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PIXED POINTS IN FUZZY METRIC SPACES

Mariusz Grabiec*

Abstract. In this note the well-known fixed point the-
orems of Banach and Edelstein are extended to fuzzy metric
spaces in the sense of Kramosil and Michalek.

The Banach fixed point theorem states that each selfmapping
T of a complete metric space (X, d) such that d(Tx, Ty)<
< ked(x, y) (x#y, O<k<1) has a unique fixed point. The as-
sumption k<1 is nonsuperfluous. With k=1 +the mapping of
that sort need not have a fixed point. However, if X is com=-
pact, then T has a unique fixed point (Edelstein [3]).

In this note we extend fixed point theorems of Banach and
Edelstein to contractive mappings of a complete and compact
fuzzy metric space, respectively. We shall deal with fuzzy me-
tric spaces introduced by Kramosil and Michalek [6]. Note the-
re are at least five different concepts of a fuzzy metric space
(ef. [1], [21, [43-[6D.

We begin with some definitions.

1. DEFINITION ([8]). A binary operation »:[0, 1]x[0, 1] »
-» [0, 1] is a (continuous) t-norm if ([0, 1], %) is an abelian
(topological) monoid with the unit 1 such that axbg cxd
whenever agc and bgd (a,b, c,def0, 1]).

2. DEFINITION ([6]). The 3-tuple (X, M, *) is a fuzzy metric
space if X is an arbitrary set, M is a fuzzy set in X2X[0,<D)
satisfying the following conditions:

(2.1) M(x,y, 0) =0,
(2.2) M(x,y, t) =1 for all t>0 iff x=y,
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(2.3) M(Xy Yo t):‘M(Y! Xy t);
(2.4) W(x,y, t)» My, 2z, 8) € M(x, z, t+s),
(2.5) M(x%,y, *): [0, ®) » [0,1] is left-continuvous,
for all x,y,z€X and t,s>0.

3. DEFINITION. A sequence {xn} in X is Cauchy if
» X t) =1 for each t>0 and p> 0. A sequence

lim M(x
n n+p
{x } in X is convergent to xe X if 1ijim M(xn, x, t) =1 for
each t> 0. Notation: l%m X, = X (Since « is continuous,
it follows from (2.4) that the limit is uvniquely determined).
A fuzzy metric space in which every Cauchy sequence is
convergent is called complete. It is called compact if every

sequence contains a convergent subsequence.

4, LEMMA. M(x, y, ) is non-decreasing for all x, ye X.

Proo f. Suppose M(x, y, t)> M(x,y, s) for some 0<t<s,
Then M(x,y, t)* My, y, s-t) < M(x, y, s) < M(x, v, t). By (2.2),
M(v, vy, s=t) =1, thus M(x, v, t) < M(x, y, t), a contradiction.

No te. Kramosil and Michalek [6] assumed actually * to be
measvrable only, and, consequently, they assumed M(x, y, » ) to
be non-decreasing. Note also that the condition (5.1) below
is included in their definition of a fuzzy metric space.

5. THEOREM (fuzzy Banach contraction theorem). Let (X, M, %)
be a complete fuzzy metric space such that

(5.1) lim M(x,y, t) =1 for all x,yeX.
toow
Let T:X =-» X be a mapping satisfying
(5.2) M(Tx, Ty, kt) > M(x, vy, t)

for all x, y€X where 0<k<1. Then T has a unique fixed
point.

YProof. Let x¢X and let X, = ™ x (n € N). By a simple
induction we get

. t
(5.%) M(x,, x, 45 kt) 2 M(X,X1,£E:T)

for all n and t>0., Thus for any positive integer p we have

Iy

M(x_, x n+p’ D

n? Fnap’ t) > M(Xn, X

%)* (.3?2 * M(x 19 X

n+1’ n+p=
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> M(x, > "iﬁ) * (.p) * M(x, x1,-—-;1-)
Pk pk
by (5.%). According to (5.1) we now have
lim M(Xm_p, X, t) 2 1w (P) w1 =1 ,

ie€a, {xn} is Cauchy, hence convergent. Call the limit v .
Thus we have

. e me T .
M(Ty, v, £) 2 M(Ty, Tx,, =) % M(x, 4,5, 5)

> My, Xn’é%)* M(Xn+1’ v, %) - 1 %1 =1

by (2.4). By (2.2) we get Tv=y, a fixed point. To show
tniqueness, assume Tz =2 for some z€ X . Then

12 Wz, y, t) = M(Tz, Ty, ¥) > K(z, v, £) = W1z, 2y, )
> Mz, v, fg) > v > Mz, v, ;{%) - 1

as n=m. By (2.2), z=v.

6. LEMMA., If 11.;'le X, =% and llnim Yy =Y then

o

MWix, v, t=-€) <€ lrjim M(xn, N t) € M(x, v, t +€)

for all t>0 and o<z<-§.

ITroof. Bv (2.4), M(xn, N t) > M(“xn, X, %) * M(x, v, t~£) »

* My, v, %). Thue, 1im M(x_, 75 8) 2 1#M(x,y, t-£) « 1

=M(x, v, t-£). On the other hand, M(x, y, t+€) 2> M(x, Ty ) »

ojm

*M(x_, v, t) »M(y,_, v, &), hence M(x, y, t+&) > Tim M(x , y,, t)-

n’
30, the assertion follows.

7. COROLLARY. Let l%lm x, =% and li’le Yy, =Y« Then:
(7.1 1im I-'I(Xn, N t)> M(x, y, t) for all t>0;

(7.2) 1If M(x,7y,+) is continuous, then 111'1.m M(x,, y,» t) =
= M(x%, v, t) for all t>0.

8. THEORIM (fuzzy Edelstein contraction theorem). Let
(X, M, ») be a compact fuzzy metric space with M(x, y, « ) con-
tinuous for all x, y€X. Let T:X - X be a mapping satisfying
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(8.1) M(Tx, Ty, t) > M( x, vy 1)
for all x#y and t>0. Then T has a unique fixed point.

, _mon
Proof. Let xeX and x =T x (ne). Assume Xn’éxnﬂ

for each n (if not, TXn=xn). Now, assume xn;éxm (n#m). For

otherwise we get M(Xn, X1 t) = M(xm, X1 t) > M(xm_1, X t)>

S el > M(}%, X410 t) where m>n, a contradiction. Since X

is compact,{xn} has a convergent subsegquence {Xn }. Let y=
i

= 1im x, . We also assume that y, Ty ¢{xn : nelN} (if not,
i 4
choose a subsequence with such a property). According to the

above assumptions we may now write

M(TXny Ty, t) > M(Xn" vy, t)
1 1

for all i€ and t>0. Since M(x, v, « ) is continuous for all
X, v in X, by (7.2) we obtain

1im M(Tx
i n,

» Ty, t) > 1lmM(Xn sy,t)=1
i L i

for each t>0, hence

(8.2) lim Tx = Ty.
1 i

Similarly, we obtain

f e 2 2
(8.3%) l%m T x, =Ty

i
(recall that Ty # Tx, for all i). Now, observe that

i
. 1] 2
M(an, Txn1, t) < M( fxn1, T xn1, t) € o0 < M(xni, Txni, t)<

_ 2
< M(Tx_ , T y ) < ... < M(x T t) <
ny’ " g Nipq’ My’

< M(Tx, ,Tgxn ,t) € ... € 1 for all t>0. Thus
i+ i+1

(M(Xni, T:x:ni, t )}  and {mM( Txni, Tgxni, t)} (t>0) are conver-

gent to a common limit (ef. [7]). So, by (8.2), (8.3) and (7.2)
we get
M(y, Ty, t)

i

M(1im X, T(1lim Xn.), t )
i i

1im M(Xn', TX, t)
i i
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2
lim M(Tx_ , T°%x_ , t)
ng n;

wlmmglgumﬁgl,t)
i i

i

2

i

M( Ty, Ty, t)

for all t> 0. Suppose y # Ty . Then, by (8.1), M(y, Ty, t) <

< M(1y, ™y, t) (t>0), a contradisction. Hence y=Ty,

a fixed point. Uniqueness follows at once from (8.1).
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