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THE HYPOTHESIS ON THE NUNMBER OF LOWTR SOLUTIONS OF
A FUZZY RELATION EQUATION
Shi En-Wei
Department of Mathematics, Yunman Normal University, CHINA.
In this paper, we have proved it is correct that the hypothesis
which the number of lower solutions of a fuzzy relation equation on
a finite set is not more than 2n—1, which was proposed by L.Czogala,
J+Drewniak, W.,Pedeycz in [1] « Something more, we introduce a

precise estimation on the number of lower solutions,

£ A€P(x)=3a|a x—e{o,ﬂ} is unknown, then the following
equation
n
5= N | 1 - i € 1=
Ry )= NV Lz ANaltx) ] =803, 5 €7= {1,2,000m ) (1)
is called a max- min composition fuzzy relation equation. We write
(b1,b2,...,bn) instead of the B(yj). We assume b1$b2$ eee B
and we write Ai to mear /\{b;j \rij >b,j’ jEN} s 1&€N. Specialiy,
A¢ =1+ We now define R=(rij)nxn as follows: ri,j=bj when

< A . - _ =
bj$ rij and bj Ry 109 otherwise, rij = O, The transpose of R is

denoted by A=(a; ) ., ., namely 235°Tji. This set { (1) \ j(i)€n,
a; j(i)’é O} is denoted by Fi and we denote 121 Fi by the notation

F o For each 1€ N we use the notation Q(1) to denote the set z k ‘ k€n,
B 3(k)=21 j(1)’ -VJ(l)GFl, A ix) € Fk}.We write 1, and 1, to
denote min Q(1) and mExQ(l) respectively., If 1, - 11 2 2, then we
give
Definition 1. If th.ere are u and v to satisf'ty the following

conditions for u, v€N:
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(a) a11u=a11v, 312u=a12v’ for u, v € F11n Fl2’
(b) if ue€ F,, then v & F., for each t € XN and 1, <t <12 R

but u& F1= ’
0 0
then we said that a is a redundant element of the element al u

Yo¥ 2

with respect to vth colum in 4.

(¢) there is toe ¥, 1, <to<12 such that v € F,

4 0 a 0 & o%
Definition 2, Let a #£0. Then this submatrix ( s 0 o al

of the matrix A is called an alternate submatrix of A

n "y
We write MXF to denote the set ig1§_i}xFi « Lot * 1 MBPT

be a map. T shall use the notation i*j to denote *((i,j)) for each
(1,3)€MXF, If this opereties i*j already have been defined, then
i*j is said to be an admissible .@lement.

Definition 3, Let there be the representatives %y, 1=ti*j(t~i),

i=1925s009ky %,=n and the ti*;j(ti) is an admissible element. Then

the sequence (,j(t1), j(t2),e.., j(tk)) is said to be a path at the
initial point of (n,j(n)) and at the finishing point of (tk,j(tk)).
This j(ti) is said to be ith noda] point. Fer each (1, 7)€ ¥ XF we
define

1% ja\/ { x ‘ xe(Aij—Eij)‘}, specially, \/q} =0,
in which the Ai j and Ei j are defined By the equations respectively

Aij={P‘ PEN, pLiy a,.=07 and B; = {p | p€a, oF N G(i)=¢},
where c(i)-{mlma;j(ts), s=1,2,...,k,t1=n;:j(t1),j(tz),...,j(tk) are
nodal points of the path at the initial point of (n,j(n)) and at the
finishing peint of (t,j(t,)) and i=t*j(t,) . Obviously, G(n)a 4)
Definition 4. Let the value of i*j is defined by the path p. The D
1s 2 path at the finishing point of the (i,3), which nodal points are
one with p all but one (i,j). Then we said that P is a nhture path

with respect to the path p. We also define i j#kc=(i*j)*k. We write MsF

to denote the set { inj lfor "VL(i,j)GMKF } .
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Lot as wir >N U{G} be a map uﬁ-fying the félléx:t-g coﬁ;ﬁ‘und -
. (e) . q(0)=1, (£) q(inj*k)-o vhon . i‘*;'i kis a redundant '

i*j)= ’ 23w aus ¥ ' ‘ y
olmntvith roma'ﬁ %o ‘13’ (&) a(irj) kGFi*JQ(i* ok}, in ¥aion |
: i*j!kil mabytho pmm«ncmmmummnpnu ‘

the path defimed the irj, We wive Do te mean iho musber of ‘hho
_adternate subsstzixs of A. Them we have o
Theszen 1. L% ¥ o the set of all lower selution of relatien equatien
(1) Then we: have

(ny q(n)-l) 4 oard w Sq(n),

(1) onrd w -52 _1 , where q(n)= z q(ﬂj(n)). .

im)EF
Covellary. Let b,<b,<e.. <b o Then card v-q(n)

Preef, Obviously, 12-1 1< Z,. Hence DO'O' |

2. Preef of ie. sheorem 1.
‘ In order to preve 'thoorcl 1 we first in*ﬁrodnon & new m'ﬁod
«m-mug o\mining "thc all 1|ver selutiions of the athlm ( 1).
In fas¥, ssos.rding to slgenitiin TA thet we will nm-om the follewing
we can -m . luur selutien of m equatiem (1) By taking the
dmm frem ntl row in the -umx mm. the 1th ux,.,m e
~ differemt in Wis oolumns, - | |
(L} Klgertthm The | '
ey 1«'!&&13&01-31 tﬁ oﬁ‘ﬁe —.tr:ﬁxtud oné is trested
o :ml component of soms lower l-iuﬁm |
W;Z". ‘ij"‘" Mphﬂ‘hﬂﬁnﬁ Ifihmnm
If m A0 s ;@-e for each qe{nz,,..,i-ﬂ , them go Buak te
ey fu If theve extete qeh,z,,...,w} such thit & /b then we
: Mm*h-qbnﬁ-amm j(—rad mnpwwmy To

o
t



(B) o BUle of algorithm TA.

(i) If there exists q,€{1,2yes0si-1} such that . 40 for
the step 2, them we only cam take the nor-zero element beloning to
qoth row after go back to step T.

(31) If we have taked the element 8 5 and have treq treated
as a component of some lower solutiom, then we cannot take the redundant
of the element of the e}ement aij as component of this lower solution.

It is noteworthy that we hardly more than need to' take no-zero
element for step 1.

If we take the elements in every way possible under the algorithm
TA, then we cam obtain the all lower solutions of the equation (1)
Further,, we can prove the following lemmas:

Ieth_a(aj,agﬁee.,aﬁ) be a sub.set of the F(X). Write
@Qx)=~{ ai[ aiJO” a; is & component of the.o(} :
T= {bj "bjaB(yj)r jen 3
da', fp|ber, there exists i€ N such that b A r; =bs } .

Lemma 1. If there exists j such that 316(;% for each a.iﬁ—g (0()
and P(u)(\&ﬁ:Q) for each K€N) then OA is a solution of the
equation (1).

This proof to le#hma 1 is easily.
We write
"g (X)= {3 \caré (5( O() N J'g =1y, JEN, CA is a solution
of the (1)}; w( 4y )= io&\o( is a solution of the (1) and ()T (%)
. oV £() T ‘) where X, is a solution of the (1).

Lemma 2. Let o, be a solution of the equation (1), Then o, is
a lower solution if and only if card ‘2("0(0) 7 card (X ) for each
XE (X ).

Proof. It is clear from definition of the lower solution and lemma 1,
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lemngx 3., Let a subset 'l of F(X) be obtained through using the
algorithm TA. Then lz is a lower solution..

Proof. By step 2 of the algorithm TA we get lzn d;_{;¢ ’
jEN, and the condition for lemma? can be satisfied. Hence, lz is a
lower solution by lemmaZ2.

lemma 4, Through using the algorithm TA. We can obtain the all
lower solutions of the equation (1).

Proof. Let us assume that there exists a lower solution
A*=(a1,az,...,an) which we cannot obtain by using the algorithm TA.

Without loss of generality, let ai;éo, i €N and ai/\ rijzbj' and T 5 >/b,j

mugt hold, otherwise,. A* is not a lower solution. But for this case
= =0 ”m . P 8 Ak'o
either 25 0 or 255 bj must hold. If a.iJ=O, then Ty 7 bJ > 1
Let AL =b_ thew r,, > b, it follows that bj ATy Dby Ay =tye
Hence, 2" is not a solution of the equation (1). Hence,. only, aijahj
»
If we can make aij=0 by using the algorithm TA, then A* isg not a lower
solution. Thus we get the contradiction because we let A* be a lower
solution ago.
Now let us return to prove theorem 1. We first consider the case
(h) on theorem 1,

0

. -4 - . 4
redundant element for each 2 5% We write n ,]O(n) ti*go(ti) %10

If b1 <;'b2 {ooe <bn, then D. is equal to zero and there are no

i=152 jeeesky in which j (%) € F, and a, 506 ),éo. Thus,.
i iYoM i
a(n)= F— ql(m*k)
k €F
= eseeot q(n*jo(n))+oea
=1o¢%Q(t1*jo(t1))+mow

mee et a(6 %50 (4,) ) 4ees

=esetitece .
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Hence, acoording to algorithm TA here there is a rule f which
assigus to each finite sequence ( q(n*,jo(n')),, q(t1*jo(t1)),.....,,q(ti*jo(

ti)), ess ) a unique lower solution (e.., anjo(n)’ at1jo(n)’ Boooy
%,39(85))s eee) o
Conversoly, it is clear that this correspondence is a surjection
by the algorithm TA. Hence, we have
a(n)= card w.

In addition, when b, & b, £ .es &1, it is possible that Do,éa‘.xm: a
necessary condition that we cam - obtain the very same lower solutions
by using algorithm TA is that the no-zero elements of some alternate
submatrix of the matrix A had been taked as a different component
blonging to some lower solution. Hence, so as we have

q(n)-DO Lcard w < g(n).

Now to prove the case (1) for the theorem 1. We write

fg(A)= {aij ‘ 21 340, 2 5 is an element of the matrix A};
B (X)= { &5 5 \aij,éo, a4 is jth component of the X }
where ¢{ is a lower solution,
Lemmaz 5. If card PB(A) & 2n, then card w & o%_1. If card ﬁ(A)?Zn,
then B (™) < n. n
Proof. If card p(A) < 2n, then card w £ 2 X2X «.+ X 2+ Furthermore,
by the definition of a lower solution, if (= (‘Xl,dz,\“,un)QN, thaen
e - . . /__ 4 ( / z QN’ / A
at least there exists a o' = (X, ,O(Z/wi)(\./wo(n) /\Where X >y ,N,LGP( )’
hence, we have card w < 21,
Now assume card (5(A)72n. When we use the algorithm TA to find a lower
solution, according to the case (| ) for the rule of the algorithm TA we
can know. that the number of components which are equal to zero for the
lower solution and this times when we use this step 2 for the algorithm
TA and this case aqj;éo have appeared are equal to one another., But a

necessary and sufficient condition to the case aqj,éo cannot appear is

that, if only (i j)#(k 1) then 8, =0 for each (k 1)EN KN, (i j) &N XN.
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WE assume that there exists k columns which satisfies this condition as

above for the matrix A. We have

n°—(kntk (0K ) k) Soara B(a) > 2n, k &0,

Solving this inequality we can obtain

<[n-4 -2 [en+1] ,

wh;fere denoted by [Jfl the greatest integer not greater than x It follows
i J.r y

that at least there exists n—[““z’z W™ oolumns in the matrix A such

that if only we take the elements belonging to there columns, then it will

appear for this case a»qj,é‘o when we use the step 2 of the algorithm TA.

Hence,. we have

Covel B(X) S [n-l_—.gj”&}”{:\h[%(n—(r\ -2 lani))

N
-
>
{
‘PF M
-M—
F
>
+
e d
A
>
[

.

by the lemma 5 it is possible for us to define the vectors the following

for each X = (o, X2, ~», Ay ) & W
/
‘3(/: i\{'xl’ ;O(;-) re s O(Y\’)

" = (°<|", X, vy {x'l‘l)

guch that: é ( )
, e v . = uxl‘ a\~ X
oy = DA ity PR
{ 0 othaywive
.} — . y ‘ \ )
5 \ \«\» O(a_a;é )CL;AE‘;%(O()) Zﬁ&"v,
X! = ' ;

L 0 Otherwne
We also define the vectors T1(0() and T,( ) by equations 7,(X)=
(fxl, o("') and T2=( X, 0() for each X\ & w respectively. let v= §1, 0!

then T1(CX), TZ(OQ)& vn)kvvn.l According to algorithm TA we can know that

if X% P then T (OR)A, (B ) and 1(X)Ar (B ) for al1 ok, P & w.
Some sets that we will use the following for which we reserve sgpecial

notation are:
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n n
- : .. \ VAN,
D( :)(/)=§‘))l V':kxl) Y\\.\.[,7‘ 7yZ,\/& V X kS B
\

¢ Ny n, -
S Sn) €V

n o

H
{
1S
¢

.

L (\ ,z\‘?
: , - v Kon ) LI
U Aa R T SN ",j"‘k'\*\)' > Z‘“/t"\/ -

Obviously, the T,(X) < I( ) and the T,( K) € I( <" ). By the
binary notation we have
card D X )= card D( D(l/)= card D( Ko y=2" .
Hence, we can determine a unique subset ( D(') _or D( D(”) of the voxXv"
for each A € w. Further, if A% »5 , then either D(’:x 3 oy =Y x ;5”.
Thus, it is clear that eithper D(DQ)[‘\\ D(@” :(? oY D(?)('/) n UL ﬁ"): ¢.

7 Again, since X =(0,054.04,0) & w. Hence, we have

1 /
card W £ _ ( card v X v'= card D( p))

oh
1 2n  ,n
CEE S
2
n—
3. Examplye.

Bxample 1. Iet us consider a fuzzy relation eguation as followe:

(x1,x2,x3,x4,x5,x6,x7) o R =(0.3, 0.4, 0.5, 0.6, 0.7, 0.8).

0.3 0 O 0.3 0 '0.37
0.4 O O 0.4 O 0.4 0.4

0 0.5 0 0.5 0 0 0.5

where (F)? .6 0 0 06 0 0 O

]
>
Y

0.7 0.1 0 O 0O 0.7 0.7

A

0.8 0 0.80 0.8 0 0.8
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Obviously, T,= {2,5,7_} ) Ty %1,4,6,7}- , Py= %2,4,% 1, Fy- ?1, 4‘k ,
o= 11,2,6,7) ,Tg= 113,57 .
(1), We take n=6 and j(6)=1. Since 6 * 1=3, hence {3§*F3= §3 *2, 3 %4,
3+ 773} for a32;! O we have A,,= i 243 , ;G(3)= {1}; Eyp= \121) , hence‘_,’ +2=0,
In the same way as above we get 3 * 4=1; 0} = l1k2, 1N5, 1% | =§j o} ;
3 *720 . Hence, finaily, we have |
a(6 + 1)=a(3 *2 )+ a(3 * 4)+a(3 *7)
=q(0)+a(1 *2)+q(1 * 5)+q(1 *7)+g(0)
=5q(0) =5 .
(2), Take n=6 and j(6)=3. Using as abo&e way we get the follows:

~ 3#2=0 T 12220
/7 5%1=3, {3 } *F3.= 3%4=1 ::> ‘L 1%5=0
/ | 3%7=0 1%7=0

(" 4*1:0

5f2=4,_{4} HF, = { 4v4e0

j \‘3*2=o 14220
- / 4123, = 2 3#4=177 ) 1%5-0
5¢3= 5 ,)15 ) ?QF5 = 3#7=0 1%7=0
j 546=4, Y47, \ o 1x2=0
{ | 444=1 =7 Y 1%5:0
| 14720
\ 5 4+1=0
\\ o*T=4s %4§" Ty 'L 4#4=0

Hence, q(6%3)= Y q(0)=17. Similarly, we can obtain that q(5+5)=10 and o(6%7)=2.

Hence we have
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Q(n)=q(5*1)+q(6*3)+q(6*5)+Q(6*7)
=5+17+10+2

=34 .

References

[1] - D.Czogala, J. Drewniak, . Redrycz. Fuzzy-relation equations on a finite set,

fuzzy sets and systenms, 7(1982) 89--101.

[2]. Yang peizhuang, Io chengzhong, . The number of lower solutions for a fuzzy re

relation eguation, Fuzzy Mathematiecs, 3(1984), 63--70.



