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Wang Hongxu

Dept. of Basis. Liasoyang College of Petrochemistry

CHINA
ABSTRACT
In this paper we introduced the concept of an extension

lattice. We froia the point of vien of theory of lattice
study a contact and a difference between Boolean lattice,
fuzzy lattice and an extension. Both a fuzzy lattice and
a Boolean lattice are & bounded, but an extension lattice
is unbounded. We proved & fuzzy lattice and proper subla-
ttice of an extension lattice are isoworphic.

Keywords: The extension lattice.

I, PREPARATIVE KNOWLEDGE

First some concepts are listed as following:

A partially ordered set is a set P with a binary rela-
tion<, which is reflexive, antisymmetric, and treansitive.

Definition 1.1 A lattice is a set L of elements, with two
binary operations s and v which are idempotent, commutative,

and associative and which satisfies the absorption laws.

Definition 1.1' A lattice @ partially odered set L of

elements, with binary relation<, if it satisfies: For
any two elements «,p3¢ L, have «Vv@EL and A€ L,
May prove that definition 1.1 is equivalent to defini-~

tion 1.1'.
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A lattice (L,V,A) is called distributive if in L the dist-
ributive laws hold.

A lattice (L,V ,A) is called & bounded if in L there is a
maximun element 1 and minimunm element O, And for any a€ L,
0<a<1 hond. O and 1 are called the boundary of & bounded la~
ttice. A bounded lattice is denoted by (L,V, A ;0,1 )e

Let P is a partially ordered set . A mapping N: P— P is
called a pseudo~complement which satisfies:

(1) For 2,b€P if a<Db then N(a)=N(b);

(2) For any & ¢ P then N(N(a)) = a,

II. BOOLEAN LATTICE, FUZZY LATTICE

Definition 2.1 In a bounded lattice (L,V,A,0,1) a element

a€l is called 2 complement of an element b€ L, if aAD=0,
aVb=1., The complement of & element & means a', i.e. b=a',

Definition 2.2 A Boolean lattice B is a distributive lattice

which contains elements O and 1 with 0<a <1 for all a, and
in which each element 8¢ 3B has a complement a' satisfing
ana' =0 and ava' =1 (i,e. the definition of a complement
as definition 2.1).

Theorem 2,1 Let (B,V,A,',0,1) is a Boolean lattice, then

it satisfies following properties:
(B,1) idempotent laws: aAa = aVva = a;
(B,2) commutative laws: aAb = bAa, aVb = bVaj
(B,3) associative laws: aA(bAc) = (aAb)Ac;
aV(bVe) = (aVb)Ve;
(B,4) absorption laws: aA(aVvb) =aVv(aAb) = a;
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(B,5) distributive laws: aA(bVe) =
aV(bAe) =

(B,6) involution law: (a')' = a;

(B,7) De Morgan laws: (aAb)' =a'Vvb

(B,8)
(B,9)

zero-one laws: aAQ0=0, &avo=8,

complementation laws: aAa' = 0,

Proposition 2.1 In a Boolean lattice (B,

N(a) = a', then N is a pseudo-complement

Definition 2.3 In & bounded lattice (I,

b€L is called a complement of a element
complement of an element a¢ L meaned ™ &,

Definition 2.4 A fuzzy lattice F is a d4di

which contains elements O and 1 with 0<a
which any a € F has & complement —a satis
definition of & complement as definition

Theorem 2.2 Let (FyV 2 A2720,1) is a fu

setifies following properties:

(F,1) idempotent laws: aAa =a, avV
(F,2) commutative laws: a Ab = bAa, a
(F,3) associative laws: aA(bAc) = (a/

av(bve) = (aN
(F,4) absorption laws: aA(aVb) = aV
(F,5) distributive laws: aA(bVe) = (g

aV(bAe) = (&

S (—a) =a;
(—
(_

(F,6)
(F,7)

involution law:

De lMorgan laws: —(a Ab)

=t

—(avhb)

TN TN

a

anb)Vv (a Ae),

aVb)A(aVe)s

(avDp)' =a'Ab';

14

aAl=a, avi=l;
=1,

ava'

Vs As'20,1) , let

over B.

Vs N,y0,1), & elenent
acL, if b = 1-a, The
i.e. na =1-a,

stributive lattice

€1 for all a and in

:Eing '18.=1-a. (i-eo the

2.3)

zzy lattice then it

= 8

.
4

Vb

bV a;

\b) Ac,

b)ves
(aADb) = a;
Ab)V(aAc),
Vb)A(ave);

a)v(-b),

a)A(Tb);
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(F,8) zero-one laws: aAO =0, aVvO0 =8, anl =8, avi =1.
In a fuzzy lattice the complementation laws of a Boolean lat-
tice generally are incorrect.

Proposition 2.2 In a fuzzy lettice (F,V,A,7 ,0,1) let N(a)

=—a, then N is a pseudo-complement over F,

We take note both a Boolean lattice ?nd a fuzzy lattice
: |

are & bounder lattices.,

i
|

III. AN EXTENSION LATTICE

|

In (1) and (2) first introduced the tefinition of an ex-

tension subset and the operations betT en & extension sub-

4

sets as follwing: |

Definition 3.1 So called an extension subset X over an

universe of discourse U means that for any u €U corresponds
a number Kz(u)€ (~00,+00) is called the relationship degree

of u for A such that & one-to-one mapping:

subsets over U write as E(U).

Definition 3.2 Let A,B€E(U), we in

as follows:

(1) inclution =B iff vueU, Kphdu)s< Kg(u);

1 Bl

~

(2) equality &=8 iff vueU, Kglu) =Kglu);
(3) intersection C=ANB iff vueU K@(u)mm{K"A'(u),Kfﬁ(u)} ;

ax{kg(u), Kglu} ;
(5) complement S =AC iff YueT, ks(w)=-Ky(u).

(4) union D=AuUF iffwvue T, Kx(u)
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Theorem 3.1 (E(U),U,N) is a distribut

Proof of this theoren is elementary.

Definition 3.3 1In & lattice (L,VsA),

called a complement of & element ac€L,

c c

ement &2 means a~ ,i.,e, &8 = -8,

Definition 3.4 An extension lattice E i

tice, and for any element a<¢ E of which

satisfing 8 = -a. (i,g, the definition
definition 3.3).

Theorem3.2 Let (E,V ,A,c) is an exten

i

~

q

lve lattice.

element b€l is

f b = ~-a, The compl-

3 a distributive lat-
has a complement a®

»f & complement as

on lattice, then it

satisfies following properties:

(Ey1) idemmpotent laws aAa =ava

(E,2) commutative laws aAb =DbAa,

(BE,3) associtive laws aA(bAc) = (a
av(bve) = (a
(E,4) absorption laws aA(bva) =aVv
(E,5) distributive laws aANA(bVe) = (

aV(bAe) =(

(E,6) involution law (a®)¢

(aAD)®

a;
{

(E,7) De Morgan laws ay b

Proposition 3.1 In an extension lattice

ac

N(a)

, then N is a pseudo-complement
In an extension lattice, the complemen
zero-one laws of & Boolean lattice gene]
and zero-~one laws of a fuzzy lattice gen
too.

We take note that an extension lattice

g
?Vb = bV &as

L

lerally are incorrect,

3]

1/\b)/\c,

F/b) ves
‘b/\a) = a;
Ab)V(anie),

g\/b)/\(a\/c);

-

P (avDb)® = a®Ab°,
(E,V ,N,c) , let
over E,

tation laws and

l1ly are incorrect,

is not a bounded
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jattice . Therefore an extension lattice is & now algebraic sy-

Steﬂlt
Theorem 3.3 (1) (E¢U),U,N,c) is an
(2)

eéxtension lattice.

((=00,+59),V ,A,c) is an exten

the definition of a complement as def

on lattice, too. (Here

tion 3.3).

Iv.

AN EXTENSION SUBLATT]

CE

Definition 4.1

ttice (E,V ,N,yc). S is called an exten

setisfies:
(1)va,b€S, avb €S and aNbesS;
(2) va€s, afes.

(1)

Theorem 4.1

Let S is nonempty Subse

In the extension latt

t of an extension la-

sion sublattice, if it

ice ((-00,‘*"’0)’\/ LAY

e), ((-M,M],V,A,c) is an extemnsion spblattice, and it is a

proper extension sublattice of ((mno,

is a positive real number).

(2)

In an extension lattice (E(TU), VU

.oo)' Y /\,c)' (Here M

,N,c), an extension

sublattice M(U) with is renge (-M,M) (M >0 is a positive real

number) is an extension sublattice of
per extension sublattice of E(U).

In particular, we have follwing

ﬁ(U), and it is 2 pro-

Theorem 4.2 Any fuzzy subset A over

U is isomorphic to some extension sub
Proof For any A€ F(u), let
~
A —R
jféﬂu) p— Zﬂ/féﬂu) -M
then A €M(U), (Here Mis a positive r

f:

universe of discourse

al number). So that



38

Mlu) Vo) e 22y lay ) v

=K, )V EKylu,) T

Similarly
ﬁA(‘H) A Mluy) e Eglug ) A Exla,

Again from fy(u) = M p4y(u) =M = Ky

1= () 201 - p

~—r

have 4 (u)
B =20 - M/‘A(u) -M

=M - m/l(u)
= - (2MJ@A§u) - M)

= - Kg{u) = K'A’c(u)e x.
Then (A,U;ﬂ,“');(ﬁ-,u,ﬂ,c)

Corollary A fuzzy lattice 7 (U) is isomorphic to an extension

lattice M(U),
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