,
37> (4 > BY(C > D) ¢ A > D.

Proof. Properties (33) - (37)|are direct consequences of
the assumptions. For example consider the first equality
in (35> and imnequality (37):

x(A >1v)(x) = F({A(x) # 1)) = A(K) % #({1)) = A(x) for x € X,

(A = BY(C = D)(x,2) =

H

$({(A(x) * B(y)) * (C(y) % D(z)

Fl{AGx) 2 (B(y) # C(y)) % D(z)i

Ax) # $C{B(Y) % C(PI y € Y

Alx) ¥ 1 % D(z)

(A > D) (x,2)

& full with

considering a fuzzy relation between

comparison

DEFINITION 4 *>. R € LX,Y> is a £
to Be LX) if R ¢ AxB.
relation on fuzzy set A € LX) if

In particy

The identity fuzzy relation on
In € L{(X,X) such that

Inlx,y) = {

The above notion of fuzzy relatig

relation

A(xX)
4]

for x =y

38> X

for x =y

uniform or regular under respect
because of regularity of fuzzy
properties of relation operationg

comparison with the properties of cr

%) Cf. Rosenfeld [(6].

¥

fuzzy set A € LX)

Moy € Y))

yei»
# D(z) ¢

for x¢e X, z ¢ Z.

crisp relations require

fuzzy sets.

zzy relation from A € LAXO
R e L, X) is a fuzzy
R ¢ A=A,

iar,

is the

y e X.

n on fuzzy set is ordinary,

ive assumptions from (21
‘seat inclusion. Further
will be considered in

isp relations.
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