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1. Introduction.

The aim of this paper is to explain a concept of definition of
the seguences and series of fuzzy mappings. The resgults which we
heve received in this paper are gimiler in forme to tne classical
theory. In the Section 2 we consider the seguence of fugzy maprings
andg its properties, The Section 3 is devoted to series of fuzzy ma-
ppiﬁgs. Tn this paper we will use the notions and definitions from

[1], [2]; [:’] and [4].

¢« Sequences of fuzzy mappings,

A sequence of fuzzy mappings is a function vwhose domain is the
set of positive integers and whose renge is a set of fuzzy mappings.
We denote a sequence of fuzzy mappings by { Fn}a

Correspomding to a numbexr ¢ in the domaim of each of the terms
of the seguence of fuazy mappings {Fn'} s thare is a sequence of fuzzy
nusbexrs {Fn(t)}(m (1), 1£ {Fn(t)} converges for each number t

in a set T and we let F(t) = lim P _(t), them we say that {F J
n-»e* a ‘ n

sonverges pointwise to ¥ on %,

We now define amother type of convergence for sequances of fuzgzy
mappings = wniform convergence - and we will show that the limit of
a uniformly convergent ssquence of continuous with respect to the

metric D fuzzy mappings is continuous.

A sequence of fuzzy mappings {B‘nl convergens uniformly to F on
a set T if for each £ > 0 there exists a number N such that fow all
te?®
D(Fn(t),r(t)) <€ whensver n > N,
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It is oclear that 1f {F ] is uniformly convergent 0 F on B,
then the seguence is pointwise convergeat teo F on T, But pointwise
eonvergence of {rn} t0o F on T dees not imply uniform convergence
of the sequence {F 3} on T,

Theorem 24+t. If the seguence {Fn} converges uniformly to F on
the set T and each of the terms Fn is continuous with respect to the
metric D on T then P is continwous on 2,

mt.wttobamnmbermﬁandtaMam E> 0, Ve
wish to show that there is a awnber ¢ > O such that
b(F(t).,F(to)) < € whenever t €T and O0< | 1:-1:0|<d' .
The wniform convergemce of {F, 7} to F on T implies that for some
positive integer n
D(E(8),F(8)) < €/3  for all tef,
SMFnS.swnmwugatto, there exists a J > 0 such that
p(pn(-g),yn(to)) < &3 whenever te¢¥ and ltmtoud' .
Phereifore, for all tel and | ‘a-tol <&
DER(£)92 (%)) € D(F(E)F () + D(F (8)4F(tg)) <
§ D(F(8),F (%)) + D(F (£)eF (%)) +
+ D(E (4,)F(Ey)) < &/3+ &[5+ &/3=E.
This completens the proofe

Lemua 2 +1, If F and G are integrable fuszy mappings over Casbl
and for any +te(a,bl
D(F(t)6{t)) < €/ (b=a)
then

b b
D( [ Fy J G)<E &
a a

Proof. If for any t € [a,b] , D(F(t),a(t)) < €&/ (b=a) them
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for any partition P of ([e,b]
B{Ul(]?),ﬂi(ﬁ)) < €/ (b=a)

DLy (F)oLy(6)) ¢ €/ (bma).
Then for any « € LOy1] we have

} n
a(u(7, Y, 0(0,2)) = max (1 5, Uy (PP Cty-byy) =

n o
=, ler sty g)le

| = U, () (b=t - S UL(B) (by=t, ()

¢ max ( ?‘1 ) (0, (F)"=T, (6F) (ty=tg_q)ls

ét L (U (7 “:(Gn'(*:.“s.ﬂ)') <

n £ n £
o1 bea ¥ 1 0 T pea L At *

Hence

D(U(F,P),U(GyR)) < &
The mroof that D(L(FyP),I{GsP)) < € 1is similar, From the above
inequalities it follows that

b b
n{ J Fo -L @) <€

a
and
2L &L .
D{ f Ty J GI<E ‘
a a
Hence

b b
D( J Py f G)<E
a a

This completes the pxroof.
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Theorem .24 If the sequence {Fn} of fuzgy mappings converges
uniformly to the fuszy mapping F on the closed interval [a,b] and
if each of the terms F, is integrable over [a,b], then I is
integrable over [a,bl. Akso if

u u
Gn(n) = él"n and G(u) = _,;F s uc (ahl,

then {Gn} converges t0 G on [a,b] .

Proof, Tirst we show that I is integrable over (a,b]l . Take
E » 6. Since {Fn} converges uniformly to T ox (aybl , for some
n
D(F, (8)ei(%)) < &/ 3(bma)  for all te la,b]
Thus, for any partition P of (g,b] , '
D(Ly (P)eIy (Fy)) < £/ 3(b=a)

and

D(U (F)yU, (F)) < £/3(bwa)
and, hence

D(L(FyP)pL(ioP)) < E/3
and

D(U(7yP)4U(F oP)) < E/3.
Since I', is integrable over La,bl, IJ{U(FB,P)@(FE,P)) < &/3% for
some partition P of [asb] (see (51 ). For this paxrtition we have

D(U(T,B) I P)) < € o
This shows that ¥ is integrable over [a,b]  We now show that
{Gn} converges wifornly to G on [a,b] , that s;e, for any €7 o
there exists a number N such that for all u €(a,b]

( ?F, ?Fn)<8 vhenever n > N ,

a a

sdénce {F,} converges uniformly to 7 on [a,b], there exists a
nuwmber N such that for a1l t € [a,bl
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B(Fa(t).ﬂ‘(t))< £ whenever = > N,
Therefore, for all n >N and for all u € (ayb]

u u
D( Jf Fre [ P)<E .
a a

This completes the proof,e

% o Series of fuzmzy mappings.

¥ {F, 7} is a sequence of fuzzy mappings, then the series
. E, is the sequemce {S_% where S = >, F, , Notice that now
ka1 & n n ey k

: n
Sy is a fuzszy mapping: it is the fuzgy mapping with donmain lDt @Fk

- n
(2 the domain of F,) and rule of correspondence S (t) = }51 P ),

Fi

[ - S B
If, for each t in a set T, ﬁ 7, (%) (that is, {15,(¢)}) converges
to a fuzzy nmumber F(t), then w say that the series converges point-

wise to ' on T,

The sexries E“ P, converges uniformly to F on the set T if for

each & 7 0, there exists a number N such that for all t €T
D(Sn(t).ﬁ‘(t)) < & whenever n > I,
oo

That is, Et P, oonverges uniformly to I’ on T if the sequence s, ¥
converges uniformly to ¥ on T,

There is a test for uniform convergence of a series of fuszy
mappings that is similar to the comparisom test for convergence of

a series of fuzzy numbers (seel/]).
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>0
Theorem 3 41, If 2. X, converges and if | F ()| € X, for
=1

OO

all teT and for all k sufficiently large, then 51 F, converges
uniformly on T,

(= 4 o

Proof. et F(t) = 2 P, (%) (%) = F.(t), X=w >
" i e SR~ A =T

n
Ei X, + If VP (e)l < X for all k » Ny, then for all

t €T and for all positive integers n and m with n > n'>E‘wehm

and Snn

for all o € (0,1]
of =< n x & o
a(S,(%) $5,(%) ) = a( E‘t r,(t) , E“ Fi(t) ) =

A

(i é F, () > (£ \%} F(t)" % P (t)™ ) <
= max(] = -3 F f ‘ - , <
Jout e jou] e | i B =i K

A

( 5o 1 (s 5 Fe)) €
BN et Bl gt K )

< max ( Is%»ﬂ i, bZ:i‘! X':()um (S“-S‘x, S;»S:)a
= a(Sy o5y )e
Therefore,
Ua d(5,(t) »5,(8) ) €  1tm a(s3 oSy )s
m-» oo . n-»oc
that 1s

AE(E)7 o5, (#)) < a(xesy ).

Take €7 O, Since 1lim S = X , there exists a nmumber N > XN,
n-r>

such that (XS, ) <€ whenever n > N. Them, for all t ¢ I
d(F(t)‘x,sn(t)“) < € whenever n > N,.

Hence A
D(F(%),S.(%)) < € whenever n > N = .
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<5

This shows that E1 ka is uniformly convergent on T.

Ve now prove that if a series of continuous fuszy mappings
gonverges uniformly to a fuszy mapping on some set Te then 7 is
continuvous on T,

Theorem 3.2. If the series E‘l F, converges uniformly on the
aetﬂ?andeachafthetama?kismanmonﬁ, then the sum
of the series is continuous on T,

o0

Proof, Uniform convergence of the sexries E? Fy is equivalent

to uniform convergence of the sequence {Sn'.’r to F. Since each term
n

7 of the series is continuous on T, then each term 5 = > ¥y
" | k=t
of the sequence is continuous on T, Thus, the continuity of Fon 2

follows from Theorem 2 .1.
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