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SOLUTION OF THE SCHIN RANK OF A FUZZY MATRIX

Wang Hongxu
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Benxi. China
ABSTRACT

In this paper we present a definition of a fuzzy relati-
on?l non-deterministic equation, discusse preliminarily its
nroperties, and give a conven'ent algorithm for detdrmieing
the Schein rank by using a +1'7ZJ relational non-determini
stic equation.

Kevword: Tuzzy Relational lNon-Deterministic Wcouation.

1. FUREY RELATIONAL MON=DTTHERMINISTIC WQUATIOCH

A definition of fuzzy relational equation is ziven in(l).
Fere, we shall define fuzzy re2lational non-deterministic
equasion.

By convention, we write a+h=max{a,b} , ab=nin{a,b},
“rere a,bé€ (0,1).

| _ \
mhe sum of two fuzzv matrices (A=(aij)mxn' B‘(bij)mxn’
is writtan 2s A+B=(a, .+b,.) .
n+B=( ij Tij mxn
The scalar product of a number and a fuzzy matrix is
wristen as pA={ka, . =(min{¥,a,. y), ke CO,1),
\ lJ)an ( { ’ IJ} ’ 4
“Je write the product of two fuzzy matrices (Az(aij)mxt’
+ 34
F={p,.) Y as  AR=(c, C, .= a.,. b ..
i T txn ( ij mxn i] E; ik "kj
nafinision 1.1 ILet A={a iJ)m ,» 201 A be a non-zero
fuzzy matrix. A equation in the form of
1\ =V ‘{ .oo-o-\1)

mxn MXS Sxn
is called a fuzzy reletional non-deterministic equation

of the fuzzy matrix A or a non-deterministic equation of
A. (where A is known, Y and X are unknown). S is called
an index. VY and X such that (1) holds are called the

solution matrices of the non-deterministic equation of A
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of index s.
The following propertice on a fuzzy relational.non-dater-
ministic equation are easily proved:

Theorem 1.1 The non-deterministic eauation of a mxn fuzzy

matrix A has solutions if s=n or sS=m,

Theorsm 1.2 Tor an index S=S, if the non-deterministic equa-

tion of a mxn fuzzy matrix A has solutions,then the non-dete-
roninistic equation of A 2lso has solution if 8=3,+k, where k
is positive indeger.

Theorem 1.3 The non-deterministic equation of a mxn fuzzy

matrix A= ) always solutions if the index s zmin{m,n}.
£ (= 13 mxn Ng i i nde zmin{m, }

Theorem 1.4 The non-deterministic equation of a mxn fuzzy

~r

. has solutions while s=s_ and Y X
ig)mxn * o 'mxsn’ s XN

are its solution, and Vv y 7 are alsc its solution, then
mxsO sxn

v 7 + also are its solution.
mxso’ ( Soxn Ksoxn) e it tvion

matrix A=(a

Theorem 1.,4' The non-deterministic enquation of a mxn fuzzy

. i
matrix A=(a,.) has a solu‘ion whileVs=s , Y , ¢ are
ij ‘mxn c’ ‘mxs, S, xn
a sclution, and “axs 'S xq ArS 2lso its solution, then
it 3 H
o 0

4 +v P ¢ are also its solution.
< mxSO mxgo‘ [} Soxn e 1ls it oLusion

Theorem 1 .5 The non-deterministic eguation of a mxn fuzzy

natrix A=(a, . whi S=S_ has soluti and Vv .
‘ ( 13)mxn le o Nas a solution mxs, Xsoxn

y and k—max{v }, then
i,]
k, hv ) are also its solution and Vv
! mxso’ x{soxm r - 1 mxsg

h afe also its solution.
Soxn i 1uti

are its solution., Let V :(v..)
mxs, 13 'mxs,

for 1 >n

WV

Theorsm 1.5'Thse non-deterministic equation of a mxn fuzzy

atrix A= i S= 1as utior Y
matrix (?iJ mxn while s S, has a solution and mxSo’ xsoxn

are its solutiocn. Let X _ =(x yk= max{x .1« Then for
S m ij S xn
o] i,]
12h 2%, Vv ho ar ts soluti hV ‘ are
7Rz Toks 0 D xn ore i olution, ‘mxs_"* Ks xn
o) o) o o]
also its solution.

Theorem 1.6 The non-deterministic equation of a mxn fuzzy
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matrix A=(a while $=S has a solution, and W X

“mxs
: mxs, ' s xn
are its solution. Let k=?a§{aij},then for 1>k1>k,thxsoy

’

| are its solutio and Vv h3 are also its solut-
Ysoxn e 1 tion, mxso’ Ksoxn e

ij)mxn’

ion.

Theorem 1.7 The non-deterministic equation of a mxn fuzzy

matrix A=(aij)mxn has a solution while s=1 if and only if
A can be expressed as such form:
a
2
A:: (h,]'-.o,bn).
a "
m

From the theorem and theorem 1 in (4), we concludes:

Theorem 1.8 The non-deterministic equation of a mxn fuzzy

matrix A for index s=1 has a sclution if and onlv if rows
and cclumns of A and its snhmatrices are crossed ont step
by step up to 1X1 submatrix,and A can be given by a prodnct
of two vectors of the column vetor and row vector contai-
nirg the maximunm elenent of A,

“zplanation: If some row (or column ) of a matrix A has

identical elements , then this row (or column) is called
the same element row (or column) of A.

Tf the minimal element of a matrix A forms a row (or
cclumn® of A, then are say that the row (or column) can
bte crossed cut , acd other rows (columns) form 2 new
matrix, which is called a submatrix of A.

For example: Let

S a A
0.6 0.7 0.6 0.5 0.7
044+ 0,4+ 0,40,4--0.2-0.1] -3
0.8 0.6 0.7 0.5 0.2 0.1

S0 get submatrix:
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0.6 0.7 0.6

0.8 0.6 0.7

Some algorithms of solving the non-deterministic equaticn of

a mxn fuzzy matrix A,specidly flow chart of sclving a fuzzy
relational non-deterministic equation and the program in
FORTRAN are given in (5), here we omit the program.

I1. THW ALGORITHM OF SOLVING TH® SCHIN

RANK OF A MATRIX A

Definition 2.1 (2) The Schin rank fg(A) of a matrix A is

the least number of rank 1 matrices shose sum is A.
Proposition 2.1 (2) FS(A)é min{m,n} for a fuzzy matrix P n®
Proposition 2.2 (i) If a matrix A only has cne row (or one
coluamn) then /%(A}=t. (i1) fg(A)=1 if and only if for A and

its submatrices can be crossed cut rows and columns step by

step up to a 1X1 submatrix.
Further we have:

Theorem 2.1 For a mxn fuzzy matrix A fg(A)=s if and only

if the non-deterministic equation ofdhas no solution while
1<t <s-1, but has a solution while s=t.

Proof. Necessity. Since FS(A)zs, there exist

o 0 LT e} 0 47
(V11y-°,ym1) ”"’(y1s""’yms)
0 (0] (0]
and (:{H,...,:{?n),...,(:{s1,...,xsn)
such thag o
i o) o) ¥1S o) o)
A: €X11,.-.,X1n)+...+ (Xs1yoo-|x8n)
Ym1 /0
cyms
o o )
Trgoeesdygl [ x° x$
; S I R R AR
_ . . — V_’O XO
mxs Sxn

e ‘0 <° <°
Ypr12ee 2 Yns st****?*sn
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0 o <O e :
SR RARRARAT T ¥y
o _|: : o _|-
Txs™ : : and - Xg n™ :
‘0 0 e -0
V1v---pyms XS1"'.’XSH
Thus meg and Xg <0 are solutions of the non-deterministic

equation of A for t=s. Then
solution.

y 1f t=s8, the equation has a

For 1 €% <s-1, the non-deterministic equation of A has no
solution. If it is not true, we suppose that the non-
deterministic equation of A has a solution for some index,
where 1 é1ﬁ < s-1. Let its one solution as follows:

1 1 1

1 .‘t"l»]’ooogy,]t‘l 1 11,-.-'X1n
’ : N X :: .
Tm1r eIt IR v L R P ¢
1 1 1
then
s 1 3
1 1 (1 eea,x
yn""'ymj X94"77 " 1n
1 1 : : : .
=V 3 =
A 'mxt1xt1xn .
"9 1
ym17°"!ym+

~

11,,...,x Y4eoot

,7
n

‘fv
j.
-
(

so A, a) <1: {s-1. But F (A)=s wnich is a contradiction.
It is easy to prove the sufficiency.

From the theorem, we know that, the problem of finding
the Schein rank of a fuzzy matrix A csn be turn into a

problem of finding minimum index , provided the non-

deterministic equation of this metrix A has a solution.
wxamnle, Let




0.4 0.4 0.9 :
0.3 0.7 0.3
0.4 0.2 0.8

0.5 0.8 0.5
Are have programﬁe a FORTRAN program corresponding to the flow

chart in (5). Using Z80 computer to compute the problem are

know that the non-deterministic equation of A has no solution
q

ith if its index is equal to 2, and A is a 3-column matrix,

thus fg(A)z 3 . (In{4), an estimation of Schin rank of the

matrizx A is give merely).
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