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4+ Introduction

A8 we ﬁell known, one of the main tasks of economical sciences.
is to comstruct models at which we first of all want to establish
that they are logically possible and consistent, and mext make su-
re that our models are realistic and therefore practical value. |
The extensive and fruitful investigation in this direction has stare
ted when mathematicians began to concern themselves - using modefn
and powerfull methemsatical tools - with this ﬁart of séiehce.
Nevertheless for a long time both economists and mathsmaficians hae
ve been familiar that the classical (crisp) mathematical tools do
not comtribute to .a better understanding of economics as much as
they were expacted to. It seems now that the fuzzy subsets thecry -
a broadly and rapidly developing field - initisted by Zadeh (1965)
provides a methodology and mathematical apparatus more adequate
then the crisp ones (eegs. Pfgilsticker (1981)) « B0, it i3 not sure

prising that recently these new ideas are have found their expres—
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sian in papers initiated a new branch of economical sciences, the
fuzzy ecdnomy - 28 we ﬁould call it, Among these papers are papers
by Ponsard (1979, 1981, 1982). Because Zadeh’s theory does not ale
low to take specific properties of economic processes into conside~
ration, so we will usé the indexed fuzzy subset theory which was
introduced by Matioka (1984); In the section 2 we presented the ba=
sic definitions of this theory and the fundamental definitioms and
properties of the indexed fuz;y multi~-valued functions which are
necessary for our further considerations on indexed fuzzy economi-
cal systemg, In the sections 3 and 4 we present an indexed fuzzy
model of -economic dynamics., Our own investigations on fuzzy econo~-
ny differ somewhat from Ponsard’s attempt., Namely we would liké to
initiate an investigation in fuzzy econmomic models under a direct
influence of the monography by Makarov and Rubinov (1973). In the-
se sections we deal with fuzzy eoonomic systems laying special

emphasis on various concepts of trajectories and their optimality.

2. Bagic defipitions of the indexed fuzzy sets theory and of the
indexed fuzzy multi=-valued functions.

Iet T be a subset of real numbérs R and let Géo’1> denotes the
family of all functions g: T — <0,1> . Let Y denotes arbitrary, but
for further considerations fixed set. Next P(Y) denotes the fémily
of all non-void subsets of Y, let E be a mapping from T to P(Y).
Bo, V te¢T PF(t)<Y. Instead of F(t) we will write F .

Definitiom 2.1: A generalized Cartesian product of the sets Fe
(teT), P(T) say, is the sét of all functions £3: T +Y such that
£(t)e Fyy, Vbels | |
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Definition 2,2: An index fuzzy subset, Vv say, is a function from
©, 1) -

Gp™?

The set T and the fuzzy subset v we will call the set of time-moments
and the fuzzy time-moment respectively.
Definition .3: An indexed fuzzy subset of F(T), A Bay, 1s &

naepping /uA. 3 F(T) —» GTO 1> gsuch that

i) if v(t)=o then /uAv(f)(t)ao, er r(@) and VteT, |

(i:l.) if there exists an element teT such that £ (t)af ‘(4) them
/»\A'(f)( t)a/uA (f“)(t). £' 2" e F(T).

Iet F(v) be a set of all functions fe F(T) su,ch.that:
- if v(t)=0 them £(%)=0, |
Definition 2.4 Sendograph, aendAv 88y, of an indexed fukzy sub=
set A we call the ‘set |
aendAva{(f r)t reGy ,teAﬁ,feF(v)} ’
where Av denotes the r-cut of A, (see Matloka (1984)) o |
Definition -2.10: An indexed fuzzy subset A, is called closed if

£0,1>

its sendograph is a closed (crisp) sete.
Let P(A ) demotes the family of all non=-void indexed fuzzy sub-
set of A+ Analogously P(F(T)) stand for family of all non-vaid
- erisp subsets of F(T). ' .
Definition 2.5: A Cartesian product, F'(T)x P(#"(T)) say, is
the set {(£,B): fe F'(T) and Be P(F'(T))} \
Let A, and A, are the indexed fuzzy subsets of F'(T) and
P'(T) respectively. )
Defim.tion 2.63 A fuzzy Cartesian product, Ay »P(AL.) say, is
a fuszy subset of P ()% P(F“(T)) guch that VY £fe F'(P) and |

v%ueP(Avu)' V(t ,t)e Tx
Page piagnErkye) €09) /*A O s p O

’,
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Definition 2.7¢: An indexed fuzzy multi-valued function, w $

av.v
Ay~ P(A,.) say, from an indexed fuzzy subset A, into P(Ayu)
is an indexed fuzzy subset of the Cartesian product Av‘ xP(Av.. ) .

. U d ‘ t
For any A, ¢ P(.A,vl) and any A eP(Av..) we set
) § . i
A_.,A,,) = 8u £,A_.) A v ()
/Lavcvu( V/’ 'V) feFI‘)(T)(/AaV‘V”( ’ V) /U\Ave ).
Definition 2¢8: A compoBite, 8,u yu © 8giyu P Ay~ P(Agu)
say, of two indexed fuzzy multi-valued functions a. . 3 Av.»v‘P(Av..)

and By gy $ Av" ~> P(Av... ) is an indexed fuzzy multi-valued fumnce

tiom such that VY feF'(T) , V AL, €P(A,u) , V(E,t") e Tx T
(Byhy..) (489 = inf sup

/A&v.(v“, o av.v‘.. ’AV ) 4 'bné suppvu A‘v"e P(Av“)

ey o) (660 o Ay vy (8,8
v

where T denotes a t-norm (compare Menger (1942))
Definition 2.,9: A converse indexed fuzzy multi-valued function,

8y, yv Say, to an indexed fuzzy multi-valued function ag.yu & Ay

P(4,.) is such an indexed fuzzy multi-valued function of AyuxP(Ay)
that Y fe P (T) and V A, €P(Ap) and V (%',8) e Tx T

vl
W \ \ \ \ 1
(£,8, ) (% ,¢) =, s (A 9Aun ) (8 45)
/“a;.v.. v %) Av"' eP‘gv“) :_/“av~v.. v' v ’ |
{f}Av.. < Av"

Definition 24103 It}is said, that an indexed fuzzy multi-valued
function, av"v“ : Av‘A"’ P(Avu) say, has the 2-momotonous property
i-ff v Alvlt ’A‘;’n € P(Avu) 8u0h that Avll c A"'li aﬂd\ V A‘vl e P(Av‘)

ot [} \ [} .

/’L&v\vu(Av"AV") S fay v“(AV"Av") .

Definition 2.11: By the graph of an imdexed fuzzy multi-valued
function " the indexed fuzzy subset, W in symbol, 18 une

) &vgvn
derstood of F'(T)x F'( T) characterised by the following membership

function



/"'Wav‘ v“(x.s)(t‘ 5" zﬁvu esngv“) /,kav‘ y (f’Av“) (£ ,8") »

. . 1 \\ [
A 8UD )/*a;-'vu(gtAv') (t,8) ,

£cFU(T), ge P (T), (t',t") ¢ P xTPs

Definition 2.12: An indexed fuzzy multi-valued functiocn 8y g
clesed w

is calledviff its graph W, |, is a closed indexed fuzzy subset.
v

1]

For any indexed fuzzy multi=-valusd function L NPT for any
fe F'(T) and for any (%t ,&") ¢ TxT it is denoted a fuzzy subset

wE(t) %" 2
such that Vye Fou
By v t

FE) 8 )= My (£,8)('»t%)
Ay RS |
where g e\F“(‘P) such that g(t"') = y.

Let K , and K_. denote convex indexed fuzzy cones in F'(T) apd "
FYCP) respectively (seé Mat2oka (1984)), and let V te T F:G and
F; " are linear reference sSpaces,

Definition 2.13:1 An indexed fuzzy multi-valued functiom, a iyt
»Kv‘ M‘»I:-’(Kvu) 8ay, is & superlinear indexed fuzzy multi-valued fumce
tion iff it is

(i) elosed,

(ii) 2-monotonous,

(1ii) (O,8)¢ suppwav\'
(iv) ./A"v‘v“ (a- £, 2. AL) =/uav‘ ;”(f,Av,.) vV £e FY(T) ,
V a,weP(E,) 3 Va>o, |
(v)#av‘v“(f‘+ £, Aju + AL) 3 Fag (&' yA ) A
ey v“(‘f“,A:r,,) ve',t'e P (D, \/A\v..k,A“v.. ¢ P(K ).

for g # 0,
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Theorem 2,1: If afv., ¢ K »P(Kv“) is a superlinear indexed

vl

fuzzy multi-valued function then the graph W is closed and

av.vw

convex indexed fuzzy come such that (0,g)¢ supp?«ravl for g#0e
v

It is immediate consequence of the analogous theorem for the

fuzzy multi-valued functions (compare Albrycht and Matioka (1984)) o
3¢ Definitiom of indexed fuzzy model of economic dynamics.

Iet E be a set of the index sets of T with at least two diffes

rent elements such that:

- v E, whére v° is an initial index set, |

- Y veE supp v is a compact set of T,

-V v ,v'cE, if t'c supp v' and t" e supp v' them t' < %'
i,ee v'¢ v' , or if t'¢ supp v' , and-t'c supp v' them t' > t"
ie€s Vv's v, |

Elements of E will be called fuzzy time moment and the element Vv -
initial. fuzzy time moments In practice we do not conasider all timee
moments but only some time-moments. If we additionally assume that
an information about choice of these time-moments is given Tthen we
shall be able to say on an fuzzy time moment.

let E={(v',v")e ExEt v'<¢ v'y. )

Definition 3.1: An indexed fuzzy model of economic dynamics is

an object |
m = {E, F() , (R yeE o (av‘v":)(v‘v“) €§} ’
where

- T ={teRs £307%, ‘

- V%eT , F. denotes n, - dimensional Buclidean space,
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- K ¢ F(T) ‘= indexed comvex fuzzy come that for any function
£ ¢ supp Kv y £2 0,
- a, ,« =— superlinear indexed fuazy multi-valued funection,
avi vu : Kvg ~ P(Kvi() .
It is assumed that the class (&, v (v've B has the following
property : if v'< v'<v“ thenm ¥ £,h F(T) and V(¢ ,t")

,/Aw (f,h) (t‘ "t“.) = “ inf SuP
&V“vu' o avﬂ vli R -b € su,pv v“ g e F(T)
Tn(/“w : (f’g)(ti ’tu) s " (8vh)(t“’t’m) ’
1 avl vu s av v“‘ ‘

where Tn is a strictly t-norm (e.g. Dubois (1980)) .
The indexed fuzzy cones we can interpret as the sets of all goods
which are consumed or produced by the production mapping Byt o

The membership function and we can interpret for im=
/ Ky f Sy v

gtance as the consumer’s preferences. ‘
Let teT and xteFt' A singleton fuzzy subset of F‘c generated

by an element Xy eFt ’ {xtg 8ay, is described by the following mem-
bership function

X €< 0,12 AL x=x.
7 ¥ o otherwise XeFy o
Definition 3.2: A fuzzy technological trajectory of M is a fa=
mily X =({x ;%) ; such that
% ek supp v,V B |

- for each x i there exists'fie F(P) such that
t _

tl

2/ {xtiz = {xti ‘ for any vV ¢E , Ve v,

y .
£ 8
a0y
3 {x o ={x .7 o
v T

4 {xg} ey g # 9 forawy vi<v'.

&vu v"
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In this case .the singleton {x i} is called the state of the trajece=
t
tory X at the fuzzy time moment v* , {x o J 15 the initial state
‘ ' &

of X o It is said that the fuzzy trajectory X goes out {x % if
{x}=ix O} and passes thrbugh {x 3§ at the fuzzy time moment vi if
t

the state of at the fuzzy time moment is {x 3.
Theorem 3.713 (of the existence of fuzzy technological trajectory).

let v°,veE, v'c v, (3,03 = 17,08 o 2 {rgd=10g} o + 0

Koo (to) ’t

v av_o v

Then there exists a fuzzy technological trajectory X of Mm go-

ing out {y o) and passing through { ¥y y at the fuzzy time moment Ve
t .

The proof of this theorem is similar to the analogous theorem

in the fuzzy model of economic dynamics ( compare Matioka (1983)) .
4, Optimal trajectories of indexed fuzzy model of economic dypnamics.

Now, let us additionally assume thet there exists vD e E such
that V veB , vev .

Definition 4.1t A fuzzy trajectory X with initial state {x 3
: %

and terminal state {xD3 is called A ~optimal if

* ( | ) = 8su b4
/Awi"(t"),n D xegD /“wg"(t";,n( )
2 opP Ry

where fo(to) =X e
t

»

Theorem 4.1: A fuzzy trajectory X with initial state {x 03
‘ t
and terminal state { xD} is M =optimal iff the separation degree of

wto«%),D
the fuzzy subsets W '™ and {xp}y . is equal to
oP wt (7),D
a

v
o
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1= sup (x
xe ¥y /€0 °),D

a
vorP
Proof. Let X denotes a Vs -optimal fuzzy trajectory with ini-
tial and terminal states {xto y and { x,D} respecﬁivel;y. Because the

fuzzy multi-valued function a o ‘P is supertinear so the fuzzy subsets
v .
°(t°),D
Wf ’ and {xp% are boumded and convex, Therefore,
a . DJ .0 (to) D
v vD . Wﬁ ’

vovP

with réspec'b to thelr separation degree is equal to

- sup (g (x)) =

(x) » "
0, ,0 X
(o] &
v ovD
v ‘
1= (xD) = 1 = sup (X) o
0,,0 0
/*wﬁ(t),l) xan/Awf(t)D
v°vD v’D

°£°),D
Let now the separation degree of two fuzzy subsets W‘g ’
’ v°vD |
and {x,3 will be equal to 1 = (X)e
D ECt®),D xeFD /*wf (%% ,D
a

vovP "oy
So, in accordsnce with The Separations.Theorem (compare Zadeh (1965))
for fuzzy subsets we have
(x) = sup () A (x))
xeFD }Awf (t ) oD Xe FD /Awfo(to),D /M{xDB °(t°),D

v vD avovD wivovD

i

A A Gp)
‘ av°vD
Therefore the fuzzy trajectory X is - —optimal.
Definitiom 4423 A fuzzy trajeckory X with initial state {x‘s°}



and terminal state {'ng, is called pwoptimal if there exists a non=
zero functional p € (8upp KfD Y* such that

pXp) = max p(x)> 0,
°°),D
X¢ Supp Wﬁ '
vovP

where £% F(T), £9%(t°) = X0

For a normal covering of the set A we use the symbol pA ( compare
Makarov and Rubinov (1973)) .
Iet A denote a subset of F;, (A#@, {0})e An element x of A ig
called the limiting point from above of A if ax €A for a>1T.
0, .0 ’
Let us assume that supp Vfg (t7),D £0, {0},
v°
Theorem 4,28 A fuzzy trajectory A with initial and terminal
states { xto j and {%Xp} respectively is p-optimal iff xj is a limie

0.0
ting point from above of msupp Wg (£7),D .

v°vD N
Proof. Let X denote a p-optimal fuzzy trajectory with initial
‘and terminal states {x 0} and {xD}respectively. We are going to

prove that x, is a limiting point from above of psupp a S YT
, ' vovP
In contrary there exists a 2 > 1 such that
040V
A' Xp e nsupp Wﬁ (¢°),D .
O
vovP
Becauge of p(xD)>O we get
P(Xp) = max pix)> p(axp) = 2 plxy> 0
X ¢ sSupp W"g ’
vovP

i.e. 13 A in contradiction with 2> 1o
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Now, let us assume that Xy is a limiting point from above of the

0
set A = nsupp Wﬁ (v )’D* let S denote the sphere A - A and ill|A
P
Minkowski’s norm. It is inown that this norm is monotonous and
= { =z HzHAs13$
Because x is a limiting point from above of the set A there holds
] XD il A =1 o ‘ |
Therefore there exists a funet:.onal p € (supp K]:D)" such that
So, the proof is finished.
From the above proof it follows immediately
Theorem 4.33 A fuzzy trajectory A with initial and terminal
states { x o } and {xD 1 respectively is called p-optimal Iff
t )

"xﬂ 8 . =.~'].
D 0,,0
nsupp Wg ($7),D

¥
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