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Abstract

Fuzzy orthogonal experiment design’ is the fuzzinization of the
resultant experimental information corresponding to the experimental
objects. A fuzzy set is then formed in the domain of objects, and
furthermoré, items of information kg, kpes ok, of different levels of
various factors attaiﬁed. With the corresponding extreme differences
calculaféd, ve are éble to select more desinable technological con—
dition and Sﬁtimal experiment, Thus, We can get more information
with synthetic analysis by employing the approach and theory of
' fuzzy mathematics than with normal means,

In this paper we ate to introduce a‘orthogonal layout of fuzzy
eiperiﬁent design, to define Cartesian product and Cartesian outer
produét, projection and inner projection, and n-ary superior (in~-

‘ ferior) fuzzy-relation-network-matrix. Besides we are to show that
fuzzy—relation-n;@orkwmatrix are symmetric. Finally we'll taks an
example to illustrate the analytical approch to fuzzy orthogonal
experiment design, to see what new information could be drawn, and
to analyse the orthogonal experiment comprehensively with fuzzy

ralation equation.
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1. Introduction

The method of orfhogonal experimént design is mostly harnessed
in scientific experiments and productive processes, However, with
the increasing system complexity of experimental objects, the
Characteristic capability of accurate description will be accordingly
reducing; sometimes there being little information differences
amongst the results of various experiments puts it in a dilemma to
decide which is better; even more, indefiniteness of informﬁfion
oorros ponding to'd experimental result emerges casually. Not only
can we make the subject discussed much closer to its reality, but
also more information can be expected be get by using the anélytical
method to fuzzy orthogonal experiment design, which is built upon
the theory and approach of fuzzy mathematics, than by using normal
method, The newly-got information is as follows:

- 1. The influences Bn experimental results by the matings of diverse
levels of two arbitrary factors in the experiment can be got.

2, The factors ﬁhich-exert most or least influence on eiperimental
results can be sifted from mating two arbifrary levels,

3. The varyingbtendencies of influences on experimental results by
the matings“of'various levels, through applying the fuzzy-relation-

network-natrix defined in the essay,

So in case of little resultant experimental differences among
each objecty, we either optimize somt peculiar factors or levels, or
search for the clues for further experiment according to the vgrying

tendencies of the matings from among diverse levels,

All the Symbols and some relevant sonceptions cocincide with
reference [%], and in this paper, the numerical interpretation of

experimentni results is called indcx,
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2. The Orthogonal Layout Of Fuzzy
Orthogonal Experiment

Let A1y Apaeoeeo.A be n factors, Uyy Upeso.olpbe respective
domains. Select m levels each factor, we have
U" - (uﬂ, 42y oooo‘cAo u1m)
U2‘(u21, u22, cosvoee u2m)

...‘........0.......‘.“.'0

Un'(un‘i) “nz, oouco‘o. %)- :

. . Opt for an appropriate orthogonal layout ™~

- Ai’ Azoooooo An ml L Indexes
1
2
1
(Fig. 1)

Consider the experimental objects M = {1, 2, cuseee {5\, a domain.
w the experimental results of each experimental objects into
percentages, which a.ftér’ being normalized, is considered a fuzzy
set on M, demoted as D = (dt, dpesessedyp)e D then reflects the
jnflnences on indexes by the experiment of each object. In order
to distinguish the differences among the lewels of various factors,
we add the indexes of j~th (J =.2,..m) level corresponding to Ay

(4 = 1...n) in D. D then generates n fuzzy sets
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‘A\l = (111’ 112, seceece l‘]m)
AQ = (121’ 122, secese I’m)

:_AB<= (1n1’ 1112) evecss 1nm)

. Among which 1ij are the sum of the indexes in D corresponding to
J-th level of factor A;.

Consider thé fuzzy sets Eb A4y Aoy seeese 4, in an orthogonal
layout, Thme we have

!
co?f’&,;?é | AL A A D

/ L{;

pol : . C{;

ot 4
£ | Ly bt
f?z : {?/z o {fﬂ&

~

7€nl . ‘{zzn {%ﬁﬂ ""“'46%1"
Extremal |
Z>t?¥{2\%%QC¢O

(Fig. 2)

We can get the optimal combination of levels and the primary or
secondary of all the factors by analysing the fuzzy orthogoual
layout with usual approach., In order to get more information, we
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introduce the following conceptions,
“Let Mnxm be the whole Puzzy matrices of n IOWS, m columns,
Definition 1: Suppose a & Mxn, P € Mixy

| @ AL AN g,
&X‘bg‘{'rué (@‘)u(&,b;, . [A*_/\b' ﬁz b’t'," ﬁ:/\b/r
, . An an b, [;(,,Ab.l ‘ﬂ_n./\bm
is oalled Ca.rtes:.an product of f‘uzzy vectors, and
LA, Vb, AV, e Vb
AR b 2 Az Vb,,ﬁzv/) ‘*ﬂ;VlL)m
ﬂan ﬁn Vb ﬁ,qV/)m‘

called Cartesiam outer prod.uct of fuzzy vectors.

If a is a fuzzy set onUy b is a fuzzy set on V, then a x b and
a\(b reflect the transformatf;o%ef%f__/.ml the two domains. When the
same fuzzy conception is reprecented 'by different domains, the ele~
ments of the two domains have to do with edch other to certain extent.
a®Dand axb just reflect ‘that relationship,

- Definition 2: Let U,A V be finitf—: sets, Suppose Ee MmcmCF(u‘xv)o
The projection of E in U is a fuzzy subset of U, denoted bygu, which

has a membership function
/u RM ( tt ) 2 \/ ) A.A /e (I'I{'{‘, '\/‘)
~ ‘ vE V —~

The projection of R in V is a fuzzy set of V, denoted by Ry, which
has a membership function

/U/\\, (v) = V A, v)
The inner projection o;:li in UNis a fuzzy subset of U, denoted by BU’
which has a membership function
Mg, () =N Aly (A4, V)
The inner projection of RinVisa fuzzy subset of V, denoted by
};V, which has a membership function

/L{ég 14 ( \f) 2 u/:u /{/(ﬁ & . v/ R
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The projections present the row maximm and column maximm of a
fuzzy matrix, the inner projections present the row minimum and

columm minimum of a fﬁzzy matrix.

Definition 3: Let
0(” A, -'-~'-ﬁ4m N I\,/, sz

¢ M
@:‘3 ....... )\n..., .e!l:(~'**'--"~-‘ )
il Y
63nt, Qo - [Qn1n : TAs, ,7iz,"f"' 7 rm
be all fuzzy relation matrices, we call

atlv """ Vﬁi,ﬂu """ V}?z, a/m‘/""" Vnm

P e
aﬂ;V" h V/;l;,anQV' \//\ """ ﬁfzm [//rm

a n—-ary superior fuzzy-relation—network?matr1x, and call
&H' - A/u ﬁu/‘ ‘A/ ‘ ﬂ;m /\//m)

7O R() e NS . :
’@‘ -~ n’(alu A/N ﬂn::/\ A/nz ﬁ”"’/\/\ﬁ‘/’\

a n-ary inferior fuzzy-relation-network-matrix.
The n—-ary superior (inferior) fuzzy-relation-network-matrix is

a fuzzy nxmmatriz, in which each element r{j(i=1...n, j=1...m) is
ecalled mesh element of the network. If the mesh e;em?pts apply to
risér'ji, the fuzzy-relation-network-matrix is cal}g? §ymmetric.

The influences on indexes by the matings of diverse levels of two
arbitra.ry elements in fuzzy orthogonal experiment can be a.nalysed. by
using Cartesian (outer) product of fuzzy vectors, while projection and
inner projection can be used to analyse the 1nfluences on indexes by
the matings of a2 fixed level of one factor with the diverse level of
" all the other factors. And fuzzy-relation-network can be used to
comprehensively sur%ey the results of our experiment, that is, the
mesh elements in the fuzzy relation network see the influences on
indexes by the matings of a arbitrary level of one arbitrary factor
with a arbitrary level of all the other factors in our experiment.
In addition, the superior (inferior) fuzzy=-relation-network-matrix
formed by Cartesian (outer) product in fuzzy orthogonal experiment
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" design is a symmetrie fuzgy matrix —— the theorem in this section.
Hence we are in the way which makes it more convinent for us to
analyse the results of our experiment, and in the meantime, illuminates

the routes of further experiments,

Theorem: The inferior (superior) fuzzy-relation-network-matrix of
a fuzzy orthogonal experiment is a symmetric fuzzy mairix.
Proof: Let ' ’ ‘
= axrge0e 1
Ay (141 140 | 1m)
Azl (121’ 122, semavwe lh)

~
Y Y I A Y Y R Y N X ¥ }

- (1n1, 1n2’ o-ouvo._lnm)
be the n i\mzy sets generated by D in the fuzzy orthogonal layoute

- It &s obvious that
M, Mg e Mo

:R;ﬂ n~' ﬂ ...( cr N e n a o~
R‘ ~ &1 KW hn\,rnl ““(\Nn .

the inferier fuzzy—rela.tion-—network of

@J:Alxlﬁf

;Zrl = AQ/I X fl’
is a fuzzy matrix, we nced only to show its Symmetry.

When £ = 1, 24e0eny J = 15 29500csem. '
= (4,¢ /\ *{2 )/\(‘{zf/l‘(j AR "/\(/’u‘/\'(’j)

('{!{ A ‘&t e A fal )/\ (Z’J /\/2.} ‘ /\fﬁj)
= (4, /\{zb)/\(&,/\&)/\ \({ A{;t_

= ({'/A{zj /\Zly)/\ ({u/\{‘—( /\fm)

Hence R, is a Symmetry fuzzy matrix.



3, The Analytical Method to A Fuzzy

Orthogonal Layout
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We are to take an example to illustrate the amalytical method to

a fuzzy orthogonal layoute

Example: To increase transfpx;rgbility of a chemicals, we choose

three relevant factors — reaction. temperature (A), reaction time
(B)y alkalies applied (C), and select three levels each factor:

Az 80°C, 85°C, 90°C. -

Bi 90¢, 1207, 150°,

Cs 5%’ 6%,y 7%

Arranging the experiment with the orthogonal layout Lg(34), and
by using the approach in section 2, we therefore gain a fuzzy

' orthogonal layout

A | B ¢ | mransformabilities
80¢® 0! h 0.070
2 8oe | 120 6% 0.121
3 go* | 150’ 1% 0,084
4 85¢ | 90' & 0.117
5 gse 1200 | 7% 0.109
6 85 |150° % 0.093
7 goe | 90" 1% 0.126
8 900 | 120* 5% 0.138
9 90° | 150" 6% 0.142
k, 0.275 | 0,313 | 0.301
K, 0.319 { 0.368 | 0,380
k; 0.406 {0.319 | 0.319
Extreme 0.131 {0,055 | 0,079
Differences




Let .
U = {80°, 85°, 90°]
vV = {90, 120", 150}
W= (5, 6% TH) |
M"Ps 2y 3y 44 5, 6, 7y &, 9}
Then
A= (0.2755 0.319, 0,406):
B = (0.313, 0.368, 0.319)
¢ = (0.301, 0.380, 0.319) |
D = (0.070, 0,121, 0,084, 0,117, 0.109, 0.093, 0.126, 0,138, 0.142)
are fuzzy seis on the domains Uy V, W and M resPectively. .
By calculation, the Cartesian outer products amongst the fuzzy

sets 4y B, £, are respectively-
0.313 0.368 0.3/7 )

A®B= (0-5/7 0.368 0.2/7
0. 406 0. 406 ~0-4% °

= R,
o~

g 0.3t3 0.380 0.3(7
BE®C = (0.%5’ 0,380 ()_3,{(9) = p,
0.3t7 0.380 0.319 N
0-30l 0.3/ o 4o
£ ® rA; = (0.35'0 0. 380 0‘405)
0.317 o 347 0 406

and the projections of Ry, R, Rjin U, V, W are
Mg,y (1) = (0.368, 0348, 0.406)
Agay (V) = (0-380, 0.390, 0.389)
Uy (wr) = (0406, 0406, 0-496)
’U;v (v) = (0406, 046, 0. 406/
U gaw (W) =(0.348, 0580, 0.448)
Uz v (4) = (0 Mo 0.480, 0.406)
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~the cuperior fuzzy-relation-network of ‘13!’, R;, R3 is

0.343 0.380, 0. Yo4
"'2 UR: UK "'(0 480, 0.590 , 0-Yob
0.406, 0 406, 0.406
From the definitions 1, 2, 3 and the abovo-calculations come the
following pointss .

1. In the above case the indexes directly proportional to trans~
formability and the quality of the c.hemicals. Yet R. connotes the
fuzzy conception 'high transformability' to the relationship bhetween
reaction tempera.ture_ and reaction time, @u _(Z éﬁ? \ being i;l;s

0. 4o
row maximum of R,, therefore, from R, and By » and in the case of

cons:.dering only the two factors — rea.ctlon temperature and reaction
time — we can see that if 4, = 809, B,_=120', the influence on
transformablllty by that relatlonship 1s interpreted as 0,368; if
A;=85°, B, =120', it remains the same; if A3=90°, and the reaction
timo is whatever B, B or B3, 1t is interpreted as 0.406, when
B,=120', the transformability of factors 5 is the highest, and
consequently, if A;Bz is chosen, thelr re,la‘tionship has the
strongest influence on the transformability, Therefore, when only
the level matings of factor A and B taken into aecount, the higher
the reaction 'Eemperature is, the higher the {ransformability,
provided that the reaction time ia fit.

Riy= (0.406, 0.406, 0.406) the column maximum of R, sees that
whether the reaction time is B,y or Biy or Bj, the influences on
transformability by their pelationship are basically the same if
A=90° -— the same conclution as got from By

By similar analyses of B\;vfﬁ_z,w’ Ezu Rjuy we also come to the
conclusion that when only the two factors — reaction time and
alkalies applied — are considered, B,;C; is ths best aliernativeé
of their level matings; while when only alkalies applied and
reaction temperature considered, C,4; is the best alternative,
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2, The mesh element rij in fuszzy relation-network represents the
numeral showing the influence=on tra.nsformability by the matings of
the i-th levels of A, B, C with the j=-th levels of 4, B, C. Cite the
third columm of the above network in illustration of it. f

Y;3 connotes that when A,B3, B,C3, C,A3, the level matings of A4,

By C, is conberned, that relationship has the strongest influence on
the ransformability, i.e. 0.406, ’

Y33 connotes that when A;Bj, B,C3, C,A;, the level matings of A,

B, C, is conmerned, that relationship has the strongest influence
on the transformability, i.e. 0.406. | ’

ﬁb connotes that when A;Bj, B;C3y C343; the level matings of A,

By C; is concerned, that relationship also exerts the greatesi in-
fluence on the transformability i.e. 0.406.

We can gain similar conclusion from T3, and 7’32 s considering the
symmetry of the fuzzy-relation-network-matrix.

A, B3y A8, A;B;, A3By, AR indicate that the relation degree of
the transformabilities to the domains U and V, under the matings of
the Tive above levels, are basically the same, i.e. 0.406. But,
isn't there any difference among the five matings? The membership
degrees of A and B see that wnen 4,(90°C) is mated with B;(120'),
the relation of transformability to U and V is the strongest.

Similarly B,C3, B;C3, B,C/y ByCyy B3C3, indicate that the relation
degrees of the iransformabilities to the domains V and W, under the
matings of the five above 1eveis, are basically the same, i.e. 0.406,
the membership degrees of B, C see that the relation of transformabi-
lities to V and W is the strongsst, when B,(120') is mated with C,(6%).

And C A5 CoAzy C3Ary C;Az, CjAs indicate that the relation degrees
of transformabilities to the domains W and U, under the matings of
the five above levelsy are ba.sically the same, i.e'. 0,406, the member-
ship degrees of C, é/ ‘see the stroﬁgest relation of transformabilities
to W and U, whenNCl(G%) is mated with A3(9O°‘C).

From above, we see that when the level mating 4;B,C, of the three
factors is chosen, we get-the highest transformability, if interactions
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disregarded.,

3. Because of the S;mmetry of relation—networkrmatrix, mesh ele-
ments'f} y T3 and,l;/‘then reflect the matings of the corresponding
factors and levels, the relation degrees of transformabilities to
different domalns are unaltered. The distribution of the strongest
relation being in the third column and third row, therefore better
experimenfal d=sign could be truced along the directionyin which
the subscripts of 1eve1 ascend, , ’ (

While using the fuzzy orthogonal experlment layout, we ghould
notice the following‘p01nts. '

1, To some experiments in which the designs concerned with low
indexes are better than those concerned with high indexes, we use
Cartesion product, inner projection and inferior fuzzy—relétion~

tworkrmatrlx to analyse the experimental results with the same
method as in the above example.

2. If there exist interactions among factors, we consider the
influences on 1nteract10n on indexes as a fuzzy set, which is
equally treated to any fagtor, then the influences on indexes by
interactions among the factors can be attained with the means in

the above example.

4. Synthetic Judément
From experience, we can, in certain technologies approximately
know the membership degrees of jndexes at all the levels of factors,
if the membership degrees of indexes to each factor are supposed to
be knov. Then, what is the membership degrees of indexes at each
level? Here we take the example in secldon 3 again. Suppose a fuzzy
matrix
- [eved 2-lovel  3- Level
b = so.275 0 o ul 0.4 A
L7 (0 313 0.8 0307 B
0. 30/ 0. 280 0.319 ¢



104

and membership degrees of indexes to each factor
§§_=(0.406, 0.368, 0.380)
are given. Then the membership degrees of indexes at each level is a
fuzzy set ‘ ' -
b =x>R =(0.313, 0,380, 0.406)

On the contrary, if the meﬁbership degrees of indexes'at sach level
is a fuzzy subset EQ to get tha‘interpré{étion of indexes on the
domain of factors, we need only to welve a fuzzy relational equation-

TeR=b - |

The former is called the positive problem of synthetic judgment,

. the latter is called‘contrary'ﬁrobiéh of efnfhétic judgment, both of
which have been found their uses in technological reforms.,.
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