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1. Introduction. This paper is concerned with sequences of
fuzzy numbers. A seguence of fuzzy numbers 1is defined as a function
whose domzin is the set of positive integers and whose range is a
set of Ffuzzy numbers. The results which we have received in this
paper are similer in forme to the classical theory.
mhe Section 2 is devoted to notasions and terminology. In Section 3
we define the limit of a seguence of fuzzy numbers and nexv we pre-
sent the basic properties of the limits. The Section 4 1is devoted
to algebraic properties of the limits of sequences of fuzzy numbers.
aterial contained ia this paper will be used in the next papers

in which we will define the 1limit of fuzzy function, continuous fuzzy

function and integrel of fuzzy function.

5. Interval numbers and fuzzy numbers.

By an interval we mean a closed bounded set of iireal” nwibers
[2,b] = {x: a<x<by.
If A is an interval, we will denote its endpoints by A and 4. Thus,
A=l A]. Ve will not distinguish between the deg nerate interval
( 2] end the real number, a .

2
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Ve can extend the order relation , ¢, on the real line to inter-
vals as folliows:
£<«B if and only if A<B and L<B .
Moreover we define the relation, < , in the following way:

A<B if and only if A<E and LE<3B .

e can treat intervals A and B as numbers, adding them as follows

W |

A+ B =2C where C=4+3 and C=24+3.
Put another way, we can add the inegualities
A_sasl and _]_3sb5}~3
to obtain A + B<a + b<%i + B . Thus, we can compute the set
A+B= {a+b: ach, béB}.
Thus, the sum of two i‘ntervals is again an interval.
Ssimilarly, we define the negative of an interval by
-4 = -[4,3] = [~E,-A] = | -a : a€AT}.
FTor the difference of two intervals, we form

B-A=B+(-A)={b-—a:aEA,beB}.

iore briefly, the rules for interval addition and subtraction are:

Il

(4 + B,E + B]

(4,i71 + [B,B]
(4,31 - [B,B] = (& - 3,2 - Bl
e can define the reciprocal of an interval as follows
1A ={1/a : ael]
If 4 is an interval not containing the number 0, then
1/0 = L1/8, 1/A].
For the product of two intervals, we define
A-B=}aDb: ach, beBY .
It is not hard to see that A-B 1is again an interval, whose encpoints

can be computed from

A-B = min (A-B, A<D, A2, AB)
I°B = max (4-B, A'B, A<D, AB).
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In the set of intervals we can define the distance Dbetween two

intervals A and b as follows:

|

a(a,B) = mex (14 - BI,IZ - 21).

211 definitions which are presented above we may find 1n [2] .

Let R be a set of real numbers. Denote

-
En}

(z R = (0,11, % satisfies (i)-(iv) below ! ,

¥
~—
]
——
<

where
(i) ¥ is normal i.e. there exists an toe R such that X(t,)=1,
(ii) X is fuzzy convex,
(iii) X is upper semicontinuous,

0 ={teR : X(t)> 0} is compact .

(iv) X
Tor 0< &« ¢ 1 denote )’ ={teR : 7(t)> o} . Then from (i}=(iv)

it follows that thed ~level set ¥ 1is an interval for all O £ < 1.

A funetion ¥ : R—=> (0,11 which satisfies (i) and (ii) is called

a fuzzy number. In this paper we will consider only fuzzy numbers

£

(R

e ceon extend the oraer reletion < 235 follows:
? b

from

7 < ¥ if and only if for any «€[0,11 X'¢ ol

~

Moreover we define the relation , < , in the following way:
¥ <Y if e v if for any o€ L[0,1] < 1%
¥ ¢ Y if and only 1T Ior any o 5 1 X

b=

fine D : L(R)=x L(R)—=> R, ¢ { 0} by the equation

Dz,T) = sup a(xX™ ,¥% ) .
05 €1

It is easy to show that D is a metric in L(R). Turthermore, as
obtained by Puri and Ralescu (31, (L(R), D) is a complete metric

zpace.

3, The 1limit of a seguense of fuzzy numbers.
™

Tefinition 3.1. A segquence of Iuzzy aumbers in R is a function

whose comain is the set of positive integers and whose range 1s &
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set of fuzzy numbers in I.

Thus, a sequence ol fuzzy nu:bers ¥ is a correspondence from
the set of positive integers to a set of fuzzy numbers, i.e., to
each positive integer n there corresponds 2 fuzzy number X(n). It
is more comnon to write Xn rather than X(n) and to denote the segue-
nce by {Xn} rather than X. The fuzzy nuaber I, is called the nth

An example 0of z seguence {Xn} of fuzzy numbers on R 1s given

by the rule of correspondence

Lt iz te [0,2B2=1 ),
2n - 1 n
(%) = 1 iz tef-2n-1 o en=xld 5 0 (5
n n
== (t-4) if pe(—ERE1-, 21,
2n - 1 n
0 otherwise.

[

Definition 3.,2. The limit o {K is X denoted D
o n O ’

lim Xn = XO or lim Xn XO , if for each &> O there exists
n-» oo

a number N suech that D(Xn, XO) < &€ whenever n N.

So,

lim X, = X, if and only if ANAVARNA D(X,, X,)<¢€ .
n-—» o0 €0 W n>H

If 1lim X exists, then we say that the sequerce {Xn} converges.
If a seguence does not converge, then we say that it diverges.

Fxample. Show that 1im X = ):6% ifr X, is defined by the
n—se

formula (#) and
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-t if te [0,2),

Ko(t}=<— - (% -4) if tel2,47,

kO otherwise.

Solution. Take € > 0. We wish to show that there exists a2 number

i

I such that D(Y,, X,) <€ whenever n>N. But D(Xy, X) 1,

=

So, we must show that there exists a number ¥ such that

D(Z,, XO) = -%r-< € whenever n> 7. If we let ¥ = —%— , then n>0

implies that —%— < —%— = § . Thus, we have shown that 1im Xn = X
4 5 n-—=oe

Definition 3.2. & neighborhood of fuzzy number’XO of radiusf

denoted by K(XO,E ), is the set of all fuzsy numbers X from L(R)

such that D(XO, IYE .

Theorem 5.1. A fuzzy number KO is a limit of a sequence {an
if and only if every neighborhood of XO contains infinitely meny
terms of the seguence.

Procf, Let X, is a 1limit of {}%13 . This means, that

NNV OONp(z,x )<E iff N VON ez, E).
€0 N n>N €0 N n>N

Theorem 3.2. If & secuence {Xn} is converged then it has only

one limit.

Proof. Assume 1lim I = Xy Let YO be any fuzzy number distinct

from XO . Take a neighborhood K of XO and a neighborhood K of YO
such that K ~ K7 = 0. Since lim Xn = XO’ all but a finite number

of terms of {Xn} lie in K. Therefore, the neighborhood £” of Y,
cannot contain infinitely meny terms of {¥_} . This shows that Y,

cennot be a limit of {% ) and, hence, if lim X, = X; » {2} cen nave



only the one linit XO .
Theoren 3.3 If there exists Ny such that for 211 n 7 ng,
- v L. C e o . -
¥,€ Y, ¢ 2, end if lim X =B = lim 2, then {in} converges

and 1lim Y. =B ,

Proof, Take &€ > 0., Since lim Xn = B, there exists a number n,
such that 0
D(Xn, )< € whenever mn>n, .

Since lim Zn = B, there exists a number n, such that

D(Z,, B)< £ whenever n>n,.

Let n = max (nO,n1,n2).’Then

D(Yn,B)s D(Y,, 2,) + D(Zn, B) < D(Xn, zn) + D(Z, ,B) <

~

n’

whenever n>1n ,

and therefore linm Yn = B.

Definition 3.3. 4 sequence{'Xn} is called bounded if the set

of fuzzy numbers {Xn rn =1, 2, eee } is bounded, i1.e.,there
exist two fuzzy numbers I and U such that for any n

LE X ¢U.
An\

The least uprer bound of a set { (X, Y) : X, YGEJQ} is
czlled the dismeter of R, written J(AR).

Let us note that if & (R) is finite then  is bounded.

Theorem 3.4, Any converged seguence {Xn} of fuzzy numbers 1s

bounded.

Proof. Let ¥y = lim X, and let R={x, :n=1,2 «0s 1.

Trom the Definition 3.2 there exists a number ¥ such that

D(Xn, XO) < 1 whenever n>1l, Let J = max (D(X1, XO), D(Zy, Xglseees
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D(Zyps XO), 1). Then for any n D(X,, i)<d . But D is a metric
in L{(R). Sé&,

D(Xn, 7 ) & DX XO) + D(XO, xm) < 2d .

“m n?
This means that J (#) £ 2J 1i.e. the seguence Xn} is bounded.
Theorem 3,5, If for any n X = Xy then 1lim X = X5 .

Definition 3.4. If {Xn} is a seguence of fuzgzy numbers and
{nl, } is an increasing sequence of positive integers, then <The
Iu

sequence {X_ 7§ is called a2 subsequence of {x, % .
K

Theorem 3.6. If {Xn} converges, then any subseguence of {Xn}

converges to the same point.

Proof, If lim X = KO, we wish show that, for any subseguence
{¥x. %} of {x % , 1lim X = Iy. Thus, we wish to show, for any ¢> O,
n, n n; o)

there exists a number ko such that Xn € K(XO,E) for all k> k..

1 0

Take &> 0, Since lim Xn = XO, there exists a number N such that
Xn € K(XO, ¢ ) for all n> H. Also, since {nk@ is an increasing se-
quence of positive integers there exists a number kO such that n, > N

whenever k>ko. Thus, if k >ko, nk>N and hence Knke K(XO, €).

4, Algebraic properties of the limits of sequences of fuzzy
nunbers.
Theoren 4.‘1.. If linm Xn = XO anc lim Yn = YO’ then
(1) lim (X + Yn) = ‘;O + YO ’
~\ . Ay - v = Y -
(2) lim (.A.n ‘Il> }xo YO ’
(3) lim (Xn»Yn) = :/‘O'YO ,
(4) lim Kn/Yn = XO/?{O if for all n O¢gsupp ¥, and

0 ¢ suppP YO .
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Tor the operations on fuzzy numbers see €.g. (1] .

Proof. (1) Let lim X = X,

there exists a number M such that

and lin Y_’,l = YO . Then for any &> 0

D(Xn, XO) < € and D(Yn, YO) < & whenever n >Ii.

Trom the definition of D it follows that for any «x €[0,11]

*r.rd~ < i ot X * X
d(x;n, A.O> = ax (‘.“_’);n‘-_}_fxo l 9 an"XO ' )
and
ot o3 -
a(Yy, Y,) = mex (IY -y L, |1 - YBI ) .
Consider
a’x,rd yok ~\7°‘ Vd - 5 P e oK o« o -4 - < >
a(x] + Iy, Zy + Ty ) = a(lx, + X, X+ T35 + Tga¥g + 7o 1)
ok o« e = ol o —ol
= ax { YV =X, =X - - N
e (IZ; *zZn T 20 Lol s 1, + Th = %o Yo 1)
ol L ol < = - —X —of
X X - [ - X - X Y -7 <
¢ mex (1X, XO)-+lln gol,lfn O‘ +1Vn OI)
oL ol —t . = ol of o —of
< - I, -7 " - T r - r - Y _
¢ max (1Z, = 5l LI, -Loi) rmax (VX - Ygl, \T, lo‘) =
-k vo( o of
= d(.&n, A.O) + d(Yn, YO)< 2¢ .,
So, for any o € L0,1] a(xs+ T, X"C‘)+Y‘;) < 2¢ .,
Hence,

D(X, + Y, Xy + Tg) < 2€

0
and this completes the proof of {1).

Tor (2) the proof is analogous to (1).
s o« 1-°‘ ol . . . ~
(%) liow, let us consider d““nvin’ AO O) Tw=om the Section <
. o( _0‘ < .
it follows that the endpoints of A =Y and LO'YO depend on the
. . P - of . . .
signs of the endpoints oI Kn ’ 1n and KO ’ YO respectively. We will

x

prove (3) only for the following situation: fﬂ Yn ,'O ’EB > 0.

The proofs of the other situations are similar. 5o,
o oL o o T Folqy _
a(To T, XYy ) = allXy Yo 52 1 1 (x5 I5 2%y I5D =
— - rol _ L X ;;0‘ '—°( —
= max (lén XT 2{O lOI ! \An In O Ol)‘

: o ot o | e
< max (IX% - Spl-\qyl + 13y - Iph5 1,

Sulad il I A NP DR
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Because {Xn} and-{Yn} converge, so they are bounded. Fron this it

follows that there exists a nuaber k, such that | X; |y li;.bi_gfl

and | X7 | are less than K,.

Hence
ol X ol el , s of 21 o
{2, VoY -~ Vi - Y Ll h's - v _k.

d(X ', +%g XO) ¢ max (l%; iO\ K, +‘in }Ol o
e - Ean . 1T - L1 <
Xy o= Xl kg 1T = Yol k) S

e (e (1T - T X I T

S lxo (I?l\_«.m (] ‘:":n ;“.O ‘ 'Y ‘ ILn 1-.0 ) T

o 9( am Xy —;d - Ta‘

_ el o L
< ko.gd(;:; ,,{(’)) v ATy ,15)) & kg2 f .
i
Taking € = 5/21:0 we have
I
So, the proof of (3) is complete.

(4) Let lim Y_ = Y, . First we show that for any «€ [ 0,11

n 0
. e Lo . . .
Q(1/in ,1/1O Y< & . Analogously as 1in +the above proeof let us assume

".'. :’:d *ro‘ F% T
that i; A 2 I > 0. Then we have
f‘ ?.’Q/ -:N 'a. :d n 4
a1y /xSy = i, E 1T 1/%5 41551 ) =
—of -;of . : 1 - 4
= max (|1/Xn - 1/10 ],\1/X; - 1/;0 i) =
1ax e Y R v® iy
= Inail (‘ (.fo - le)/ln’ o‘ 9 )(}_O - :n)/ln _‘:Cl >'
Because lim Yn = YO so we have »
Ly j <X T 7 R T =
d(1/y, »1/%, ) < mex (Y, - Yol s ¥, i) kg =
AR ".d. * r .
= d(\?{_n ,.Y_O ) l\o < < kO .

Taumgf‘=£7k0wehwe
D(1/Y, ,1/¥5) <€ -
Hence
Clim 1Y = /¥y,
Wow, from (3) it follows that

lim % /Y, = lim X, » /%, = Xg-1/%g = X0 /¥q-
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