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1. INTRODUCTION

In [3] , Zheng has introdiced and studiad a oonc’ep,{;
fuzzy path connected topological space. In this- paper, w a
to introdace and study a new concept of fuzzy path eonneé,t;_édi

topological space and obtain its various characterizations,

2. PRELIMINARIES

A1l undefined fuzzy topological concepts and notations

we make use of, are standard by now, We do not insist that,~v

a fuzzy topology must contain all constants, as in Lowen [11,
However, we recall the following from Pu and Liu [27] and

zheng [3]

Definition 2,1 [2] . Two fuzzy sets 4 and B in an

(X, t) are said to be Q-separated (Separated) iff the

t-closed (t—open) fuzzy sets U and V in (X, t) such thi

AcU, B&V sndANnV = §=BN0
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It is obvious that A and B are Q-separated iff

AnB=% =ANSE

Definition 2.2 [ 2,3 |  An fts (X, t) is called connected

(0-connected) iff there do not exist non-empty fuzzy sets A

and B in (X, t) such that A and B are Q-separated (separated)
in (X, t) and X = AUB,

1t can be easily shown that both A and B in def. 2.2

are crisp subsets of X,

Also, note that if A and B are crisp, then A and B are Q-
separated 1ff A and B are separated (c.f. [2, Prop. 9.2 1.

Hence we have the following

Theorem 2.1 An fts (X, t) 1s connected 1iff (X, t) is

0-connacted,

For a fuzzy set A in X, we write A  for the set A‘l(@,]:j
and esll it the support of A and for A<X, 1, will denote
the characteristic function of A,

Definition 2,3 [3.]  Let (X, T) be a topological space.
The collection T ={ A: A 1is a fuzzy set in X and 4, E-T} is
a fuzzy topology on X called the fuzzy topology on X introduced

by T,

Theorem 2,2 Let (X, T) be a topological space. Then (1)

(x, T) is connected iff (X, T) 1is connected,
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(i1) (X, T) is connected iff (X%, T) is 0-connected,
The proof is easy and hence 1s omitted.

Let I = [é, 1] and e be the euclidean subspace topology
on I. Then since (I, o) is connected, by theorem 2.2, (I,e)

is connected and O-connected.

3, FUZzY PATH CONNECTEDFESS

Definition 3,1. Let (X, t) be an fts, A fuzzy path in X

is a fuzzy continuous function f : (I, @) — (X, t)., The crisp
singleton f(o) and £(1) are respectively called the initial
and terminal points of the fuzzy path f,

Definition 3,8. An fts (X, t) is said to be fuzzy path

connected iff for each x, ¥ ¢ X, there exists a fuzzy path
in X sueh that f(o) = x and f(1) = .

Lemma 3.1 Let (X, T) and (Y, $) be topological spaces.

Then tbe following statements are equivalent :

(1) £3 (X, T) =—> (Y, §) is continuous

(11) £ : (X, T —> (Y, 5) is fuzzy continuous
(111) £ : (X, T) —> (Y,w(s))* is fuzzy continuous.
Proof

(1) => (11) : Let UES, Then T, € § => £H(Ty) € T,

+ W(s) ?{f:(X,T)->[_5,‘l] ¢ f is l.s.c.} , See ]:1],
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But f‘l (Uo) = (f’l(U) )o whence 1 (U) € T showing that
£ (X, T) —> (Y, $) is fuzzy continuous,
(i1) ==y (11i1) : This 1is obvious since @(3) & 5.

(111) =>(1) : Let UES. Then 1 ¢ acs) ., i) eT =
- (rly)), € .. Bt (£, = riy), = .
Thus £ L1(U) € T and thersfore £ : (X, T) — (¥, 8) is

continuous.,
Using lemma 3.1, the following theorem can now easily be proved,

Theorem 3,1

(1) A topological space (X, T) is path connected iff
(X, #(T)) is fuzzy path connected,

(1i) A topological space (X, T) 1is path connected iff (X, T)

is fuzzy path connected.

Theorem 3,2 Continuous image of fuzzy path connected

fts 1is fuzzy path connected.

Proof. Let (X, t) be fuzzy path connected and f : (X, t)
-—> (Y, tl) be ﬁiz’zy'continuous and onto, We show that (Y,tl)
is fuzzy path connected, Let a, b€Y. Since f is onto,
f'l(a) and f‘l(b) are non-empty, Let x€t1(a) ana Ye¢ f"l(b).
Then since (X, t) is fuzzy path comnected, there exists

¢t (I, 8) —=> (X, t) such that g(o) =x and g (1) = 7.
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Put b = fg, Then clearly h (I, @) ~—>(Y, tl) is a fuzzy
path such that h(o) = fg(o) = a and h(1) = fg(1) = b, Thus
(Y, t1) 1is fuzzy path connected.

!
i

In an fts. (X, t), define a relatiohﬁ;;)h on X as follows:
for x, y € X, x~vy 1ff there exists a fuzzy path £ in X
from x to y (i.e., f(o) = x and £(1) = y).

Theorem 3,3, ~ is an equivalence relation,

Proof. Reflexivity follows trivially by considering constant
fuzzy paths, For symmetry, let f be a fuzzy path in X from x
to y. Define g 3 (I, 8) —>(X, t) by g(r) = £f(1-r) for r € I,
Then g is fuzzy continuous and hence a fuzzy path in X from y
to x. Fae transitivity, lst f be a fuzzy path from x %o ¥

and g be a fuzzy path from y to z. Define h : (I, B8) —>(X%,t)

by : —
f(2r), ifo <r 2 1/2

h (r) =
g(er-1), if 1/2 £ r £ 1,

Then h is fuzzy continuous and hence a fuzzy path in X from
x to z (by lemma 1 and 2 of [3]’). So x ~~z. Hence v is

an equivalence relation on X,

Theoram 3.4 A fuzzy path connected fts., (X, t) is

conneeted( and hence O-connected).

Proof, Let (X, t) be fuzy path connacted.
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Fix some x¢X. For each y ¢ X, there 1s a fuzzy path in X,
h that = 3 d =y, ’ be th

say fy, such tha fy(o) X an fy(l) y. Let Ry be the

range of f_, Then Ry is connected since it is the continuous

y
image of 1 = [o, 1] , which is connected. Clearly, X = U Ry
ye £
a4
ol . ;
>ince Ryn R, £#og for apy Yy, 2z €X%, Ry and Ry oannot be o

separated., Hence by [2, theorem 10,2 j, (X,t) is connected.

In the sequel, by 'subspace' of an fts, we mean 'crisp

subspace' only.

The following result follows easily in view of thearem 3%

Theorem 3.5, Let %Kj L | (:'J} be a family of fuzzy path

connacted subspaces of an fts. (X, t) and ? Aj £ &, Then

;JAJ is fuzzy path connected (as a subspace).

Theorem 3.€ A product of fts is fuzzy path connected iff

each coordinate fts 1s fuzzy path connected.

Proof, Let (Xy, tj) : €3} be a family of fts and let
(X, £) = G(xg, ty).
If (X, t) is fuzzy path connacted then since the pro-

jections are fuzazy contimuous, (Xj, ty), for each ] €J, is

fuzzy path connected. Conversely, let for each j € J, (Xj,tj)
be fuzzy path connected. Let x, ¥y € X and lat x = (xj) and

y = (Yj)’ j} € J. For each §j €J, there axists a fuzzy path



32

£y in (Xj’ tj) from pj(x) to pi(y). Define f ¢ (I, &) —=
(X, t) by f(r)(J) = £ (r), for all j € J and r € I; thus
f(r) = (ﬁ( r)). Now we see that py of = f, and that f is ’
fuzzy continuous., Hence f is a fuzzy path in (X, t). Clearly,
f(o) = x sincef(0)(§) = £y(0) = ps(£(0)) = py(x) = x;. |

gimilarly, f(1) = y. Thus (X, t) is fuzzy path connected,

Definition 3.3 Let (X, t) be an fts. Then the maximal

fuzzy path connected subspace (D, tD) of (X, t) 1s called
fuzzy path component of (X, t).

1t is clear that the fuzzy path components of an fts
(X, t) are precisely the equivalence classes of X under the

equivalence relation ~_ (of theorem 3.3) on X,

Theorem 3.7 Let (X, t) be an fts, Then (i) each fuzzy

path connected subspace of (X, t) is contained in some fuzzy
path component of (X, t); (ii) If 4 and B are two fuzzy path

components of (X, t), then either A = Bor &4 N B = £,

(i) Let A be a fuzzy path connected subspace of (x, t)
and M = S{AJ s Aj is a fuzzy path comnevcted subspace of
(X, t) with A € A, } . Then by theorem 3.5, UM is fuzzy
path connected 1n (X, t). Now it is clear that UM is a

fuzzy path component of (X, t) and AT UM,
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(i1) Let A #B, IfANB #0, then AUB is fuzzy path
connected in (X, t) and either AFAUBor BC;IA.UB,
which contradicts the maximality of A or B, Hence

A =B,
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