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SULTI-VandsD RelnSI0NS

salenty Cotasiowics
acadeny of wconomic wroclaw, Jloland

1. Lreface

Somme properties of real phenomenon are easily exrressed in terms
of numovers, some otner, so called guantitative properties, are usu-
ally exrpresggea oy means of relations.

Fron clasgical point of view, binary relation in X is defired
as a subget oi thie Cartesian product X> X, or ecguivalerntly es a fun-
CﬁiOﬁqu defined on L= X and taking valuesgs on two element set {0,1},

annd ther=fore sometimes is called ftwo-valued relation.

1y order to exvress gome particular vprorerties such ag orderinge,

cinilarities, disggiimilarities etec., some conditions whicnh shiould be
saticiied by correspondinz relations are defined.
In rractical applications these cenditions are often violated.
This carn be irterpreted in two waye:
- we are elther acting irrationaly, becaunse we violate the
conditione which are considered ag axiomg of rationalitwv,
~ or the conditiong are improper or are wrong.
1 tne first case we must improve ourselve sayving: oh, sorry, I’ve
made & miclace, in the latter nowever, we must change the thsory
i.2. we crould improve the ceonditions according to the principle:
theory for mern but not vice-versa.
1t wage discovered much earlier, that black and white princirle
4ced i clessical definitiorns ig too rigid and should be wealrened
scnittin. shades of grey.
verbally speaking it means that inetead of insisting that state-

qent Yx ig in relation with y" is true or false, it would be better

to ad.it some zgradeg of iruthness.
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Formaly 1t can be realized by repleacing furction JXQ : XX AL

by funection q?i : AXLL, where L ig come prespecified set of va-

A

Ltuations, and father on & will be assumed countable =t most.

<o wefinitions

1 order to cnoose the prover set of valuations, it is degired

™

that L 1g in certain sense generallization of two 2lement ¢

; t 4c,1}%.
Jhile meang that L should contain {0,1} and should nave the gane
malhenaticel structure as {0,1}.
o elerent get {C,1§ can be considered in a number of wavse.
b can be treated as partially ordered get, as lineary ordered rcet,
or ag sone aljebraic structure such as Boolean alsebra, as monoid,
w8 semigroup with unity, as cemiring, as complete distributive
lattice ect.
50 tnat there are many possibilities to choose the structure for
thie pet L. whiich one should ve chosen? 1t depends on rractical needs
Piret ol all we need in rcractice to compare the grades of truath-
negs, lherelore L gnould ve =2quipped with some order relation.
secoraly, 1if we want to treat these grades not only Yordinslv'" as
some labels, but also ae cardinel numbers, this would immly some
cueration on srades. so tiat L oshould be at least an ordered monoid.

For ooy reasgoreg 1t le reguired that oreration is asseoclative,

it means that L should be an ordered semijroup.

he most exploited ctructure is an ordered semisroup defined
on anit intervel [C,1]. The reason is that people are uged to frac-
ticns interpreted as probability, truth, grades of membershin,

credivility etc.

] ' b +d what ie more i tan guch a structure
un tne other hand, and what 1g more important, such a

o

e deeplv investi_ated by methematicians and obtaind regulte are

B}
i 3

very attractive fcr applications L:,B].
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tne of such results is, for examnle, gerneral formuls "rroducing'
coni roas ocerationg % on unit intervel., Yhig foromuls
. ~tf .
a® b= 1 (frar + £(D) , (1)
T o - £ . SRS S o o ey T . o e TR 1—1.
vhore © o ig continuous and strictly moncotone function, and 1

o tro drnverse of fe

[N

rn

he obove semirour is called aczelian semigroun /see[6]/.
:1 regarenments on # yield archimedian sermigroup /[15]/:
b ol Sl ) . 3 -~ g
2w b= Nrw) + r®)  a,be 0,1 )
1)

where [ ig @« go celled pseudo-inverge of f defined by:

oome adailiom

-1 . . .
£~ (y), if ye[c, £(0)]
- . b J ’ -
G , Otherwise ,
vancticn D d1e called the zenz2rator of oreration =, if f ic decre-
cedin, vith (1) = 0, then the oreration ¥ will be called additicn,

L7 7 ie incresging with £(C) = C, thnen = will be called wmultinli-

Let u4s eosme now that L is the following ordered semisroup
with unity L o= ((0,13, #®, &, &), where orperation x is defined by
(&Y, & is an order conciding witn %

atcb Faxc b xc,
sna € i: o= neutral elenent.
Volued relation # is defined by
R a~4{—~>4, (2)
mich is algo called multi-valued relation, weghted relation,
“azzy relot.on, metric relation etc. / see [5,7,9]/.

)

v oorder To aeline some cla

—~
jon

reee of reletions we need to de-

7

Mo bhe oroverties of relationg in leriw of funiction (3).

o oiie ond let ue introduce some neceggery delinitions.
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Let ﬁ“1 denctes guasi-inverse orveration defined as followe:
box & o= Anf {:«:e[C,ﬂ la x x zb}, if % is addition, (4)
o F = ooup {xe[p,1j|e * xs‘b}, if % ie multirlication. (5)
coonlry o once oreration, neanely multiplication, let ag intro-
wace tre Followin: definitions:
i_'{(;:«?,},«") = 0 %] R, y) ©)
3 (#s7) = (v,x) ()
L0y) = w(x,v) = R(v,) ®)
2, y)
:5:@g3§

From meny pogsible definitions of proverties of relation

H]

R(x,y), if R(x,yygﬁ(y,x), otherwise P(x,y)= O (9)

i

Rn“l] (K,Z) * K(Z’y)’ nz«< QO)

tacse which are gsthered in the followins table are choorcen.

2

neme ol proparty definition

Pt Reflexivity RX,x)21, for some fixed le& L
Il lrveflexivity Rix,x)< 1
£5. syvrmetry RX,7) = R(y,x)

£ sevmmetry R(x,y) # R{yv,x)

it

PS5, antisvemetry RCr,y) R(v,x) = x=y

Yoo Traneitivity #(X,y) % d(v,z) € R, 2)

17 begative trencitivity E(x,y) * R(y,z)s E(X,z)

F8. Connectedness R&X,y) 21 =17 R(v,x)

9, weak cormectedness X # y =P P3.

P10, Interval trancitivity F(x, )% I(v,w) ® P(w,2) ¢ F(x,2)
P11 cemi transitivity F,v)= 1(7,2) % 1(z,w)& P(G,w)
. wuasl transitivity PG # F(y,2z) € P(x,2)

c15. Ltrons transitivity M2 &x £ v= )_r &G, Yz21l=212 1 (;.:,x)]

14, Llawrn gener. tronco, iE(X,y)K I(r,w) = It(w,z) < 1(%,2)
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L

ulti-place furction by cor-

functiors,

% very old cne.
we oilerpifski has showed that evry two-place

in the form /eeel6]/:

A warlv ooe 1924
fuancticn ¢ car be renregentad
2,y) = u(fj(x) + fz(yﬂ

Ol 20

rnis problem has been deerly investizated for scme particular
cuges of Tuncticne g, mainly for continuous and asgociative

his problem was solved by

Tanctions.

i case, two-place function K

+ron. one-place functions, is not only
R ’ J

4

coetigfics some additional

|
LN T2 RG] 0T

Jd. aAczel in 1943,
which we wented to comrage

continuous and secociative
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Lhe rrohlon ol renresentation of such functions hee been inveg-

[ ap)

tinted for toe first time by . -urillas, L. Valverdes .nd
wei o Uveninniiov /esee (_J, 1 4] P
supnose thet Tweane t-rorm deficed on [C,1] such that
TQ_},,’U) 7. % b, for uny a,be [C,1].
kel tlcn o Leeo Tunction (J)ig a preovder if and onlv if there

sxizcte nome Janlly o= }51 yeaey fng guch that

WG, ) = ‘?‘ (£50n =" £,(x)) (1)

i=1

VLOTE ;I} &y = 'T(uﬁTl.. T@%—T’an))

andg 1t ig mgeaned that RO,x) = 1 1.0 1 = 1.
L=t e conclider wone particulur cases of this represcntstior.
vues 1. asswne haet T oie inf, and % iz o usuzl maltinlicaticr,
criceowe neve [ 9
v N - ‘% —_— N ) ! o o s o
K (x,¥) liﬁﬂlhln (ii(y)/Ii(a), 0§ . 12)

Ccee . vonslderiig gereratel-r the neriicular pairf(x,r)

i

we obledn toe revresentetion of etrict nortial order G2
/(x,7) j.z;f{min (£5(n) /£ ), 1)3 ,for xéy, (13)

dx,x) = (.,
Cave oo I tlie Ffanily ¥ coneists only of two functions f1 and
Looeach that £9(x) & £,(7) for 211 v & X, hen we heve the rerre-

Centotion of interval order U3:

1W(x,y) = win {f1(x)/12(y), 13 . 04)
vage 4. Relation & ie a seriorder ¢4 if and only if there
eriegte fomily B :ﬁfq,f;ﬁ guach that f. (x)= ¢ = const and

R(x,y) = rin §f1(x)/(ij(y)+ c), 1§ . 15)

Cage 2. aelation R sotiefies conditione Fd end P7 i.e. R

T ey
Sl

vias oruel b 1Y and only if F containe onlv one furctior

4

£ X2>R wucih tnat

RGy) = I(y) = 1 f(x) . Ql)

<,
1



cese be delotlon K 1s ar lipezr order 17 and only if function

f:r ai faliille the eaddivional cordition x # v 9 fCO# ()

1

A x,v) = () % ). (17)

[ : - . - . N - of AL - al : 1 3 3 2
AU Lo well Brnown thet funetion £ @ Aa=2R induc o linenr

(X’y‘) €& f(x)? f(V)

7i for eny lincar order there 1g o funciion which

defipe it, rore formally: relation R fulfille promerties
¥ A X : “3)
¥ Ry =y & x (19)
X R v&yv Hz=yx Az (20)
if end ovly if tnere 1s function f : X-;R1 cuch that
x R ye> f(x>f(v). @n
et as rewrite (21)in the two £ o r & 1 1 v eouivalent forme:
ol v e (i, ) > O, @2)
R ye ptnr) 2T, C™)
vlere AL ) = LG - i"'(y) and Jw(\,)u fx)/ f(r).

-

L roshs thet relation £ S 4 xa can be definad oy come two-rlnce

-~

tunction 1 axi —>ﬁ1 accerain: to the scheme x R y@(fﬂ(x,y)') C.
Lot W e read as "petter', then ‘-Fﬂ(x,y)= ol(};,y) could he

icterpreted ar "x o is vetter by «L(x,y) them y%, and in the cage

WeT q’\,(x,v) = pG,v) we nave the inter retation: w dg better

M (3¢, v) tiues than v'.
Lrovidin . thet gucn an interpretation lg justified, relation

€. crn Le icentified «ith function CF.? : X =A>Rk,

L
of cimplicitv, cvmbol R will be uaeed inglead of Cf?ﬁ

Por boe wéao
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‘o rroblem ie now to refcrmulcote the pronerties U3Y, (19) anc CO).
Lot ase tas2 tue following reformulation:
R(x,x) = C @)
RE, )+ 2(vyx)= C ¢’3)
KRG, v) + d(v,2)= 1(x,2) (26)
o ohomve then the followinsg result: R fulfielle @4) , (25) and
(06) if and only if there -xiste Tunction f @ K-¢R1 cuch that

R{x,y)= ©(x) - £(v). ¢

wtet s touoe otier reformulation nows:

}

Ax,x) = 1, ()
R, ) 1{y,x) = 1, N
Ux,y) -1 (v,2) = R(x,2), (30)
ther inctead of (27) we obtain
Rx,y)= 1 &)/ f(y). G1)
oc tonat (U7) wnd (31) are both of exactly the same forr as (17).
hiichi reresentation should be or can be chosen 7
e cnewer 1s simple: this one which is meaninsful.
e notion of meaningfulness in the theory of measurement 1g
rderstood ag follows /eec [10,11]1/: 2 statenent involvirg
nucerical grale ig meaninful if its truth Jor faleity/ rermaine

sichr ced 11 every scale invelved in repleaced by ancther accert-

i1 00i cuoe we reversge the prcblem: the representstion (27)
irvolve tne defference (0=~ f(v), we are loowing for admicsible
vranslormation which oreserve this difference /see als olsl/.

71 turne out that these transformaticus are of the form ¢x)= r+c.
ihieg means har representation (27) ie meaningful only for
difference scule. cimilarly, rerresgentation (31) is meeninofal

only it © ig an ratic scele.
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SATIOWS TG LAt AnsTesad o1 CP Lo A X aPH e al'e LG in Tor
- FAe

:vicn in the form of LF;{ : x4 '“'7[0, C"’)

Z

wlince gub traction is not serformable in LC,rva), tien we Jdefine
quroi-cuoiraction
b=-a , if b >ea,
¢ y Olhierwise,
or in arn eguivalent form
b2 a = max \ - &, CE .
selation R fulfills (24), (25)«¢ rui@é if and only if there ie

: 1 . .
v A2R such that

iy
-

Kix,y) = fi(yy = f(x) . G2)
cgein of the form of (17).
sor e nmulti licative case we obiain the ginmiler recnlt,
pamely, R A=A =[0,1]  fulfille (@), @9 ard (50) if and onlvw
if there cexicts f X*9R1 cuch that

f(n = fix), (33)

i

K(X:Y\

N

1l

where b & a min yb/a, 118
Ine meaningTulness of (%2) and GB\reqalr%s also & difference
and raotio scoleg. respactively,

Let ag sanpose that we want to treat fracti ong ovtained

AR

o (Lu)ag rauce of wpembershin defining some fuzzv relation., 1F

we et te congider them as cardirnal numpers, then it ic

Tee thicrt for Ledno oo

cesbee bhnernice rades of memberehip coan be treetod criliy one
lreourecoents o oerdinal scale,

‘or sxanple, there is no mesningsiual biusry “uzezy relstion

Yo

Py oo b ur

mert, unless the rader are lrested ag ccme labeleg but not
fcavbers. cor the geme reason fuzzy relation ¢ restert viithont

crorirdcal Laterprstovaion remains only ag & mathemaziical carioegity,
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azt 4 o= §a,b,c,Q,e§ . wuppoge there are 2iven criteri.

A
- - | . -
i Poa ™y deiined og followe:

- b C a &

Loty
s
‘s
.
o
—
L
;x. .
“
-
U
-
~1
—

. o .
- Zoe [ - te )

cceodin s w0 (1) e follovingy atrict partial order is induced:

.

g ¢ C a e

H o= 9] 30 1

L.

|

it io omot difficult to check that relation R fulfille »roperties
cloard 10 Lee. 1poon interval order. sccording to (14) tnis re-
Lotion Lo oaeizrelaed by two Tuanctlionws, lot ug dercote tiior now by
fiod 4. xboiicows that en invervel I = [T, f 3-*:)] guch

chet ¥ A4y e L(x)<I(y) can be assigned now o any x € X,

Crie oo tie rossible Interval assigments ie rregented helow.

Ia)

I(b)

1¢e)

o 2 A o i3 os ¢ L®

ovel orasr congidered above satisflies also nronerty F11 i.e.
ceoaomntter of fact 1t 1g ceniorder, therefore revprerentation (15)
ieocopsivles Irndced, let £(8) =<c.o, f(b)=1.3, f)=1.5, f(d)=.7,

t e=1, then R(x,y) = min {f(:‘:),"’(i‘(;r) + 1), 1}.
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