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1. Introduction. The aim of the present paper is to explain new con-

cept of an integral of fuzzy mapping; Such integral is generalization
of the Riemann integral over a closed interval to fuzzy mappings. The

interpretation is gquite straightforward:such an integral can be used

to evaluate the surface of an area delimited by an ill=defined border

line., In this paper we will'use the notions and definitions from [1].

g. Bpg}iminaries. B ‘ »
A set & of fuzzy numbers from L(R) (see [1] ) is bounded above
(or has an upper bound ) if there exists a fuzzy number C such that,
for all Xe@l, ¥ ¢ C (see [1]). Any such fuzzy nunmber C is called an
upper boﬁnd c;.f D . / |
A set D of‘fuzzy numbers from L{R) is bounded below (oxr has a
lower bound) if there exists a fuzzy number C such thet, for all
xed , X3 Co Any such fuzzy number C is .called a lower bound of@ .
A fuzzy number C is called the least upper bound of a set D ,
written C = lﬁbéb , 1f C is an upper bound of & and no fuzéy nunber
smaller than C is an upper bound of ) N
A fuzzy number C 1is called the greatest lower bound of a set ) ’
written glbib ’ if ¢ is a lower bound of & and no fuzzy number gre=
ater than C is a lower bound of & . ,
'3 fuzzy mapwing F from a set Tc R to a set L(R) is a mapping from
T to the set of all fuzzy numbers Xe L(R).

In other words, to each number te P corresponds a fuézy number F(t)
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_from L(R).
| A fuzzy mapping is said to be bounded above, notmded below on
2 set D contained in the domain of the fuszzy mapping if the set of
mapping values, { P(t) + t¢ Dy, is bmmAded above, bounded below respee
ctivelye. | |
| If a fuzzy mapping F 1is bounded above and bounded below then we
will say that it is bounded.
From the above definiticns it follows that if F is bowmded then
there exist fuszzy numbers L and U such thet L < F(t)< U for all

t ¢ D.

3+ Inmtegrzl of fuzzy mapping.

Iet F be a.- ,fuzzy mapping whoge domain of definition includes the
closed intervel [a,bl. The symbol for "the integral of fuzzy mapping

. o) , ‘
F from a to bY is j Fe - N
a

| Definition 5.1. A £inite set of numbers ty, t4s sses by is said
to be a partition of (a,b] 1f a = %,x< t1s ves S = Do
We denote a partition of (a,bl by P={%; : i = Oplsesssnty , and define
/'the mesh of P, written PI, by
| Pl = max ft; = t3q ¢ J=tsevesn i o
The mesh of a partition is 2 neasure of the fineness of the partie
tione - _
Iet F be a fuzzy mapping bounded on [a,bl , i.e.,there are fuzzy
numbers T and U such thet Ls P(t)¢ U for all te [a,b] . Define
Ui(F) = 1ub{F(t) s te [¥;_4 » 1-.13},

L(F) = glo{P(t) = telty 4 » t,3%.

Since T is assumed to be bowmded, Ui(F) and I.i(F) exist for each

i=1 psenglly and

To§ Ly(F) s Uy (F)S U | (=)
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The definition of integral will be given in terms of suas of the
following types: _
n _
L(FyP) = > L (F):(t; = %, _4)

. n -
U(‘E.',P) - 1231 U, (F) (b = t5.q)-

We call L(F,P) the "lower sum”, and U(F,P) the “upper sua", COrTespo—
nding to the partition P.

By (=) |
L-(b=a) = 53: Iv('t -ty q)¢ é@ I.i(F)-(ti - ti_i) N
- < 1: Ui(.ﬁ) (t; = B4 1)< 12;1 u. (ti -5 1)
=T (b-a)
or
L+ (bma) € T(F,B) ¢ U(F,B)¢ Ue(bma) (see)

Let P be the set of all partitions of the interval [a,b] . The
inequality (s=) holds for each partition P in P and tells us that
set of fuzzy mzmbe:cs {I(7,P) z Pc?P} - the set of all lower sums
obtained by tak:x.ng all possible pa:r:’tit:.onsof (a,b] = has an upper
bownd, nemely, U:(b-a). The set {IL(F,P) : ye@} has, therefore, a
least upper bound. Similarly, the set { U(r,P) : Pe®} of all upper
sums has a 1ower boumd I°(b=a), so that {U(F P) . PP} has a grea—
test . lowe:r: bound. This least upper bound and 'th:z.s greatest lower
bound are sufi’icien‘bly inportant that we introduce names and symbols
for them. _

Definition 342, Define

'jb F = lub{ L(F,P) : P €&}
=z a
and

fb F = glb {U(T,P) : PeP3,

a



48

b b
{ F is called the lower integral of I fron a to b, and J F 1is

P

czlled the upper integral of F from a to b.

If P ={ty : 1=0,ees,i}and PB” = {$] : 1204e..,n § ave parti- -
tions of an interval (a,b] , Pc P’ means that each division point
t, of P is also a division point of P°, Whem this is the case, P’is
said to be a "refinement® of P. We now show that a refinememt of a
partition cloeé not decrease the lower sum nor increase the upper S,

Stated precisely, we prove for a bounded fnzzy mapping F that:
Lemma 3.1. P ¢ B implies I(F,P) ¢ L(F,27) and U(F,2")< U(T,P).

Proof; If P = P7, the lemma is obviously true. Assume that P & B
and Pc P%; Let t] be the first division poimt of P"that is not in P;
Then, for some k, %, _4 < tgstk . Define

21 = { to,,» t?-‘.’a‘tk.‘;’tg" tk'.$,’ tn 3’

I'(F) = glb{ F(t) = e [ty 40 £33,
and
T7(F) = g1 {P(E) + & G[t‘j', £, 3} .
From the definition of I (F), L(F) < L°(F) emd L(F)< L (F).
Therefore ' | |
L (B) (b = byq) = TylFIs (6 = t4) ¢ T (F)- (ty, = )<
| < TU(E)- (65 =ty q) + TR (b, = t5)

and hence
S ¢ | .
L(F,R) = = Iy(F)-(%; = ty_4) € Dg(F) (% = B5) +

+ I, (F) (= ) # e + Iy g (F)e(By g = By 0) *
+ TUE) (8] = By g) # TT(R) (B = £1) + |
+ I’k+1(F)'(tk+1 - 1) + ees L (F) (¥, = 1) =
= L(PyPq)e
Repeating this procedure a finite number of times, we can add to P
all of %] of P thet are not in P and thus obtain L(¥,P)s L(F,P").
In a similer menner-the inegualities throughout are reveesed = we
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obtain U(F,P) » U(F,P ).

Corollary. Let ¥ be a set of all pertitioms P of a,b , Then
from Lemma 3.1 we have
> b
1lim U(F,P) = J F, 1imIL(FB)= [ F, (see (11).
Pe? ‘a Pe? ‘ Za
Temma 5.2. If 7 ip bounded on [(a,b] and L £ F(t)5 U for all
t e ayb] , then
o b >
L-(b~a)< f F g [ Fs U-(b-2).
-a a

b
Proof; Since [ F is the least upper bound 0£{L(I’,P) s PERT,
=8 -

’ b
it follows that L (b=a)< f Fe Similarly, f F< U-(b=a)e It then
“a “a :

, . b .
remains to show that the least upper bound f F of the lower sums
‘ : R ~a
cannot exceed the greatest lower dbound J F of the upper sums.
< a

-~

Tet P.x_ and 1’2 be any pair of partiticns cf -fa.,.b] » and define

P’= P,u P, » Now B,c P and P,C P", and therefore P"is a refinement
of bo%;h?.t and P, ; Then, by Lemma 3.1
L(F,2,) < L(F, P°) and U(F,P7) ¢ U(F,E,).
From (), which holds for an arbitrary partition P, we obtain
L(FPy ) < u(7,P Y< U(F,P") < U(F,P, )
or "
L(F,P, ) U(F,R,) -
for each pair of partitions' P,' and Pz-oi’ [ a,b]. It then follows
for each P, that U(F,P,) is an upper bound of {L(F,By) = By €2 -

; ¥< U(F,B,) for each P, eP,

-a
b o _b
and ( F is a lower bound of {U(F,Py) : By€ P} o Since [ F
. fa .. “a
b b
is the greatest lover boumnd of {U(T,B,) : P, P} , J F< J F.
T -a &

This completés the proof.
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We are particularly interested in those fuzzy nappings foxr which
b | |

j T . In this case the ypper and lower sums approach each
' .

other and associazite a unique fuzzy number with the fuzzy mapping ¥

b
k1)
!(ia
a

on [a,b] + This fuzzy mmber is the definite fuzzy integral.
Definition 5.3+ A fuzzy mepping F on [a,bl is sald to be integr—
zble on [a,b] if F is bounded on [a,bl and
b b 7
. ;Ja, P= :fg F .

1f F is integrable on (a,b] then the definite integral of T from a
to b, written [ F, is defined by

a

b b Db
JF: fFa ( F
-1 ‘a “a

Our definition of the integral of fuzzy mapping includes the case
a=b. The interval [2,a2] consists of the single point 2, and the only
pertition of ([a,alis P = ,{a::tﬂ s ty=a %, Henee, if ¥ is defined at
a, then T(F,P) = U(F,B) = F(a) (t; - tO) = 0. Thevefore
a : .

{ F=T0 for each fuszy mapping F defined at a, where 0 is the
a

fuzzy number such that for any teR

1 if =0
zsm:{
{ 0 othervise.

Theoren 3.1. If I is integrable on [a,b] and P is any partition
of (a,bl then

: b
Lo (b-a) $ L(FeP) < [ T ¢ U(F,P) < U-(b=2).
a

—

Proofe By (sm) and Definition 3.2, we have for any pértition P

of [a4bl l; b
L-(b=a)< L(FyP)s [ F
‘ -a
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b
j F < U(F,P) € U-(b=2a).
A \

b b
Now, T integrable on [a,bl implies [ F = ] F , and hence
“a a
| b b 3
Lo(b=a) s I(TyP)s [ F= [ F= J T <U(F,P) £ U-(b=a)e

-a a a

Theorenm 342. 4 bounded fuzzy mapping F is integrable on (a,b] if
and only if corresponding to each ¢ > 0 there is a partition P with
the property that D(U(F,P),L(F,P)) <€ .

Proof, Assume that corresponding to each € 7 O such a P exists.
Then, since |

-

b b ' o
o(J ¥, fF) ¢ D(U(F,P),L(F,P)) <€ ,
a -a )
b b

it follows that [ F= [ F , and F is integrable on (a,b]. Conversely
a -a ) '
‘ - : b b b
assume that F is integrable on (a,b] ¢ Then f T = j F= [F.
5 . ~“a a a

Therefore [ F is the least upper bound of the lower sums { L(T,2)3
s :

and is the greatest lower bound of the upper swms {U(F,P)} . Hence
corresponding to each € > 0 there is a Py such that

b
o( [ F, L(F,I’1))*< &/ 2
t=3 ’ ‘

anda}?zsuch'that

b ‘
D(U(T42,); é F)< €/ 2.
So, *
' ' | b b
D(U(F;Pz).L(F.PQ) < D(U(F,B,), [ F) + D(I(Fy2y), é F)<¢ »
Iet P = 1’1 UP2 s P is a refinement of both P,‘ 'é.nd P,. Therefore
D(U(F,P),L(F,P)) ¢ D(U(T,B,),L(F,By)) <€

This completes the proof,
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4¢ The existence of integrable fuzsy mappings.

Theorem 4.1 . Every fuzgy mapping continuous with respect to the

metric D on [2,b]1'is integrable on [a,bl.

‘Proof. Since T is cont:munus on (a,bl, that F is bounded on (ayble
This neans that ca:r:respona...ng 4o each partition P of (a,bl for any
ole [ 0,11 there ere the tss ‘L'i P [t. ,ti] and the ti ’ "e[‘h 1,'bi]

such that | _
. =4 .
P12)S = I,(F)° and o = T
SAYE 4 i i
and ,
7 c) 1% o Y] e X
.F(ti~~ Y = ~Ui(2ﬁ’) and F(ti Yy = Ui(F) .

Now

pu—g

d(U(F,Pﬁ L(F,25) = max (1D(E.2) ~LELT (s IU(E,BY ~L{F,2)" ] )

] .o n o
= mex (\125131(Eff(1;i.§i‘1) - E&i(}s); (by=b542 1
| 20y (" (et ) - ggﬁﬂd(*‘f o)) =
Py n o
= Mazx (l Z F(t~ f(( 61‘1) - E&F(ti) ! (ti-ti-"l) ))

o.x —_—-“’(
l z: F(t:, . (gt 1) -z F(ti ) (By=ts_4)1)

Continuity of F on [a,b] implies that corresponding o each £ 7 0O
there 1s 6 > O such that’ r,sela,b] and jr =8l <d imply
) D(F(rj,F(s)) < &£/ (b=a) « Selecting any partition P with 1P (<4 -
and such partitions do exist-, we then see that

| B(ay7) = P < £/ (b=a)

and
| (8] - p(ag ] < €7 (o).
Hence |Pl<d implies that for any ¢ (0,1J]
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of . n P Y 2
A(O(E, B L(E, B )« s BEELELE Dy gy )= F .

i=1.

From this it follows that
DIU(F,P),L(FP)) < € o CFY)
It that follows from Theorem 3,2 that T is integrable on (2,b1 .

Theorem 4.2. If F is conmtinuous on [a,b] , then corresponding
40 each £ > O there is a ¢ > O such that

~.

b n .
D{ [ F, = F(E)(t,=t;_4))&E
S F e 2 FOE N

for each partition P, with mesh |PI<J and 211 3¢ [¥;54 »557 «

Proof. For any partition P and any choise of ’Eic- Lt _4otg1
n - N
I‘(FiP)s ‘2:1 Fﬁi).(ti.ti-‘l) g U(F!P) -
i=

' Now, if P is continuous on [2,b] ,~then by Theorem 4.1 F is integrable
on [a,b] and, by Theoren 3¢1
b ‘

L(F,P) { [ F ¢ G(F,B).
a

Therefore

b _
| D E, BRIty ) € UEEHIED)-
N 2 =%

The conclusion of this theorem is then a conseguence of =),

5. Basic properties of the integral of fuzzy mapping.

Tema S5e.1. I£ P is integrable on [ced] and [a,b]< [ c,d],
then F is integrable on [a,bl .

Proof; Since F is integrable on (c,dl , we know that correspon—
ding to each € > O there is a pertition P of [(c,d] such that
D(U(F,P),L(FyP)) <€ & ‘
Let P1 be the partition P rlus dhe division points a,b. Then P,] is a
refinement of P and
D(T(F4P4)» (T, Py ))<€.



54

:F?1 in Ca,b], then P1 = {a=ty, By qr eeo 9 t1=b3 . Now for any

o € [0,13 - |
a(u(z,B]) s L, B ) = al 30 Ui(?)f‘(ti-ti,,),
1 o
PR AU
1 k3

= max “;Zkim Uich( (By=tyq) = 1251 L:.(F) (=550 1

e U’-(F) Coymty) = T2 ;’,'(F)‘(ti.ti‘“‘)” -
1 of )
= Hmax (l 3,:%4.1: (Ui(F) -"' I‘i(?) )' (ti‘.tia-“)l'

1
R=3 (T (0)" = T (8)°) (bymty_q)1) <

, < max U Z (Ui(F) - I'i(F) ) (ti.ti 1)‘*3

351 (@, (FF = T Ty (8 (gt ol =

- a(u(r,B, 5 S 0(E2y))
S0,
D(U(FyP])sL(FoB7)) < D(U(F,B )pL(FaBy)) < E
Hence F is mtegéa.ble on (a,b] s and this compie‘bes +the proocf.

| Lemms 5.2+ If F, and F, are bounded on [ a,bl , then
1) g1b F,(ta,b]) + glb I‘z([a,b_])
¢ Lub (Fy#F5)((2P]) ¢
, < lub Py([a,b]) + 10D Fz([a,‘oJ),
gib F1(Ea.bl) + g1b Fo([asP]) £
< glb (Fq+F,)(12,0]) €
< lub F,x([a.,‘o]) + lub Fz([a,b]) .
Alub Fy((a,b]) if A7 0
aglb F,([a.b]) if A < O

/ 2) -
lub (AF.,)([a.b]) -{



55

From the above Lemma it follow the following properties of the
integral of fuzzy mappings: .
Theorem 5.,1. If F and G are integrable on ({a,b], then F+G is

integrable on f{a,bl and
b

b b
J(F+6) = T o+ f G.
a a a

Theorem 5.2, If T is integrable on f a,b] and A 1is a constant

different than gzero, then A-F is integrable on [ a,bl and

b b
j T = ;\»f F .
a a

b
Theorem 5,3. If for any t € ( a,b] , F(t)2 0, then [ F > O .

Theorem 5.,4. If for any te€[a,b]l , P(t) = C¢ L(R), then
b
j C = C«(b-a).
a

Theorem 5.5, If ce[a,b] and T is integrable on ([a,c] and

[c,b] ,-then T is integrable on [a,bl and

b c b
o= F o+ Fo.
[7= L7

Theorem 5.6. If T and G are integrable on [a,b] and F(t)< G(t)

for. each t¢€ [ a,b] , then
b

b
fr¢ Lo,
a

a
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