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In this paper we introduced the concepts of
the primary L-fuzzy ideal and the prisme L-
fuzzy ideal factor belouging to the primary
L-fuzzy ideal, and proved some fundamental
provositions. In vyparticular, it gave a stru-
ctural thecrem of 2 prime L-fuzzy iceal factor

belonging to a primary L-fuzzy ideal.
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1. Introduction

The concept of fuzzy groups was introduced by
Pogenfeld in (1]. Several orther authors continued
the investigation of such concepts, as [2,3,4].

In (4], we defined a8’ so maximum fuzzy ideals and
vrime fuzzy ideals. In *his paper we continue the
rrogram begun in [4], ard we extend to the case of
L-fuzzy sets, where L ic a completely distributive
lattice.

In Section 3, we introduced the concepts of the
primary L-fuzzy ideal and a prime L-fuzzy ideal
Tactor belonging to a primary L-fuzzy ideal, and
rrove some Fundamental propositions. In particular,

it gave a structural theorem of a prime L-fuzzy
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icewl farctor belorsine to a rrima L-fumzv ideal.

A < - i
we Tirst reeczll scme b

o~

sic concepte occurring

-], and we extend to case of L-fuzzy

Throuchout tris paper L=(L,=<, A, V) will be a

ompletive distributive lattice, which has the leac+

¥

o

s

jon
n

createst elements, say O and 1, resypectively.

¥ -

Let X be a non-enrty (usuai) set. An L-fuzzy set in
X is a map A: Xe— L, and FL(X) will denote the set
of all L-fuzzy sets in X.

It is easily seen that Fp(X) = (Fr(X),=,A, V)
is a completely distridbutive lattice, which has the
least and greatest elements, say 0 and 1, respec-

tively in a naturai manner, where Q{x)=0, 1(x)=1

Definition 2.1 Let Y=(X, +, * ) be a ring, and A ¢
(%), A#0. A is called an L-fuzzy subring of X%, if
4 is an L-fuzzy sutgroup under the binary operation
'®' in Fr(X) induced by '+' in X, and A is an L-

fuzzy subgroupoid unier 'Q' in Fr (X) induced by

'.' in X (cf. (3] ).

DeTinition 2.2  Let X be a ring, and A€ F(X),
A#Q. A will be called an L-fuzzy ideal, iff
(1) A is an L-fuzzy subgroup of X under '@';

(2) 10Ass4A, A(O1=A.
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ideals in X.

frovosition 2.1 Let X be a ring, A€¥r(X), A#Q.
Then A &IL(X) iff the level subsets Ag; for any
te€L, t=A(0), is an ideal of X.

(The proof is omitted).
Definition 2.3 Let A€l (X), The ideals Ay, for
t €L and t=<A(0), are called level idea’s of A.

my,
- hd
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crem 2.1 Let H, N be ideals of a ring X and
HEX. Then *here exists A €I (X) such that

AtzH, AkzN.
where t, ke L and t 2 k.

Proof. Let A€Fp (1) defined by

k, if x €N\H.

A(x)=¢ t, if xeH,

0, if x€X\N, t, k¢L and t 7 k.
We have, for 1 €1,

Ao=X, if 1=0.

Ag=N, if kz1>o0.

Ap=
Ay =H, if t 21 ~k.
d, if1z21=>t.
It follows that every nonempty level suhset of

A is an ideal of X. Hence A is an L-fuzzy ideal of X
from Proposition 2.1. Clearly, A satisfies the

conditions of the theorem.
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Let H=N. We obtzin as follows:
Corollary 2.1 vet H be any ideal of a ring X.
Then there exists A €I (X) such that level ideal

he=H

, Where t € L.

Jefinition 2.4 Let A be an L-fuzzy subring of the

ring X, the set

Xp={xeX | A(x)=4(0)]

is called a base set of A.
we have, from Proposition 2.1.

Froposition 2.2 If A €I.(X), then the base set X4

ie an ideal of X.

we will follow a convention that whenever ring X

(Y
m

» tacitly assumed to be commutative.

Jefinition 2.5 Let A eIL(X). A is called a prime
L-fuzzy ideal, if for a,b €X, A(ab)=A(0) implies
A(a)=A(0) or A(b)=A(0), where 0 ¢X is the null

element of X.

Theorem 2.2 Let A.éIL(X). Then A is a prime L-
fuzzy ideal of X iff,

Xais a prime ideal of X.
(cf. (4] ).
3. Primary L-fuzzy Ideals

Definition 3.1 Let A€I;(X). A is called a primary
L-fuzzy ideal of X, if for a,b€ X, A(ab)=A(0) and
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A(a)#A(0) implies A(b")=A(0) for some nelN, where I[N

is the natural number set.

We have, from Definition 2.5 and Definition 3.1,

every prime L-fuzzy ideal is all a primary L-fuzzy

idezl.

Definition 3.2 Let A,B GIL(X). B is called a factor

of 4, if X, S Xg

Definition 3.3 A prime L-fuzzy ideal P is called
a prime L-fuzzy ideal factor belonging to primary
L-fuzzy ideal Q, if

(1) P is a factor of Q.

(2) For beX, P(b)=P(0) iff Q(d®")=Q(0)

for some n ¢IN.

Theorem 3.1 Let P be a L-fuzzy subping of X and
Q be a primary L-fuzzy ideal of X. If P(b)=P(0),
for beX, iff Q(b")=Q(0) for some neiN. Then P is

a prime L-fuzzy ideal factor belonging to Q.

Proof. (1) P€I;(X). Since Q(b")=Q(0), i.e.

b" € Xg and Xgis an ideal in X from Proposition
2.2, (xb)"€ X g for any x €X, i.e. Q( (xb)" )=Q(0).
Therefore xb € Xp. Let b,c €X and Q(1p™)=Q(0) and
Q(c!)=Q(0), i.e. ¥, cT€X . Since every term of
the expansion of the binomial (b-c)®*1~1 contains
either bv® or cl, (b-c) m+1“1€-Xa. Therefore (b-c)é€
X . We have, from Proposition 2.1, P is an L-fuzzy

L4
ideal.
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(2) We prove that P is a prime L-fuzzy ideal.
Let a,b €X and P(ab)=F(0) and P(a)#¥(0). It follows
that Q( (ab)" )=Q(0) and Q(a")#Q(0) for some n.
Since Q is a primary L-fuzzy ideal, Q(b™)=Q(0) for
scmne m. Therefore F(b)=P(0).

(3) P is a factor of Q, i.e. Xag €Xp. Since
elenents of Xg have the property which some power of

elements of Xg belong to Xg.

The following Theorem will give a structural
property of the prime L-fuzzy ideal factor P belong-

irg to the primary L-fuzzy ideal Q.

Theorem 3.2  Let P,Q€ I;(X). Then every primary
L-fuzzy ideal Q of X there exists a prime L-fuzzy
ideal factor P, iff

{1} P is a factor of .

(2) If B(b)=P(0) for be€X, then Q(b")=Q2(0) for

some neé (N,

(3) If Q(ab)=Q(0) and Q(a)#Q(0) for a,b €X, then
P(b)=P(0).

rroof. The necessity can be directly verified.
Sufficiency. 1) Q is a primary L-fuzzy ideal. Let
a,b €X and let Q(ab)=C(0) and Q(a)#Q(0). We have,
from conditions (2) and (3), there exists some neN
such that Q(b")=Q2(0). Therefore Q is a primary L-
fuzzy ideal. ii) The existence proof of P.

et P be defined as follows:
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P(0)=t, iffb"éXQ,tGL.

pm:{
_ 0, iff b"¢ Xq» O€L.
We have, from Theorem 2.1, P& I (X)

iii) P is a prime L-fuzzy ideal factor.Let b€ X and
P(b)=P(C). We have, from the condition (2), there
exists some nell such that Q(b")=Q(0). Now we
verify that Q(b")=Q(0) implies P(b)=F(0). Let r is
the least natupd number such that Q(b")=Q(0) for
beX. If r=1, from the condition (1), the statement
is true.Now let r>»1, it follows that Q(br)zQ(bbpd)
=Q(0) and Q(v" "' )#Q(0), We have, from (3), P(b)=pP(0).
¥ is a prime L-fuzzy ideal factor belonging to Q

from Theorem 3.1.

Remark. Theorem 3.2, in some particular conditions,
reduces a primary L-fuzzy ideal Q which is verified,

and reduces the prime L-Tuzzy ideal

iy

actor ¥ belong-
ing to ¢ which is fcund, and point out the prime
L-fuzzy ideal factor F bteslonging to & to bhe unicue-

ly determined by the chbnditions of Thecrem 3.2.

Theorem 3.3 P is a prime L-fuzzy icdeal factor
belonging to the primary L-fuzzy ideal Q of X iff
XP ie a prime ideal factor belonging to the primary

ideal X& of X.

troof. Let P be a prime L-fuzzy ideal factor be-
longing to the primary L-fuzzy ideal Q, then the
conditions (1), (2) and (3) of Theorem 3.2 are

satisfied, iff *he conditions (1) Xp is a factor
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cf Lg, (2) If b é€Xp, <hen b €XgFor some nelll, and

(3) If ab E-}ﬁa and aﬁxe, then b € Xp are satisfied.
Trerefore Lpis a prime ideal factor belonging to

“rne primary ideal X&'

reoren 3.4 If F is a prime L-fuzzy ideal factor
lonring to both primary L-fuzzy ideal &, and Q2
2f X, Then P is yet s prime L-fuzzy ideal factor

relonFing to the primary L-fuzzy ideal Q=Q, AQ,; of

rroof. (1) Clearly, ¥ is a factor of G,

(2) Let a,beX and let W(ab)=Q(0) and J(a)#Q(0).
ie have at least a primary L-fuzzy ideal, 3nd sup-
pose U, such that Q1(ab)=Q1(O) and Ql(a)¢Ql(O}.

Therefore P(b)=r(0).

(%) Letv Be€X and P{oi=r{0). Since wy 2nd Qp are

I
. ¥ . id s 7y i m
~rirviary L-fuzzy ideals of X, u1(bl):‘1(0) and Q2(b )
=i~10) fer 1,m€éll. Bu ' =max(l,m), then (bn =
e N icr Lyl iv e Duppose n—-»lax _L':n, y t- en "‘-\‘.‘ -

L

; -y N , N RPN ‘
L (0) and (L (e™M)=G,(0). Therefore U(b 1=Q(0). we
[ 2 2

rave, from Theorem %.2, P is yet a prine L-fuzzy

:deal factor belonging to the rrimary L-fuzzy ideal

=t ACy of X.

erollary 3.1 If ¥ is a vrime L-fuzzy ideal
factor beloneing to all of rrimary L-fuzzy ideals Q;

Cga ey oy, OF X. Then P is yet a prime L-fuzzy

[

jeal factor belonging to the primary L-fuzzy ideal
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