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This paper introduces the idea of fuzzy differential equations.
We show some theorems for fuzzy functions. We present solutions
for linear fuzzy differential equations With real functions coeffi-
cients.
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1. Fuzzy functions and its derivatives
Definition of a fuzzy number is given in (1]. We let‘?fdenote
the family of fuzzy numbers. A real number is determined by a

fuzzy number -{1’ if x=a
=

0, 1if x%*a
We can identify a fuzzy number}lwith the parameterized triples
{(a(r),b(r),r)l 0< Tg 1} N 6 D

where a(r) denotes the left hand endpoint of c. (4) and b(r) de-
notes the right hand endpoint.

And cr(ﬂ*)z{{x l/ﬁ( x A);r} if O<rxgt,
cl(supp/Z) if r=0,
where cl(supp i) denotes the closure of the support of .« .
It 4 :R—I1 is a fuzzy number with parameterization given by (1),
then the functions a and b satisfy five conditions in (1].

Moreover , suppose that a:I—~R and b:I—R satisfy the five condi-
tions in (1), then {:R—~I defined by

A(x)=sup { r [a(r)< x<b(r)} P €3

is a fuzzy number with parameterzation given by (1).
Let"b“z{Ka(r),b(r),g)lre I}, a:I—R, b:I—R are bounded functions}

We define the addition, the scalar product and the metric on7/
by (3), (4) and (5).

{(a(x),b(x),r) [ re1} + {(e(r),d(r),r) | rec1}
= { (a(r)+e(xr),b(r)+d(r), r) [ re I} ceenee (3)

c {a(r),b(r),r) {re-I} = {(ca(r),cb,(r)‘,r) Ire I} ceeess (4)
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D({(a(r),b(r),r)l re;I} , {(c(r),d(r),r Ire-I}]
=sup { max { [a(x)-e(r) [, |b(r)-a(x) |}rel} (5)

It is clear that the vector space | together with the metric form
a topological vector space.

A function f:R—~%is said to be a fuzzy function.

Limit and continuouty of fuzzy functions are studied with res-
pect to the metric D defined by (5).
Theorem 1. Fuzzy function f(x) = {(a(r,x),b(r,x),r)‘ re:I} is
continuous at x,«— The families {a(r,x)[ re.I} and {b(r,x), rell
are equicontinuous with respect to x at x_.
Proof. f(x) is continuous at x,

- for any given { >0 there exists a 5>0 such that if

|x-x,[< 6 , then D(f(x),¥(x,))<¢ .
~—~V6f>0;35>0, such that if ,x—xo]<5", then
la(r,x)-a(r,x ) |<¢

for any rel.
fb(r,x)—b(r,x )!<E,

~— families {a(r,x)lre:I} and {b(r,x)'re I} are equiconti-
nuous with respect to x at x_.
Definition. Suppose that ?:R—+§Fand let x_ ¢ R. The derivative
£'(x,)of ¥ at the point x, is defined by

}fl(xo) - lim f(xo'{'h)_f(xo)
h—o0 h

provided this limit exists.
There are two results for fuzzy derivative in
(I) Suppose that f?Ra%E x ¢ R and that
+h)-
lim f(x, +h)=f(x,)
h-—-0 h

rd

{13,

exists. Let 7 ={ﬂd(r),3(r),r), reI} be the parametric
representation of this limit and for each xeR, let

{(a(r,x),b(r,x),r)’rel} be the parametric representation
of f(x). Then
(i) Me Yy, and

(i1) «(r)=a _(r,x, ) and B(r)=b_(r,x,) for each rel



65

where g and b, are the partial derivatives of a and b with
respect to x.

(II) Suppose that F:R—% is a fuzzy function and that for each
x, £(x) is represented parametrically by
. (a(r,x), b(r,x),r) |recI} . If a, and b, are continuous,
then f'(x) exists for each xc R.

The proof of following theorem is straight forward (and omitted)
Theorem 2. Suppose that f(x)z{(a(r,x),b(r,x),r)l rel} is nth
differentiable fuzzy function, g(x) is nth differentiable real
function. Then

(74"

This result is similar to Leibniz formula for distribution.
Thus in this paper we only discuss fuzzy differential equations

_jB gk k) (k)
k=0

with real functioms coefficients.

2. Fuzzy differential equations
First we consider 1st order linear fuzzy differential equation

fr(x) + p(x).f(x) = g(x) ceeees (1)
where f(x) is a unknown fuzzy function with continuous derivative,
Z(x) is a known continuous fuzzy function, p(x) is a known real
function. Suppose that

£(x) [ (4(p,x), B(r,x),r) lrel) ..o.... (2)
g(x) = {(a(r,x), b(r,x),r) [rel}
By (1) and (I) we have that

i

]

dr,x) + p(x) o(r,x) = a(r,x) ceeene (1.1)
ﬁ&(r,x) + p(x) A(r,x) = b(r,x) ceeene (1.2)
Their solutions are
. 1‘ zr/{t t‘ Ol‘x
Alr,x) = eJ;P( ( jxa(r,t)ei“Pﬁ) “dt+e, (r)) ceeees (1.3)
x,
e , ° 1 e
Alr,x) = o PO ij(r,t)ejlop' Y an s c,(r)) ..., . (1.8)

where x, is constant, ¢, (r), ¢, (r) are intergral constants. We
can prove that f(x):{(d(r,x), (r,x),r) [reel} is a fuzzy function,
where «(r,x) and (r,x) are given by (1.3) and (1.4)respectively,
(e, (r),c,(r),r) |re 1} is a fuzzy number. f(x) is general

gsolution of the equation (1).
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The initial-value problem of fuzzy differential equation

(£'(x)+ p(x)f(x) = g(x)
B 20| =i={(a(n),e(x),) |re1)

can be changed into the initial-value problem of two ordinary
differential equations

dlr,x) + p(x)d(r,x) = a(r,x)
A=1) 1 Fiprx) = a(r)
C3(r,x) + p(x) (r,x) = b(r,x)
(4-2) L g(r,x,) = e(r)
The solution of (A-1) is .
{1 Cpegide

A(r,x) = e &Mr(J a(r,t)e™ f “at + a(r))

and solution of (A-2) is
,’@(rvx) f PC}

Now we put above two expressions into (2). The solution of (A)

t

g Pt

() b(r t)e= EFTIN e(r))

is obtained.
Example 1. Find the solution of the following initial-value pro-
blem of fuzzy differential equation

L (x) + gpesf(x) =

50+x 24

L £(0) = 8,5

_ = 1
Since  §,,={(24,24,7) [re 1} , 8,.=1(25,25,r) [ rel]

Je(x)ax =[5 = 1n(50+)
; g;ﬁt." J[]’jﬂ_ N 2
la(r,x)e’ dx = }24(50+x)dx =1200x + 12x
2
Thus Alr,x) = —9LL§)§é§29X+123
. +1200x+12x°
pr,x) = cl(r;0+x xylex”

Since +A(r,0)=25 thus c1(r)=1250. Similarly c, (r)=1250.
The solution of (A) is

2 2
~ 1 1
f(x)z{( 2X_+1200x+1250 ~ 12x7+1200x+1250 .. re;I}

50+x . 50+x

=S 2z 2064250
50+ X
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The example shows that ordinary differential equations are
particular case of fuzzy differential equations.

Example 2. Find the solution of the fuzzy differential equation

£'(x) =V
where _ {1-(t-a)é, if teﬂa—1,a+1),
v o=
0 , if te(a-1,a+1)
i

where a is a real number.
It is obvious that 5:{(a-!1-r, a+ /1-r,r) ’re I}

Let £(x)=1(4(r,x),B(r,x),r) |rel}
We obtain two ordinary differential equations
A r,x)= a=-[fl-r , Alr,x)= at+/1-r
Thus (r,x)=(a-/T-7)x+ ¢, (r), g(r,x)=(a+/T=T)x+ c, (r)

Hence f£(x)=:((a-/T=T)x+c, (r),(a+ fi=r)x+c,(r),r) |re1}
= XV + U

Where u« = (c, (r),c,(r),r) | re I}. The u# is arbitrary fuzzy
constant.

~, L~
The solution of the initial-value problemgf (x)=v

1£(0)=0 is /f(x)sz.

Readers can easily see that the solution represents a motion
of the particle with fuzzy number speed V.

To sum up, we can conclude that finding solutions to a fuzzy
differential equations with real function coefficient are
actually solving two ordinary differential equations. Thus 2ed
until nth order linear fuzzy differential equations with cons-
tant coefficient can be theoretically solved.
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