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ABSTRACT
Wang peizhuang established the concept of the Set-Valued sta-
tistics in paper I'1], its theoretical base is the theory of the
random set and projecfed function. In this paper, we will extend
these concepts and propose the method of fuzzy set-valued statis-
tics. And the relation between the probabilistic set proposed by

K.Hirota and fuzzy random set is discussed as well.
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1 .INTRODUCTION

The concept of set-valued statistics suggested by Wang peizhuang
in paper [ 1] is a model of statistics in which each experimental
trial gets a subset of sampling space, it is an extension of the
classical probabilistic statistics and has extended the appli-
cable range of the statistical experiment. Furthemore, the system
of humanity, such as society, economics has suggested a new
numercal method of management.

The theoretical base of set-valued statistics is the theory of
the random set and projected function., Im this respect, Prof.

[1J~[3? On hypermea-

Wang peizhuang has done a lot of creative work
surable constitution of pure measure, he has given a statémemt of
pure measure form for random set.

On the process of set-valued statistical experiment, the obser-

vation result of every experiment is a subset of base space X.
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But some statistical experiments more depend on the process of
human mentaiity. The man who is an object of experiment and always
uses a certain subset A toddescribe fuzzy object, with 5(A) (0 <
S(A)=1) to represent the degree of self-confidence for A.

In the different degree of self-confidemce he can use a set of
different certain subset A to describe the same fuzzy object, and
also can use fuzzy subset on X to describe it approximately. This
method stated above can give the more information for us to des=
cribe fuzzy object objectively . We call this kind of statistical
experiment the fuzzy set-valued statistics and call the method
suggesting in (11 as P-set-valued statistics. So that, we can
enlarge the concept of random set and projected function in paper
(1. And we suggest the concept of fuzzy random set and projected
function of the fuzzy random set. These are the theoretical base
of the fuzzy set-valued statistics.

In this paper we have also proved the relation between random
set and probabilistic set suggested by K. Hirota. In reality,the
random set suggested in [11 may be considered as a particmlar

probabilistic set.

o, THE FUZZY RANDOM AND THE PROJECTED FUNCTION

In this section, we begin by introductimg some concepts of the

random set and the projected function and then extend these to the
fuzzy random set and the projected function of the fuzzy random
set, so that the random set and its projected function is a spe-
cial case of the fuzzy random set and its projected function.

Let P(X) be the power set of a base space X and B o-algebra

containg the class X on IP(X), where

i

X &{x|xeXx},

(1)

li>

x 2 {B]| Be P(X), Box1}.

Let (0,4, P) be a given probability space. ( P(X),.ﬁ ) is a
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measurable space, and we call a mapping
£: n—>P(X) (2)
a random set of X ( or P-random set ), if V BE€ %5 has
= {w|g(w)eBled. ,

Suppose that § is a random set of X from a given probability

gspace (2, ,P ), for all xeX,
ng(x) & P(w]E(W)>x). (3)
we call that mg(x) is a projected function of 3.

The collection of all fuzzy subset of X is denoted by IF(X).
Let B(x) be the membership function of the fuzzy subset B, X, the
fuzzy point t61 on X.

Definition 2.1 For fixed x€ X, we call

2 {x,|A€[0,11} = {x}x[0,1] (4)
the pointw1se set of x.
We denote
{x,1°2 {B| Be F(X), B(x)2A} (5)

X & { x| X, is the fuzzy point on X} (6)
Definition 2.2 Let (N,d,P ) be a probability space, (F(X),@ﬁ
a measurable space, where @ is a smallest o-algebra generated by
the class X on F(X). We call a mapping
13 : N—TF(X) .
a fuzzy random set of X, if V@eiﬁ, &nlﬁ(w)éé}ed .
The collection of all fuzzy random sets of X is denoted by
R(Q, dF(X), B).
Definition 2.3 Suppose that 5 is a Borel set on the pointwise
set I_, § is a measurable mapping of (n ,4) to ( F(X), B ) and
o is also a measurable mapping of ( IF(X), B ) to ( I_ Bx)
call the composition mapping
glx & ©of : .Q——»IX

a restricted random variable of § at xe X. If (n,4, P ) is a
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probability space, the real function on Ix
Foig(®) 2 Pl ()] (x)e)

§ . e
= P(w] E(w)e{xa)®) (8)
is called a restricted distribution function of § at xe X, and
pe(x) = E(EIx) = J dF_ _(&) (9)

¢ 0,11 §I*

a projected function of g.
Definition 2.4 For fixed (x,y)€ X XY, we call that
a
— { (x,y),|e[0,11} (10)

is a two-dimensional pointwise set of (x,y), where (x,y), is the
fuzzy points on XXY,
Definition 2.5 For given two fuzzy random set &: Ni— F(X) and
n :n—F(Y), the real function on I(x ¥) 210,1)]
y
F A) = w w <o w <d 11
Ceix, gy @) = B L @) (s, (1 (@) (y)5 ) (11)

is called a joint distribution function, where g|x and 7|y are
respectively the restricted random variables of § and 7.

Definition 2.6 The joint projected function of the fuzzy ran-
dom sets § and 7 is denoted by

Rg ) (xoy) = § o dF

(0,1 Cerx i) ) e

It is easy to show that the form (9) and (12) are respectively

a extension of some correspondingly concepts.

3, THE FUZZY RANDOM SETS AND THE PROBABILISTIC SETS
K. Hirota (1975) suggested the concept of probabilistic set.
Let (n,%, P ) be a probability space, (IIC, B, )=(10,11, Borel

setg) is called a characteristic space. A probabilistic set A on

X is defined by a mapping
A s XX1— f% (13)
(x,w)r—A(x,w).

where A(x,+) is the (#, BC)—measurable function for each fixed
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x€ Xe.
The collection of all probabilistic sets on X is denoted by
M(n uﬂ;f%,Bc ).
Definition 3.1 Let A€ M(n , A ;1,8 ), for fixed wefl, we define
B,(x) & B(x) 2 A(+r w). (14)
The fuzzy set B which is taken B(x) as the membership function is
called a fuzzy set generated by the probabilistic set A.
Consider the mapping
8: F(X)—XX[0,1]
B—8(B) = B(x)

(15)

Proposition 3.1 For a given probability space (2,4, P ), the
mapping 6 can induce a mapping of R(n , ; IF(X),I,I\B ) to M(n ,A 0
e, ).

6: R—M.

Proof: VEe€R(N ,d; F(X),B ), we have 6(8) = [E(+)](x). It is
easy to see that 6(&)”;§7Sg{1ﬁ% )-measurable function for any x
(eX ), and we denote [E(+)}(x)= A(:,w)€ M(N , 4 P, 30 ).

Proposition 3.2 The mappirig gis a surjection of R(N ,4 ;F(X),
N

Proof: ¥ A€M(n ,d ;0,8 ),3EER(O,H ,F(X),B ), so that
8(2)=[%(*)](x) where %(w) is a fuzzy set'generated by the probabi-
listic set A for a given wen, i.e., [E(+)](x)=A(s,»). This com-
pletes our proof.

By Proposition 3.2, the mapping & can obtain a equivalent rela-
tion ~ on R(Q ,o ;F(X),B ), for anyg,n ¢ R(a,d SF(X),B ), B
6(%)= (1) R = R4 denote the quotient set of R(n ,« F(X),B )
relative to the relation ~.

Let ~’ be an equivalent relation on R(n ,« ﬂF(X),@‘) defined by

the fuzzy random sets which have the same projected function, i.e.
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E~' &> Mg=uy. We denote R'=RAL.

Because of any x€ X, if £E~7, then 6(§) =3|x =1|x =6(1), and
mg = B(§1x) = E(71x) =py for any g ,1€ R(Q ,#;F(X),B ), thus
E~'7 . This shows that

E~ll = E~'1. (16)

From (16) we can assert that the partitionaﬁ is finer than R'.
In addition, all operations and characters relative to the pro-
babilistic set may be in accord with corresponding operations and

characters on the quotient set R.

4. FUZZY SET-VALUED STATISTICS

In paper [1] , the concept of the set-valued statistics is given.
Which discussed theoretically only the statisyical experiments in
which all samples are the general subsets. We may extend the set-
valued statistics to the fuzzy set-valued statistical experiments
in which the samples may be fuzzy subsets.

For a given gefﬂxl,pﬂ;F(X),%'), we make n independent observa-
tion to £ , obtained a set of samples:

Uyy Uppeoesy Uy ( uieZF(X), i= 1,2, 00,00 )
Thus, the samples Uyr Ugyeeey W are n fuzzy subsets prossessed
the same distribution as E . For any xe€ X, we call that
(x) %-}lf w, (x) (17)
i=1
is the fuzzy covering frequency of § at x. When uy (1=1,2,+..,m)

are all general subsets, then
n
x) =<3 X (x). (18)
n, u,
i=1 i

Where X (x) is a characteristic function of subset u,. Using
i

(17), we may estimate the projected value of § at x.
Theorem 4.1 Suppose that 51,52,.... are same distributional

fuzzy random sets, and‘;u2 (x)= mu(x), then we have
i
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n
-151121[51(w)](x)-——>p(x). a .e. p ( n—so )

By (9) and Kolmogorov Law of large numbers, Theorem 4,1 is obvious.

Let m be a positive valued measure on the measurable space (X,B)
and the projected function‘ua of the fuzzy random set § on X De
integrable for B. We .denote

@(ug) = fug(x)m(dx) (19)

Obviously, if m is the Lebesgue measure on X, then geometric
significance of E(pi) is an area enclosed by the projected curve
Mg and axis of abscissas OX. We call that ﬁ(pg) the projected
cardinal.

Theorem 4.2 Let (X,B) be a measurable space, m be a positive
valued measure. For £€R(n,d ;F(X),% )y if p(x,w)= [E(w)](x) is
BXxd measurable, then

T(ng) = B( B E(»))).

Proof: Using Fubini theorem, we have

i

m(pg ) )S()ui(x)m(dx) =5 [ Jaar

X 10,1 ¢
T [8@)](x)P(dw)]m(dx)
X n

5 1) mlx,w)P(dw)]m(dx)
Xn

[1§ nlx,win(dax)] P(dw)
a X

x(d)]m(dx)

i

i

i

i

J®(E)P(aw) = E( W(5))
Definition 4.1 Let % :n—F(X), VvxeX

D (x) = 4D(31x) = 4§ (o -E(5|x))°aF
10, 1] €l

call the degree of stability of the fuzzy random set E.

X(ol) (20)

Property: OSDE(X)S 1.

Proof:. OSDE(X) is obvious. We will show only Di(x)s_ 1. i.e.,
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D(ilx)ﬁ% .

Because D(E|x) = E[(Elx)%- EZ(EIx)S E(Elx)—'Ez(ilx), we take

E(g|x) =y, and consider the maximum of the function w::y--y2 on

the interval [0,1] . Let

we obtain that y= % . Hence maximum w= %. Thus

D(g1x)= %.

It shows that % is a upper bound. But we consider a particular

distribution of g|x as follows;

Elx | 0 1

1 1
Pl 35 3

v—

LR
227 ¥

We compute D(E]x) = Hence % ig a minimum upper bound.

Definition 4.2 Let m be a positive valued measure on the mea-
surable space ( X,B ), and the stable function Dg(x) of the fuzzy
random set £ on X is integrable for B, We call that

T £ | De(x)mdx) / Wlug) (21)
the mean degree of stability.

In the fuzzy set-valued statistics, we can compute Dg(x) and Te
with the methods of parameter estimation of the general theory
of statistics. When‘Dg(x) =0, we say that x (€ X ) is the most
stable for E ; and Dg(x) = 1, the most instable for § . When g} =0,
we say that E is the most stable, and Tg =1, the most instable.

The mean degree of stability OE can express the understanding
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level of the experimenter for the intension of descriptive

object. And the degree of stability Di(x) expresses the under-
standing level for each part xe€ X.
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