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1. Introduction

During the last decade the first author made various
attempts to axiomatize fuzzy operations starting from a
restriction concerning "acceptable" operations - excluding
€.g. the widely used min-max representation (see e.g.01,232).
The clearest establishment of this axiomatic system was
named I-fuzzy structure (see €£3,43). Since this time nume-:
rous publications appeared which treat fuzzy connectives
in a much broader context, esp. basing on the 'concept
of t-norms and t-conorms (see e.g. (5,6]), and these results
cover a much more general class of possible fuzzy opera-
tions. There are numerous applications of concectives
not fulfilling the I-fuzzy axiomatic structure, there
exist however several algorithms where a typical representa-
tion of I-fuzzy (like e.g. the product and sum minus product
pair) is vitally necessary. We mention only one recent
paper [ 7].

So we consider the I-fuzzy axiomatic system not entire-
ly without interest, even at present time. With some study
of this system it can be seen that some axioms are '

redundant. At the same time we also noticed that in this
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form it is possible to maintain complete symmetry which
is, however,.quite obvious in the original considerations
on the basis of which we established this system. In order
to eliminate these problems we show in this paper a
minimized and slightly modified version, proving also
our statements.

At the end of the Introduction we repeat the I-fuzzy

system in the form as it was published in [4].

Definition 1.

I =< ®9 X, B, +,%, d, N, V7Ay‘_l.>
is named an I-fuzzy structure if the following axioms are
fulfilled:

1. P is a bounded ordered set containing its minimum (@)
and maximum (1), further on it is closed over the binary
operations +, % and d so that ( < denotes the ordering
in P):

a) a+b=">b+ a
b) (a+ b)) +c=a+ (b+c)
c) a+0-=a
d) (a*b) + (a»c)2a »(b+c)
if (a #b) + (a*»c) #0 and a % (b + c) # 1
e) (a +Db)w(a+c)da+ (bxc)
if (a+b) #1 and a + (b c) #0

f) a+ b> a if a#1 and b # 0

g) a* bga if a #0 and b # 1

h) a0 =0

i) d(a,a) =0
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j) d(a,b) < d(a,c) if a <b <Kc
k) d(a,b) = d(b,a)

1) d4a(1,0) 1

m) d4(1,d(1,a)) = a

n) d(1,a + b) = d(1,a) % d(1,b)
o) d(a,b) = d(d(1,a),a(1,b))

p) equation a + x = b (a # 1) has maximally one

solution for x € P

r) equation a % x =b (a # 0) has maximally one
solution for x € P

In the above a,b,c€ P

2. X is a non—-empty set (named the universe).

3. C) is a set having at least two different elements
(named the superset of fuzzy sets or statements), (:)
is closed over the unary operation and the binary
operations V and A in the following sense:

There is a one-to—one mapping M, so that M : (:)4-3
where F = {q la : X=»P } (the functions q are named
membership functions)

and

a) VA = M'(aM(A),M(1)))
b) AVB = M'(M(a) + M(B))
c) AAB = MY(M(A) + M(B))

where A,B €(X)

2. The minimal axiomatic system

In this section we reduce and slightly modify the above

axioms. Where the proofs are simple, we give them in a



brief form. We only go into details if we think that
complexity of the proof requires it. In other cases we only
give the axioms (in the proper order) from which the proof
comes straightforward.

In the following we present 7 Statements: S1 - S7.

S51. "1" can be omitted.
Proof: it comes from "i" and "m" with a = 1.

From now on we refer to "S1" instead of "1". d

S2. "r" can be omitted.

Proof: Assume indirectly that there exist x,y, P in "p" so
that
a+ x =0b (a £ 1)
and
a+y = b.
Then from '"n" we obtain

d(1,a) % d(1,x)

a(1,b)
and

a(1,a) » d(1,y) a(1,b) , d(1,a) # 0.
So there exists an equation in "r'" which has two
different solutions, and this contradicts to "r".
Similarly, it is easy to prove that if there are such

x,y € P in "r" that

axx =0>

axy=>b at#y
then also an equation according to "p" exists which
has two different solutions.

Thus "p" and "r" are equivalent.
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Before we go on with our Stateménts we should like to take
some notes. Intuitively, it seems possible to eliminate '"e"
and "g". In order to do this, we need the following proper-
ty:

i® d(b,c) € d(a,c) if a <£b < c,
which looks very plausible. However, it seems that this
cannot be derived from the other axioms. We shall see
that if we put "jP"into the structure instead of My, man
remains valid in the new structure, too. Besides, we shall
also show later that the "jm"property is necessary to prove
some important statements. So we modify the original
structure and use "jP"instead of "j".
To prove that "j" is valid in the new structure we need the

following two statements:

53. d(a,0) = a
Proof: It follows from "o', "S1", "k'" and "m" straight-

forward. N

S4. Wae P 3! x P that d(1,x) = a
Proof: x = d(1,a) from "m".
Now we prove that only one x exists. Let
d(1,x) = d(1,y) = =z
then

d(1,z) = a(1,d(1,x)) = d(1,a(1,y))
From "m" we obtain x = y.

Now we can show that "j" is true in the new structure:

S5. "J" remains valid if it is replaced by "jD".
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Proof:
Case 1. Let 0 <a<bgc< 1.
From ngan, nybr o (applied 3 times) and "S1'" we
obtain
0 <d(e,1) < d(b,1) < d(a,1)) < 1.
With "3Pn

d(d(v,1),d(a,1)) < d(d(ec,1),d(a,1)),
but from "k" (twice) and "o"

a(a(v,1),ala,1)) = d(a,b)
and

d(d(ec,1),d(a,1)) = d(a,c).
So

d(a,b) < d(a,c)
and this is "j".
Case 2. 0<¢ca<b<1 (c = 1)

From ujDu’ nsa" gnd "sq"
0 < d(b,1) < d(a,1) < 1

from "j®" we get
d(a(b,1),d(a,1)) < 4(0,d(a,1))
from "k", "o", "k" again and "S3" we get

d(a,b) < d(a,1)

and this is "j".

Case 3. 0<b<c<g 1 (a = 0)
Applying "S3" and "k" to "b" we get
v = a(o,b).
Similarly
c = d4(0,c).
However,

b < ¢, so
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d(0,b) < d(0,c)

and this is "j"

Case 4. 0 <« b <1 (a =0, ¢c =1)
Like in Case 3.

b = d4(0,b)

1 = a(0,1)
but b €1 so

d(0,b) < aco0,1)
and this is "3j".

There is no other case.

By "S5" we can state that any statement that is true in
the original structure remains valid in the new one, too. In
the following, we refer to "S5" instead of "j".
Now we can go on with eliminating some axioms.
S6. "e" can be omitted.
Proof: from "m" and "n" we get

a b d(1,d4(1,a) + 4(1,b))

a ®*b a(1,d(1,a) + d(1,c)),

while
ad (b+c)=d4d01,d(1,a) + d(1,b) ® d(1,c))
comes from "m" and "n" (twice).
Now we can put "d" into the following form
a(1,d(1,a) + d(1,b) »* d(1,c) ¢ d(1,4(1,a) + d(1,b)) +
+d(1,d(1,a) + d(1,c)).
Applying 3"
d(1,4(1,d(1,a) + d(1,b)) + d(1,d(1,a) + d(1,e))) L
£d(1,d(1,d(1,a) + d(1,b) ¥ d(1,e)))
thus from "n", "m" and "n" again we get the

following:
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If we take at first d(1,a), d4(1,b) and d(1,c) instead
of a,b and ¢, then (because of "m") we get
(a +b) % (a+c)&a+ (bxc)
and this is "e",.
We get the necessary conditions for "e" from the
conditions referring to "a".
Note: Similarly we could prove that "d" follows from "e"
and the other axioms. Thus "d" and "e" are equivalent in

this system.

S7. "g'" can be omitted.
Proof: it follows from "f" that
d(1,a) € d(1,a) + d(1,Db)
if |
d(1,a) # 1 =>a # 0
d(1,b) # 0 =>Db #£ 1
Casel. Let d(1,a) < d(1,a) + d(1,b) < 1

From !lmll, llnH and Hk"

a b =d(d(1,a) + d(1,b),1).
Thus

a%b=4(d(1,a) + d(1,b),1) £ d(d(1,a),1) = a
follows from "jo", "k" and "m". |

Case 2. d(1,a) € d(1,a) +d(1,b) = 1
from "m", "n" and "i" we have

a %b =d4(1,4(1,a) + d(1,b))
however a » 0.

It
(@]

Note: It comes from the preceding proof that if
x +y =1
tken
d(1,x) % d(1,y) =0
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With this we have finished the reduction and modification of
the I-fuzzy axiomatic structure. On the basis of the above

we propose the following system (I'-fuzzy):

A(a). a + b =
B(b). (a + b)
Cle). a+ 0 =
D(d). (a%¥ b)) + (a®*c)aa»(b+c)

if (a-%b) + (a %c) #0 and a2 (b + c) £ 1
E(f). a + b > a
F(h). a0 =0
G(1). d(a,a) 0
H(3®). d(b,c) < d(a,c) if a <b<ec
I(k). d(a,b) = d(b,a)
J(m). d(1,d(1,a)) = a
K(n). d(1,a + b) = d(1,a) % 4(1,b)
L(o). d(a,b) = d(da(1,a),d(1,b))
0(p). Equation a+x=5b (a#1) has maximally one

solution for x€P

+ a
C

=a+ (b + ¢)

» + o

I

]

3. Some properties of the I'-fuzzy structure

In this section we derive some further properties
following from the new structure. The Statements are denoted
58-518,

38. ¥ is commutative.
Proof: We get "S8" by applying "J", "K", again "J", "K" and
"A" to (a % b) and (b % a), respectively.



359.
Proof

Proof:

515.
)

(2)
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% is associative.
: We get if by applying "J", "K", "Jg", "K" and "J"
to (a b)) c and a # (b % c), respectively.

a*1 = a.

Applying "J", "C", "K", "J" and "S1" to a we get S10.

a+ 1 =1
Appllyl’lg "SBH, HL", "K", 'IG"’ "F"’ "81"’ "IH and
"S1" again to a + 1, we get S11.

a(1,x +y) € d(1,x) if (x #1, v # 0).
It comes from "J", "K" and "g" (i.e. "S7").

d(M,x ®y) > dl1,x) if (x £#0, y # 1).
a(t,x) < d(1,x) + d(1,y) from "E". Applying "J",
"K'" and "J" again we get d(1,x) ¢ d(1,x % y).

If a < b <1, then d(1,a + b) > d(a,b).
d(a,b) <« d(a,1) because of "S5".
We get
d(a,b) ¢ d(1,a % b)
from "I" and "S13".

d(a,b) is unique in the following sense:

To an arbitary b > a there is no b' > a (b'" # b) so
that d(a,b) = d(a,b')
To an arbitary b ¢ a there is no b" ¢ a (b"™ # b) so
that d(a,b) = d(a,b™)
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Proof:
(1) Casel. a < b < b!
d(a,b) « d(a,b') because of '"S5".
Case2. a < b' «b
d(a,b') < d(a,b) because of "S5",
(2) Casel. b" ¢ b < a
d(a,b) ¢ d(a,b") because of "H" and "I".
Case2. b« b" < a
d(a,b") < d(a,b) because of "H" and "I".

S16. If 3a™g P that d(1,a% ) = a*

Proof:

; then & 1is unique.

Casel. Assume that a ¢ a* and a = 4d(1,a).
Then from "H". .
a* = d(1,a™) <d(1,a) = a,
which is a contradiction.,
Case2. Now let a™ < a and a = d(1,a).
Then from "I" and "H":
a =d(1,a) = dla,1) < da* ,1) = a(1,a%*) = a¥,

which is again a contradiction.

$17. If%a € P that d(1,a® ) = a*®
a<€P

&D) if a < a"™ then d(1,a)> a*
(2) if a > a*™ then d(1,a) <« a*
Proof: We prove indirectly, using "S16".
(1) Casel. Let a < d(1,a) € a* .

From "H" and "L":

d(d(1,a),a™) < d(a,a™) =

= d(d(1,a),d(1,a™)) = d(a(1,a),a™ ),

which is a contradiction.

,then for. arbitrary
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Case?. d(1,a) < a < a*
From "H", "L" and "J" we obtain
d(a,a™) ¢ d(d(1,a),a* ) =
d(a(1,d(1,a)),d(1,a)) = d(a,a™),
which is again a contradiction.

(2) Case1. ™ < a<d(1,a)

From "S5", "L" and "J":
d(a™ ,a) ¢ d(a*® ,d(1,a))
= da(a(1,a* ),d(1,d(1,a))
which is a contradiction.

Case?2. a¥* < d(1,a) < a
From "SS'", "J" and "L":
d(a™,d(1,a)) < d(a™ ,a) ,
= d(d(1,a™ ),d(1,4(1,a))= d(a® ,a(1,a))

which is also in contradiction with our

d(a* ,a),

assumption.

S18. If Ja® = d(1,a™) and a,< 8, a%* < d(1,a,) < d(1,a,),

than

d(a,,d(1,2,)) < d(a,,d(1,a,)).

Proof: ‘

d(a,,d(1,a,)) < d(a,,d(1,a,)) < d(a,,d(1,a,))
because of '"S5" and "H".
The above statements help to understand the properties of
the connectives and complement (d(1,a)) in the I' system.
We should like to stress the specific axiom "0" (formerly
"p" and "r") which enables the introduction of inverse
logical operations, as they were used e.g. in L1] and
several other algorithms. The concept of inverse fuzzy

logical operation is not known in the literature.

——
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