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The families of fuzzy measurable subsets in X are usually

defined as followg:s

Definition 1: BEach family @ <(#(X) having the properties:

Oy € & , (1)
V)A.Gg ’l—’,\_ég' ’ (2)
W(pov)e6s v VE (3)

is called a fuzzy algebra Eﬂ]

Definition 2: Hach fuzzy algebra & fulfilling additionally the

conditicn
AT sup { n}& © (#)

is called a fuzzy G-algebra [[1] o

Attachment of the empty set ®X and the universum WJX
(it follows from (1) and (2)) is necessary not only for mathematie-
cal considerations but also for pructical applications. The empty
set and the universum can be defined more general than above, The

following qualifications are proposeds:
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Definition 3: Hach pe F(X) satisfying I {1 - is called

a W-empty set [[5]

Definition 4: Bach poe F(X) satisfying }x,),’l - is called

a Wi~universum [[5] e
For this case we have:

Theorem 1: Bach | eW(X) is a Weempty set iff there exists such
ve F(X)  that p=val1=v) [5].

Theorem 2: Each p& F(X) 1is a Weuniversum iff there exists such

VeF®) that p=vv(1-v) [5].
Consider now the following definitions:

Definition 5: Bach nonempty family G < F(X) satisfying the con=-

ditions (2) and ( 3) is called a fuzzy semi=algebra.

Definition 6: Each fuzzy semi-algebra fulfilling the condition (4)

is called a fuzzy G=semi-2lgebra.

Theorem 3%: Each fuzzy semi-algebra (5 -semi-algebra) G contains

a W=enpty set and a Weuniversume

Proof: Let | & § . Taking (2) and (3), we get pvlil =p)e®
and W A1 - P)eG e In agreement with the Theorems 1 and 2, §

contains a Wecmpty set and a W—universum. il
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So, from practical point-view, fuzzy algebras can be replaced by
fuzzy semi=algebrases

Take into account the fuzzy subset E % Il : X-—~>{ﬂi-} o WE ODSEIw
O

ve that:
- {[ % ]] is both Weempty set and Weuniversum;
X
- é is an unmeasurable fuzzy subset in sense given in (2] 3
> 1« :

- ﬂ: %ﬂ presents such fuzzy relation on X that it is
Xx<X

both reflexive, antireflexive, symmetrical and transitive in
sense given in [3] .

Therefore, I am proposing to accept the following qualifications:

Definition 7: Each fuzzy semi~algebra ( G—semi-—algebra) uncontaining
the fuzzy subset [[ % ﬂ is called a soft fuzzy semi-algebra
X

(S -semi-algebra),

Considering soft fuzzy semi-algebras only, we can avold mentioned
above difficulties,

In [[6] , a families of fuzzy measurable subsets in the real li=
ne R =[=0,+c] were described as fuzzy algebras, %S, and,

/%7% saye. These algebras were generated by such quasi-antisymmetri-

cal and continuous from above fuzzy rclatiom "less or equal® that
it unfuzzily bounds the real line ( see [4]) .

Let us consider now such families of fuzzy subsets imn R , si=
milar to :‘e\,g and T‘S’ s Which are generated by quasi=antisSynie

metrical fuzzy relation "“less er equal" defined as follows:



78
Definition 8: Bach mapping g : ®e—» [0,1] fulfilling tae next

condivions

e(x3) %1 = g(v,x) (5)
g(x,¥) + glz,x)&1 (6)
S(Zay) <% (7)

for each (x,y,z)e B2 with y<z , is called a quasi-antisyme

metrical fuzzy relation "less or equal® (FIE) [4] o

Definition 9: Each mapping g gt Fe— [0,1] , given by

Y (x,5)e & Qslxyy) = 1= oly,x) (8)
is cailed a fuzzy relation "less than" (FII') generated by FLE C4] o

Lemma 1: Any quasi-antisymme trical FLE g and generated by it FLT

Ss sutisfy the next inequalities:

glx,x)Y 3y ¢ (v,x) Yo (v.x) , (9)
g(}hbﬂ) Q S(x:3)> % >/g S(xsx) ’ (/‘O)
@(’9x)€ g(‘9Y> ’ i/m)
g(yw‘)Q @(X"v) ’ Q’lE)
QolvsxX) K g ) (13)
Qsl¥s )< g 4l t) (14)

for each (x,y\e ® such that x<y 4] .

Using the fixed quasi-antisymmetrical FLE & and generated by
it IO 3s we can define a fuzzy intervals as mappings \Q; [a,b C :
®—[0,1] and «{'Ea,+w] : R—=[0,1] , given by means of the iden

tities:
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ig(a,x§/\gs(x,b\ =
U - g Jx,2))n g lx,0) L15)
\QEa,+wj(x}, = g (8X) A Q( X,+w) (16)

for each {a,b,x)¢ &> o Among others things, for intervals defined

]

\PEa:b c (x)

i

above, we haves

Lemma 2¢: The conditions:
JLose L AP[=oe,a [ = \p[b,a/\ c[ , (17)
¢[=w,a[ = ggl-ya) , (18)
YLa,+2] = gla, -) (19)
hold for any triplet (a,b,c)é ®> .

Proof: The identity (17) is shown in [[6] « Moreover, the ineguali-
cies 15}, (9), (10), (11) and (12) imply:
- for =00 x< &
(=00,x )y 3 g glxsa) 3
- for =oodagx
gl=20,x )Y g(~,a) )y Q (x,a))g s(x,a) .
So, Q(=oo, - )‘)/gs(.,a) for each aclR o Puting this result in
(15), we get (18). By analogous way as above, we obtaint
- for +o0), x> a
9(x,+m)}/ %> g(a,x') ;
- for +00Y, a>/ X
g(x,-&-w))/ g(a,ﬂbo)}, g(a,x) .
Thus Q- ,+o0) ), gla, «) for all a. B o So, the condition
(19) holds, too. W
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In case when FLE also unfuzzily bounds H , the below definition

describes a fuzzy algebra in R .

Definition 10: If "/\SQC IF(R) is a family of such fuzzy subsets
that

o= 4 = max {‘Ptak'bkt} (20)

k&n
or

= poo = max {QCa b LYy [agyqieec] (21)

where ‘Lak} and {bk} are increasing sequences of pumbers in
Py

iR , then "}) is called a fuzzy finite Borel family [[67]

3

Iet us look into the case when FLE is quasi-antisymmetrical onlye.

Lemma %: Let be given any nondecreasing sequences {tx n& and
g:&rn} o Then the sequence %_\) n\f defined by vn = R nz\(’l-yn)

gatisfies the identity

Tomx ey =gy mx {0 -p YA VT g e (22)

Proof: For n=1 , the identity {(22) follows from the de Morgan's
Lawe. Assume thst (22) holds for each n&m . Then, for n=m + 1 ,

we obtain
L "k&mgf,]{qk} =1 - ﬁ&vk}vvmﬂ =1 - ﬁzﬁ{\) k}»/\h - \)m-r’l\) =
’-‘W'q"g‘j;{“ - "‘k) ’\”‘Vkﬂ}v (1~ H‘mn’\(( 1= m+’l’V'Ym+’l) =

= (pqa A (=g vy )V &aﬁ{w‘ = W) A Y k) A
A((q - \-‘*m-o-'l\V\V'm‘.ﬂ}V \(a - a8 DAL - p m+1)V'Vm+1X) =
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= Y,V mex {tl - M e A Y k,,,q‘\/(( T = kA ‘f'k-ﬂﬂ'v

k<m
vl - W) AY ) VU il nel) =
S aY ?iﬁ Lt - W) A\rkﬂ}v ((1 - K m\”\‘\‘fmﬂ)v“/l - m+’l.) =

=demu{}1-FWQAYKMBV“"FmM\ . B

k<m+1

Theorem 4: If FIE g is quasi~antisymmetrical, then generated by
AN\

it fuzzy finite Borel family f\bg is a soft fuzzy semi-algebrae

Furthermore, any fuzzy subsets Mg and Booo s defined respecw

tively by (20) and (21), satisfy:

1= pq = glecesay Qvmax {4 Cowoapen Chvy Copote=d (23)
T=Wo =gy E\’ﬁ\iﬁ SL‘? Coprayq E} . (24)

Proof: By (8), (15}, (18}, (19) and (22), we get
1 - \"'1 = g S(*,a,l‘)v Ei:;{(’l - g s‘“" ,bk\\l\ Q S(«,akﬂ)}\/

V=g glatg)) = ¢ =0ag Cv max (9 Corsyq Chvglonred

Nextly , by de Morgan’s Law, (8), {(17), (18), (19) and (23), we
obtain

1=l ‘f’ki};{‘% Cagab, [Y)A(T = @ Capyqotee]) =
(QL-wraq [v max WQDbagyq ChVeDog+e]) A @ L-o0ran,q [ =

= P0-2s2q A oy LV mx (9 Doag g o DIV (5005 <3

L]

N Gsla3pyq) = PL=0,ay OV ‘{{‘2’-{‘9 Coprag CF

Fa)
00, ’\5 is closed under complementation, It is self=evident that
>

Bg is closed under unione.
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Since the set S,_x: xe® poix)

for each ,Le/’\gg ’ {[%]]ﬁ ,’{%

%} is a finite subset in &R

Last of all, we define the following fuzzy < -semi=algebra im R .

Definition 11: The smallest fuzzy G-semi-algebra ’g)t containing
N b

"\bg is called a fuzzy infinite Borel semi=-family.

Theorem 5: Any fuzzy infinite Borel semi-family is a soft fuzzy

Q =semi=~algebra, Moreover, each 'JL,E-_ ”\Bé can be described by

= g = sup L@ Loy Cy (25)

]

W= e s;p 1Y Caysby E} v Cags+ee] (26)

where \_ak} {bk} are finite or infinite sequence of numbers in

R

Proof':s Let the symbol & dencotes the family of all fuzzy sube

1
sets defined by (25) or (26). Additionally, let us indicate %Q =
:{"j\:/l"v.& %g} [ ]
N
From the Definition 10 we get that each '},u': %’6,’ can be described
~ :
by (25) or (261, blnce /@g is closed under complementation, we
’ip@c §n @e o This fact, along with the Definition 11, ime
plies that 'pg < & n § y because § 'S {;g is a fuzzy G§=se=

Al

mi~algebra. By means of (4), we get <:‘t_> o« Taking intc account
’ c Q

all above facts, we see § n § < § c ’\b*c §9n§ . So, "59 a'g °

The second thesis is proved. Furtnermore, the identities (25) and (26)

inply that the set s{x: xe R , }L.(x) = %} is numerous subset in
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(K for each r{e'p; « Thus [%ﬂﬁ&"bg .

This paper contains the results of the work the Seminar on Fuzzy

and Interval Mathematics directed by Frof. Jerzy Albrychte.
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