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ABSTRACTs In this paper, we extend transmissive and closure
system for finding common relation R of WARSHALL to the tran-
smissive and closure system for finding fuzzy relation R.
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* * * * * * *

The transmissive and closure of fuzzy relation plays an im-
portant role both in theory and application. T.Ce Dunn, on the
basis of transmissive and closure R¥ about n-th-order fuzzy si-
milar matrix R, put forward the following theorems

Any X = n, there is R*:Rk.

According to this theorem, R* cain be obtained by *SQUARINGY,
R—R2—R > ... —RE ..o

Through finitive calculation, R* is obtained, but in the
case of finding R transmissive and closure when the R-th-order
is larger, the calculation is trivil and tedious, this paper
extend s common transmissive and closure system of WARSHALL
to finding the transmissive and closure of fuzzy relation,thus
above mentioned disadvantage is not only avoided, but simulta-
neously it provides an general way for finding transmissive and
closure fuzzy relation R.

Suppose;X:fx1,x2, -++y X} R is the fuzzy relation in X.

Symbol Mnxn shows all nin fuzzy matrix set. LetR(‘Mn_X ’

n

written R=(R(1y3)), R(iyJ) ¢ L O,11]

Where, R(i,Jj) shows i line j row of Rth element.
DEFINITION Let R.eM%xn, the elements in R, according to

their value, are defined respectively maximal element, lst

maximal element, 2nd maximal element, ... minimasl element,

Suppose R ¢ Mn y R constructs a new matrix R* € Mnxn’ the

m
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method is as followss

(1) Let R(jo,io) be the maximal element in R, rewrite the ele-
ment in line jo of R respectively into

(R(jé:k) v R(io,k))AR(jo’io), Ketly2y eaey n}
Again let R(jo,io) be the element R*(jo,io) of R*, after
change the element of R by the way mentioned above of the maxi-
mal element of R, the obtained new matrix is written Roo

(2) Let Ro(j1,i1) be the first maximal element of R , if the

j, line element Ro(j1,k) of R satisfies Ro(j1,k)<iRo(i s})
rewrite respectively as

(Ro(j1yk) v Ro(i.‘,k;))ARo(j,,iD; Kéily2gee0y n }

Again let Ro(j1,i1) be the element R*(j1,i1) of R*, after
the said change, the changed matrix in Ro is written Ry.

(3) Let R(J,si,) be the 2nd maximal element of Ry, if the j,
line element R,(Jj,»k) in R, satisfies Ry(3,9k) <R1(32,12),it
is written respectively

(Ry(Jpok) V Ry(insk)) AR (Jp9i5)s Ke{ly2, eusn},

Again let R1(j$,ii) be the element R*(jZ’iZ) in R*, after the
said change, the changed matrix in R is written Roe

(4) similarly, construct other elements in R* in the way list-
ed in (1),(2),(3), for there is only different finitive ele-
ment in R, finally the complete elements in R* can therefore

be constructed.

THEOREM The constructéd R* by R with above mentioned way,
there is bound to be R*=t(R).
PROOFs From the construction R*, it is known R £R¥*.

In the following we shall prove R¥ is transmissive, take
ioe{l,Z,..., n} , suppose the elements R*(io,jo) in R* is the
maximal element in line i , thus there is R*z(io,jc):iR*(io,jo).

Suppose element R*(io,j1) is the lst maximal element in /,
line R*,

R*2(1yd )=((R¥(1,,1) AR¥(1,39))V oo T(R*(3553,) 4

R*(jo,j1))V .o.V'(R*(iO,n)AR*(n,j,‘)) .
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There exists R*(jo,j1)§ R*(io,j1), otherwise
R*(jo,j1)>,R*(io,j1), thus from the construct of R¥*, it is
mown  R(J,_s3q)> R(i sdq)y Or there exists j&{1,2,..e, njf |
making ((3(33931)V"3(30,31))113(30’38)>’R*(io:j1) and
R(30931)<1K30:js). (1)
Noting again, R(io,jo) is the maximal element in line i
Thus R(jo,j1):>R*(io,j1) is not possible.
From (1), R(jsyj1)/\3(jo:js) >R*(i°’j1)s
Hence, R(js’j1):’R*(io’j1) and R(joijs)>3*(io3j1)°
When R(J_,dg)2R(i 53 ), from R* construct,
R(Jgsdq) €R*(i ,34), it's contradictory to 3(38:31)>R*(i0:.j1)5
When R(jo,js)<‘R(io,jo), and from R(io,jo) is the maximal
element in line io, having R*(io,jo)> R*(io,js)> R*(io,j1) or
R*(1_53 )=R*(i_5J ), the former is contradictory to R*(1,53¢)
being the lst maximal element in line io’ the later infers
R(js,jl)s'ﬁ*(io,j1), this is contradictory to
R(Jssjl)>f”(io’31)§
When R(J ,Jg) <R(io,jo), and from R(io,,jo) is the maximal
element in line i_, having R*(io,jo)>R*(io,_j's) PR*(1,J,) or
R*(1i,53,)=R*(1_,3,), the former is contradictory to R*(1 53¢)
being the lst maximal element in line io’ the later infers
R*(J5935) § B¥(i053q) 5 thus R¥2(10,3,) R*(1534)e
Similarly, it cen be proved that any th maximal element
R*(i,,J,) in line R* satisfies R*Z(io,j‘)sR*(io,J‘ ).
Because of arbitrariness of i_, any 1,j€ {1525..05 n}, have
R*¥<(1i,3) €R*(i,J), therefore R* is trausmissive.
PROOF  Again, if R ¢R' and R'2g R', there exists R¥*gR'.
Let R(J ,io) be the maximal element in R, and for
R(J 91, )=R*(J 91 )s homos R*(joyio)’in}(josio)-
gere (R(J %)V R(i_,kDAR(J »1, )=R(J sk) ¥ R(io,k),Keil,z,...,n} )
If R(joyk) v R(io:k)=R(jO’k)9 for R(jo,k)$ R'(joak) ’
Hence R(jo,k) v R(io,k)sfv(jo,k).
If R(jo,k) v R(io,k)=R(io,k), from the transmissiveness of

of R', we have
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n
R'(jo’k) BLY,(R'(jos AR (L ’k»BR'(jo:io) ,\R‘(io,k) Z
R(Jgriy) AR(L,sk)=R(1 ,k)=R(j sk) ¥ R(i_sk)e
Therefore any K € {1,2,0eey n} 4 there exists
R‘(jo,k)gR(jo,k) VR(i sk), thus R & R' .
Suppose Ro(j1,i1) is the lst maximal element in R, then
R'(Jys1y) 2 R*(Jysiq), if the line j, element R (j,pk) in R
satisfies Ro(j1,k)< Ro(j1,i1), then they can be re-written

respectivelys
(R(’)z(j,l,k) v Ro(il,k)ARo(j1,:i1)
Then (R(Jjy,k) V Ro(i1:k>MRD(j1si1)=Ro(i1 sk) (1)
Or (R(j1sk) v Ro(i1:k>)ARo(j1yi1)=Ro(j1’i1) (2)
0z (R(3y5k) ¥ Ro(13k) AR, (33yiq)=Ro(35K) (3)

In the case of (1), we have
R'(Jqsk)2 L\Z (R' (345 L) AR (LK)
z R'(Jqsiy) AR (iy,k)
2 R (3791) AR (145k)=R (i,,k)
Hence R'(Jq9k)Z (R (Jq9k) VR (i45k) AR (Jq514)e
Similarly in case (2), we have
RO (3002 ¥ (R (3gs D AR (LK)

2 (Ro(j1,k) v Ro':i1’k)) '\Ro(j1yi1)'
In case (3), it is obvious "
R'(J49k) 2 (R, (395%) V R (L9k)AR (34914)e
Similarly we can prove any 06{0,1,2,...,} there exists
R sR', hence R*&R' , therefore R*=t(R).
Trom the said theorem and R¥ construct system, we obtain
the method for t(R) from R:
(1) Let new matrix A=R;
(2) Let i=1
(3) If in all j,A(jyi)=maximal element, and k=l,2yceeyn and
when A(Jsk) <A(Jyi);
Let A(Jsk)=(A(Jsk) V A(i,k))AA(T,1)5
(4) i plus 1;
(5) If i4n, then transfer to step (3), otherwise it stops.
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(6) In (3), in all j, if A(J,i) respectively equals to lst
maximal element, Znd maximal element, ¢.ee.ey minimal element,
and in turn repeat steps (3)— (5), we could obtain finally t(R).

EXAMPLE 1. Let

0s5 063 0644 046
002 0al 0,8 0.2
R= 10,3 0.4 0.5 0.6|Fnd tR)
07 0&l 0.4 0.2
SOLUTION: 005 003 004 006
A= g =[0:2 0ol 0.8 0.2
Oe3 0Oed 05 0,6
07 0&l 044 0.2

When i=3, A(2,3)=08 be the maximal element, then rewrite
the second element as:
(A(25k) T A(35k) AA(2,3), K€{1,2,3,4) .

We obtaing 005 0e3 004 006
4o 003 004 0.8 006

T {03 Oed 045 046

07 0Oel 004 0,2

When i=1,A(4,1)=047 is the 1lst maximal element, if
A(49k)< A(441), rewrite the 4th maximal elements ass
(A(45k) v A(1,k))AA(4,1), K€{1,2,3,4)}

We obtain 005 003 004 006
0e3 064 068 046
O0e3 0u4d 045 066
Oe7 0e3 0o4 046

If i=4,A(144)=0e6y A(2,4)=0e6y A(344)=0e6, A(4,4)=0e6 be the
Znd maximal element, then respectively rewrite the lst line,
2nd line, 3rd line, 4th line elements as
(A(1,k) V A(4,k))AA(154), (when A(1,k)< A(1,4));
(A(2,k) V A(4,k))AA(244), (when A(2,k)< A(244));
(A(35k) V A(45k)\A(354), (when A(3,k)< A(344));
(A(45k) V A(49k))AA(494), (when A(4,k)< A(4,4)).
We obtain De6 003 0644 O,
Oo6 O.4 0.8 O.
0e6 0e4 0.5 O
Oo7 0e3 0e4 O.

OOV ON On

If i=1’ A(l’1)=006, A(2,1)=O.6, A(3’1)=006 be the 2nd ma.Xi—

mal element;
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i=3, A(3,5)=0.5, be the 3rd maximal element;

i=2, A(2,2)=0e44, A(3,2)=0e4 be the 4th maximal element,
it's easy to know that the given value of A is constant.

i=3, A(1,3)=0.4, A(4,3)=0.4 be the 4th maximal element,
when A(l,k)< A(1,3), rewrite the lst line elements as

(A(1,k) 7 A(3,k))AA(1,3), when A(4,k)< A(4,3), rewrite the
4th line elements as (A(4,k) V A(3,k))AA(4,3),

Obtaining

(0e6 0Oed 0Oed 046 006 0Oed 0e4 0eb
0e6 0ud 0.8 0.6 0e6 Oed 048 0.6
R=10.6 0.4 0.5 o0.6/|,0emc® H(R)=[5"c 0.4 0.5 0.6] -
0e7 Oed 0Oed Oob 0.7 Oud 0.4 046

For a simpler calculation, the calculation process can be
carried out in the same matrix, omit other writings or pre~
sentation only by croaaing out other elements which should be
changed, and replace the should be rewritten elements, we can

therefore carry the following calculation from mentioned aboves

(06 0e4 )

03 O3 0ed 06| o6 04 04 0.6)

0.6

0y 0-4 0.6
: 006 004 0.8 006
2 0,8 2

033 0e4 0.5 046 006 Oed 0o5 0.6

0e4
L0e7 8:3' o4 g;é | 10e7 0.4 0.4 006

When one finds the transmissive and closure system for
the similar matrix of fuzzy, because of its symetricalness, it

is only necessary to re~-construct its diagonal upper elements,

see
EXAMPIE 2 [1  Oul 0e8 05 003
0s1 1 0.1 0.2 0.4
0.8 0.1 1 0.3 0.1 ..
0.5 0.2 0.3 1 0.6 Tind ¥(R).
0e3 04 0u1 0.6 1



SOLUTION
0ed
O}g 005
1 Bel 0.8 0.5 &3
T 0.4
N3 0.4
0.1 1 Ol O 0.4
005
D5 O3
SN TP N | 033, 0l
0.5 0.2 0.3 1 0.6
LO'3 04 0.1 0.6 1 |
Thus 1 0ud 0.8 0.5 045
0.4 1 0.4 044 04
t(R)= |0.8 0.4 1 0.5 0.5
0.5 0.4 0.5 1 0.6
0.5 0.4 0.5 0.6 1

. 9
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