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Introductory remarks.Basic nntation

In many situations of pattern recoznition in a fuzzy envirrnment [1], (2], (4]
rr rule-based expert systems we are faced with matching fuzzy or n~nfuzzy
data with the antecedents of the rules.Several apprraches have been
already realized in the setting of fuzzy setsjcf.matching imprecise Ob-
jects([2].1t is particularly attractive t0 consider a situation of pattern
classification where features °Cf the patterns taken into accrunt are de-
scribed in a linguistic fashitn by assigning them fuzzy sets-fuzzy labels.

Given a finite collection of prntotypes of the classes specified by
the apprrpriate fuzzy sets(or more precisely fuzzy relatirns)we are to
classify any input pattern described by numerical or linguistic quantities
This is made Dby the use of one °f matching indices known in fuzzy sets
e.z.crming from pOssibility theory.Dentcte by Dy Woyeees@, the classes
discussed.The input pattern is classified accerding tn self evident for-
mula:denote it as belonging to the class in which the specified matching
index attains maximum.Morecver the value Tf this index prrvides an in-
formaticn to which extent the pattern bel~ngs to the class.Thus we zet
mrre valuable information than this is prssible in Brrlean case,viz.by
rnly"yes-no" evaluation.

while discussing practical prOblems two aspects the matching pro-
cedures cannot be neglected and deserve a special attentirn:
i.e~nsideration of different grades ~f imprrtance ~f the features nf the

pattern space, ‘

ii.crnsideratirn of uncertainty attached tO the hynrthesis emitted by the
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classificatiorn mechanism previrusly introduced.

Brth the prrblems will be discussed in foregn ing sectifns.

At the mfment let us establish sfme n~tatirn used furbher on.,As usually
denrte by capital letters fuzzy sets and fuzzy relaticns.As standard
Aandvwill be used for min and max,respectively.The prrtotypes represen-
tinz the classes will be dentted by §1,§2,...,§C.They are expressed in
cartesian product of feature spaces X1,22,...,Xh,2=21xyéx...*Xﬁ,thus
A:¥-+[0,1] .And,every coordinate ~f the prrtotype frrm a fuzzy set defined
in the coordinate of X,

’

Ay=hythyon e i )
where cartesian prrduct yields the frllrwing membership functicn,
Ai(2)= min(Ai1 (&) A (2) ""’Aim(am» )

In zeneral matching any input fuzzy infrrmation X relies On matching
each nf its crordinate with the chrresponding crordinate of the proto-
type.Thus dentinz by M(.l.)the matcning Operator we get
N 1T )
M(X|A) = (Ml ) M 1AL ... M(x_1a;)] (3)
where X constitues the cartesian prnduct,
_-X_ = X"xxzxncoxxm .

latching algorithms

As menticned earlier the given pattern X is matched against Ai chrhrdinate-
wise,thus M(X|A;) is the vector as shown in (3) .S0,quite clearly,the re-
sult nf matching forms a vector of real numbers lying in [0, 1] interval in-
dicatinz t0 which extent the fuzzy sets Xj and Aij,j=1,2,...,m é%ncide.

Afterwards M(Kléﬂ is scalarized taking minimum of M(leAjj)’s i.e.

) ) (4)

M XA min M(leAia

1£j4m
(this is usually used way of crmbinationlhThe result of the matching pro-
cedure(ﬁ)can be cﬂnvenienfly treated as a grade °f beloneringness of X
t0o the class @j:

a srade of belongincrmess of X t0 W, = M{g]éﬁ,i=1,z,...,c.
The hicher the value Of M’(é]éﬂ,the better a fit of the pattern to the
i-th class.Finally,a class assignment is performed acchrding t0 a self-
evident rule:
max M(X|a)= M(X|A;) > X eo;

where "e " is read in a éontext of %uzzy sets viz.With a strength of
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membership just ziven by M’(éréi) .Fuzzy sets offer much more flexible
interpretation than a simple O-1 valuation.Beside c"ntinucus membership
assiznment,we can speak ab”ut judsement separability,namely distinguish
the cases in which exactly ©one class membership dominates the remaining
classes.To introduce it in a numerical fashion let us nrrralize all the
gsrades Of membership such they sum up to %ﬁ&y.obviously it 1s easy to
perform:replace just M’(ﬁ'éi)by M(ﬁléi)/ 2 M’(4)A).Then as an 1ndex
0f class separavility for the specified gz%ake the following expression
c c
p=1-o® TT mr(xlay /s 27 w(x]a) (>)
vz k=
Notice in the worst case we have all the normalized grades of membership
t" the classes equal to 1/c,therefrre §=0.0.0n the Other hand if exactly
one drminated class membership has been nOticed,M(§|A§=1,and M’(Kléj):@
for i#i,j=1,2,...,c,then ¥ attains 1.0.
Until now we have not menticned any form of the matching formula
(BXT” a certain extent it is a matter of taste and is applicaticn-rriented.
Cne of thcse being ih a commtn use is the possibility measure nrisginated
from the early papers on possibility therry[8],
M(leAij)z J—\(Xj‘Aij)= sup [ XjKX)AAij(X)J ©)
Xer
Perhaps "ne can speculate whether it prssesses significant discriminant
prwer.f r instance the prssibility measure in such the frrm as given
abcve yields the same value for two fuzzy sets X5 diverse in their cha-
racter: ,
1.Xj—a sinzleton such that X;(x)= &k,xo),such the value of the prssibility
measure is equal to igg AijCﬂ = Aij(xo)
2.a chnstant fuzzy set™X%j with the value of the membership functicn equal
tr 1,thus we havex(XJ.\Ai3= Aij(xo) .
In both examples we get the same value Of the matching srade equal to
Aijtxo).This would be a bit misleading: in the first example we match exa-
ctly defined input pattern asainst the linguistic catez~ry of the prnto-
type of the classj;in the second we deal with the pattern wrich the j-th
chr~rdinate is viewed as cmpletely unknown.Notice the fuzzy set with the
c~nstant membership functi”n equal to 1,0.is srusht as mrdelling the term
"unknfwn' ctnveyinsg no relevant information,Nevertheless the proper de- |
finiti~n ©of the matching expression is 0°f a technical nature and a slisht
mtdification would help to resflve the abovementioned difficulty.
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Finally perf”rm%&q scalarization we get,

M,(Z‘;\éj): {} JT(KJ.\ Aij) ‘ (7)
and, in general,the result of matching can emit the frllowing hypothesis:
~the pattern X is @; t0 the ﬁegree equal to0 M’(gléi)
A 17zical background suppCrting the use of such the aggregaticon procedure
comes from a pessimistic view:matching is gnod 1o such a degree that is
equal t0 the lowest degree Of matching amOng the ct"rdinates of X and éi'
Unfortunatelly all the co~rdinates are evaluated uniformly.This wnuld
form a significant shorcrming in a wide group of application.For a certain
analngy recall a classical pattern recfznition problem in which we deal
with the matching prototypes and input patterns in m-dimensinnal feature
space( = Bm).The essence 0f matching relies On computatirn respective di-
stance between the points in this space.Only in a simplest situation One
can treat the Euclidean distancejusually the Mahalanobis distance is
accepted that is especially useful to handle different grades of impir-
tance nf the features,

Thus we will try to improve the matching formula t© make it mOre
applicable to be powerful in situatincns various co~rdinates Of ¥ have
different values of importance (different discrimination prwer)lMoreover
the propnsal shnruld be realisticynamely it should give a constructive
way to determine the hierarchy of the features (coordinates of I Therefore
it is sctmetimes doubtful tr accept a simplified version ~f the problem
srlution such that

m -
M’(.)..(M.‘.l) = {}1@()(3 'Ala))wa (8)
wj being properly chosen weight factors,or forming a linear cfmbination
m m
M ; ) = . . . .
(—é|él) j=z1](X3 l AlJ\wJ /j§1w3 (9)

Nrtice that we have t0 prssess more refinement knowledge On the
environment in which the classification is performed that allows us to
find out a reascnable basis t0 accept the special form of the aggregation
function (8) or(9) .

The weights of the features can be achieved by applying Saaty’s
priority theoryl6]l.In this way the features are collected in pairs and
shown t0 the expert in this field in which the classifier will be used in’
future.The essence 0f the experiment deals with pairwise feature cOmpari-
son,the expert is requested to estimate the ration wi/wj dennted by rij
in a specified scale,usually of 7-10 print range.If the i-th feature is
completely prefered over the j-fh one,then rij is equal to the highest
scOre viz. I'j.= 7 or 10 .If brth the features are sfught as equal then
rij=is put to 1.0 .Moreover a reciprocal relationship hnlds,namely
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rij=1/rji.POSsessing the results of pairwise cCtmparisOn,the weizht ve-
ctor can be obtained by s0lving an apprfpriate Optimizatinn prrblem: for
details crmsult e.g.[6],see alsO an apprfach where the scOres rij are fuzzy
in their nature (triangular fuzzy numbers[S].Having at our disprsal the
vector w =[w,; Wo ... wm]T we can try t0 perform mechanisms 0f weighting
the results of matching M’(leAij).lt 1s plausible to accept here a fuzzy
measure apprﬁach(g¥} Bear 1in mind a monotonicity prrperty g(Q<sz(D ,for
CeD being two subsets of the features Fz{fw,fz...fmjcan be interpretea

«s a measure of "certainty" of object matching{the more features we nave
already matched,the higher the grade 0f certainty on the measure of fit

is reachedlAccording to the theory of fuzzy measures and intesrals whrked

rut by suceno[7]we Obtain )
M’(_)_iléi)z {E\M’(leAij)og/\(.) (10

with g§ ) being a A-fuzzy measure.FOor practical purprses 0 is calculated
~n the rasis of the vecttr w already experimenfally c~llected.

Feasuring certainty 0f the hypothesis "f class assignment

Faving a glnbal view at the investigati™ns perfrrmed until now as well as
the remarks c¢"™ntained in the previfus secii®n,the hyp~thesis generated
cifies a dezree Nt mempership ©f the prattern t0 the given class.NNticing
what has been t0ld apb~ut certainty of such the hyp~thesis we can formula-
te the f~llowing questirn: ls there any un certainty tied with the hyprthe-
s1s?C"nsider twt examples:

a.1nput infrrmation dealt  with the pattern is nonfuzzy one,thus the

mat—chinz yields the srade "f membership t0 the j, -th class equal tr
A i (x ,;./),

t. %ge inmut rattern is specified by the fuzsy set such that L{(¥= Aj\(XO)
frr any xels,8)and O, therwise such that er&.,G]Here we zet the sarme
value ~f ~atchins as ref~re arplyins the prssitility measure.

Fryever the tw™ situati~ns are extremaly di ferent.In the first we play

with precise input informaticn, in the sec™nd "btserve the infrrmatirn is

quite fuzzy.'hus it is whthwhile t~ have the result ~f matchiny enriched

Yy a certainty value or uncertainty value attached tn the srade "f menbter-

ship acer~rdin«ly,

certaintyii bel"nzs to @, with the grade nf membership equal to

MY (&A=,

or

uncertainty 4 ber"n:s to Oj vith the srade nf menbership equal tn ,u

In situat ~n a. A sh”uld te put t~ 1,while f~r b. sh~uld te simmificantly
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1~wer.'his the guesticn arises h~w the value ~f may be crnveniently
“tained.

Mrpre deener insi ht int” the pr-blem addressed m~ves us t" mfre refine-
cent 1rcal 100k at the matchins stase.Previnusly we have cneentrated ~ur
sttenticn "n a ccalar index ~f ~atching..” get a guantitative expression
for uncecrtainty tied with the hypothesis senerated let us perfdrn p~int-
wise matching..cre f-rmally in seguel assume the fuzzy relati~n X has
been defined in a finite numb.r of elements ~f X we 7et,

'_*(Xj s Xy oo 9Xn)5Ai(X1 sz, vee 9Xn).: [ _‘i_{_(X,‘ 9X2y v 9Xn)"éi(x1 ’X?1 > "Xn).]'\

L éi(xq,xz,...,xn)e-§(§1,x2,...,xﬂﬂ
an
xqexﬁ,xwex?,...,Xﬁein.Calculatin{ the values ~f pr~batilities nf ~ccurence
~

f ¢ifferent grades ~f equality,
ﬁodrqi XT,X;,...,XH‘ é(X1,X2,...,x&%éi(X1,X2,...,Xn)=ak}

py = o
) card(g1x X:x...xxn)

- N

a, el0, 1) k=1, 000,00,
rre arrives a to a rotirn of sutjective entrrpy defined as inlZ)]
(3} gy, ’

LS

. -=S(a,.p,. 10 ) 1= N At o 2

L= 2Ep gt (-apy 1030-30ey) 2 .
k=1

Pavin~ the protlem of  axinization of the subjective entr-py already s°l-

ved.seg’], we n~rmalize hi ~ttainini the required srade °f uncertainty

RIS S A
/ i’ max’

The int: ~duced pr-p - sal is attractive frrm at lrast tw" rrints ~f view,

~r ‘rade ©' certainty=1-u .
/
-firstly "ne can et a reas”"natle view “n urcertainty NV the nyr-"thesis,
-sectndly "ne may c"ntr”l an emissitn ~f such the hyp~thesis that has an
acceptable level of uncertainty with still siznificant srace ~f merbter-
s ip. heref~re the statements abfut the ny:"ihrsis are si nificuantly m0=-

dified. Insiead determininy the menbership t° the given class we may spe-

(9]

ify a srade ~f me bership t® a riven 1~ rical c¢mmbinati n ©f the classes
in T e o S ) i k 1 n | -~ . .o s ."h i . ) =

in rencral takin: the f~rm Mﬁ, Oy ae..@ ). 0T 1nstanceﬁ§,02....,wc)

W, rr® trhat is a weaker fcrm ©f the class assifnment‘ﬂ' Wp. o0 Q)=

1 o “1 a4 c

= ., r P ,wa,...,a‘)m @, and(nct®, and n°t ®, and not .... and not @ )
that is a'st¥n er Sudge&eﬂt in cmtaris™n t° the "ri inal ‘ne ¢

expressing ~nly the srace ©f :ie bership t¢ the class¢91.
A crmi lete system fcr :attern classificati~m with the tl-cks disscussed
until ntw is dis layed in the fi-ure pr: sented telfw.
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feature evaluatitn
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Crneclusions

de have discussed a scheme °f pattern classificatiOn'that makes use of
procedures of pattern matching. 1t i% presented how the matching can be
real ized and in which way the weizhts of the features are nbtained and

as reveted . More~ver the zrades of uncertainty tied with the hyp~thesis ze-
n-rated are presented;it is als”? underlined the way in which the hypﬁthesg
deal in* with several classes are evaluated.
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