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Abstract

Three main types ‘of dominance of slternatives i.e. stochastic
dominance, statisticai dowinaace, and stochastic-statistical
dominance ere presented in this paper. The purpose of that is

the choice of the optimal alternatives in tincertain and imprecise
environment. For the decision set(as well as for the sets
representing goals end constraints)the concept of prdbabilistic

set in a sense of Hirota is epplied. The considerations are
illustrated by means of a numerical example.

Keywords

dominance of alternatives, decision meking, probsbilistic set,
probabilistic fuzzy environment



93

1. Introduction

In some cCecision  situations, especially in the uncertain decision
wcking environment, the membership grade may be of probubilistic
(random) nature or of possibilistic nature. The possibilistic type of
uncert sinty leads to fuzzy sets of type I1 and it is not considered
here. For the membership function being s rendom veriable for each xeX
the concept of probabilistic set introduced by Hirota [4] seems to be
convenient. A probabilistic set A of X is essentially defined by the
¢efining function

ar xR —=[0,1] (1.1
where X represents & set of possible alternatives and A may denote
decision criteria, objective functions, restrictions or goals. 2 stands
for o space of simple (elementary) events.

Similarly as in fuzzy approacnes to decision making problems [1,5,7,8]
we can find situations, that gotls and constraints constitute clesses
wiich con be described by meens of tie membersuip functions being
randon pru-esses. In these situations & probabilistic fuzzy goal (con-
streint) is @ probabilistic set of X, characterized by 1ts aeiinlng
function. The probabilistic fuzzy decision is tne probabilistic set
sttisfying simultaneously tie goals and constraints. Denoting the
respective n-sry operation on the probabilistiec sets AI’AQ""’An by
3, we muy write for each x€X as follows

n
On: {(}‘\1 ’Az,..o’An\) I AJ-: xxﬂ-’b”] j:' ,2,.-.,1’1}: —

— {DID: XxQo[O,l]] 4.2)

Teking into account the distribution function description of probabi-
listic sets [2] we nave tue following equality for each xe X

Fo, (A‘,Az,...,An)(x)(Z) = Fpx@ (1.3)

The prouviem of evsluating the optimal alternstives may be solved in
weny ways, using verious criteria. In this paper the criteria besed
on come types of dominance are proposed. Taese criteria saould help
for cinosing the optimel elternatives in the respective decision

situntions.
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2. Stochsertic dominance

Let 7 :[C,{]be rn attribute set &nd zc[a,b] be & specific level
of the nttribute Z, where a<b and the endpoints may be O end 1.
Lot A denotes o set of all feesible alternatives and u(z) be a uti-
1ity tunction on Z. In risky decicion problems, suppose that the pos-
8ible impucts of two alternatives Xy xje ¥ cen be described by the
probroility distributions FD(xi) and FD(XJ) on Z, respectively (D (x)
senotlos the defining functicon of probabilistic set D i.e. the cdecision
rrt) . Then the following axiom is approved under the expected utility
criterion (¢f.[6))

o X; > X3 resns E(u, L)(xi) ;E(u, D)(xj‘) (2+1)
wherc the symbol >» means ‘'"preferred or indifferent to", and E(u, gkx)
denotes mathematical expectation with reepect to the utility function
u en¢ probubility distrivution of D(x) on [0,1] i.e.

1 : .
£, DXx) =f u(z) dFD(x)(z) (2.2)
o) ~ A

Under the above axiom the probability distributions themselves are
viewed &s risky alternatives. As the available pertial knowledge about
the utility function the following classes of utility functions cre
defined

U,

{u(ﬂl u;C? ,%%:>O}

. 2
u, ={u(z)| wec? , uel, , 9-,';-‘40} T (2.3)
dz
3
u ={u(z) uc03 u ey, ,‘3—920}
3 ' e’ dz3 '

where CF representz the set of bounded i-th differentieble functions.
il.ese clances are of importance for sttitude of decisionmeker’s pre-
terence towsrd risk. OoviouslyTl‘ is the class of utility functions
for which the decisionmaker prefers an increase of the attribute level
1& is tne clese for tue decisionmaker to be risk-averse, andﬂij is the
cites for the decicionmaker to be decreasingly risk-averse. With these

citroeg tie stechmstlie donmingncee is defined as follows.



For r=1,2 or 3, the distribution FD(xi)domlnates thq distribution FD(xj)

in ¢ rense of r-th degree stochastic dominsnce, written as
Fu(xi)Zr FD(XQ ir  efu, DJx,) = £, D)(xj)

for ue'l.l,f (2. 4)

The symbol >, rvefers to first-degree stochastic dominance, >, to
cecond-degree stochastic dominance, and;;-3 to third-degree stochaste
cominance.

Ihe necescury and sufficient conditions for stochastic dominance &re
the foliowing ones [6].

Provice Tothaet FD(XQ and FD(Xj) sre distribution functions of a single

variahle

t. FD (xi) 2 1 FD (XJ') iff FD (xj)(z) > FD (Xi)(Z)

*fzc[b,ﬂ

Z
2. FD(xi)>2 Fp (Xj) iff bf FD(XJ)(L) dt ;j FD(xi)(t) dt

Y zefo,1]

3. F = F iff m, > m and
D(xp™ 3 "D(xy) FD(xi)/ FD(xj)
zZ Yy zy -
t) at
ff FD(X‘)(t)dt dy > ff FD(xi)( dt dy
02 J 00
¥ ze[0,1] 2.5)
where o denotes the meen velue with respect to distribution

()

furcticn(s) id.e.

1
me = f z CF(2) (2.6)
0
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3. Statisticsl durinance

Statistical cominunce of =lternatives is formulated by the following
components (ﬁf.[én
- . s . . L4
1. A Jdecisionmaker who is faced with a choice of two alternatives,
X.
b L
2. A set of u mutuslly exclusive and exhaustive stotes of nature

¢ ¥, nd whose critericn ie the expected utility

L‘,E?,...,Nm} , whose probabilities p,, ketd:bg2,...,m , are
known oxuctly

3. 4an axm motrix of utility values in which us is the known utility
vilue evuluated Ly the decisionumuker, if he applies alternative X
and state L, is the true state, i€ I=11,2,...,0%,(n denotes the total

5
nuzcer of alternatives taken into acccunt) , k€ M

According to the statistical charscter of the consequences states, Uy

ray bYe interpreted as the following two cases:
i when only a single consequence. Z;p can possibly prevail then
U, = U (z5) for i€l and keM 3.1
ii when it is posgible for two or more diffcrent consequences to occur
then
o - 1 2 ! 2
uik — f u(zik'zit"..) dFD(X)(zik’zik’..°)
2

(zik,zik,..)tz ,
for i€l and keM (3.2)
where F,(x%z k'z1k"") are the conditional probability distribu-
tions of the consequences, given tae state Nk, for alternative iel
Uuder the above tormulation, tie expected utilities for alternatives
x. &nd xj are written as

i
E(u, ﬁyxi)

ik

H
o
EHI'IB
o
2]
]

(3+3)

E(ﬁ, DXxj)

#

ke
w

=
[
A

ka3
it

recpectively.
Provided thet complete xnowled-e about probabilities of the states
of n&ture is aveilavle, if

I3 (u, LsXx g (u, D)’x (3.4)
we sey tnat eslternative x4 dominates ulternative xj in the sense of
stntisticel doninance.
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4, Stochisstic-statisticel cominence

Stochastic-statisticael dominsnce of alternatives is formulated under

the 1o0llowing circdmstances(cf.[6n'

1.

Z.

3.

lne decisivnmuxer is taced with a select1on of two alternatives, )&Hﬂd
X: e X, und preters an alternative maxinizing the expected utility.
e cecisaoriveker®s utility function may be not identified completely
tut it is known which class of utility functlons is preference
attitude belongs to. ’

Ihere exists & set of m mutuwlly exclusive and exhaustive states of

w»—-"—wa

neture i.e. ,N2,...,Nm}. One end only one of them is the true state
but the Jdec ﬂ1onmaker is uncertein which Nk' keis 1,2,;..,é}, is the
true ctate. [‘robability Py of the state is known exactly.

The cecisionmaker is not certsin which consequence is the true one
even if we knew the true state of nature. The conditional probability
distributions of coneequences given for each state of nature are

completely assessed for each alternative.

k

Let Pb( and F D (x ) denote the conditional distributions respec-

tively With respect to attribute Z. ‘inen distributions with respect to
attribute Z are given by ' ‘

m
k
Fy (xi)(l) = 4 Pk FD (x )(z)
k;n' ) (4.
FD (XJ)(Z) - s Px FD (XJ)(Z) '

Provided that complete knowledge about probabilities of the stsates of
nature is available, if

E(, I)x) = Ef, x 5) (4.2)

for all ueuP endr =1, 2, 3

we sty that distribution FD(x) alternative X4 dominates

distrivution FD(x-) alternative X in the sense of r-th degree

stochestic-statistical doxinance.
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9. humerical exemple

Let us assume thet in decision meking provlem the goal X is a fuzzy
set for waich the distribution function equeals Fx(z)=ﬂ(2 - x)(Heavi-
side function) . The constraint given as a probabilistic set is con-
sicered as uniformly distributed. Both sets (goal and constraint)
are reduced to the region [0,1] as shown in Fig.1. Assuming the
utility function on Z as u(z)= z we get & known formula for the res~
pective mathenatical éxpectation]2]:

B, D)&) = e@)kx) = x - x%/2 . (5.1
ruere D is the decision set in a sense of minimum operation i.e.
D = XNY, (5.2)

This result shows that the optimal alternative is Xont = ! (see Fig;9

opt
because tie maximum of E(u, Qyﬁ) is unique.
We may caeck independently of the explicitely assumed function
u(z)elﬁ,(ﬁhere Lﬁ is the class of utility functions for which the
decision meker prefers &n increase of the attribute 1eve1) the
necessary -and sufficient conditions for stochastic dominence. The
respective formulas for the distribution functions and their inte-

grals are as follows

FD(X)(Z) =0e-9( -2 +2z . (5.3)
2 22 ’
OTFD(x) t)dt = % + Q1 - x)(z -x-3 ) (5+4)
N/ .
JJFD(X)(t) dt dy = +‘ﬂ(z - x)[ﬁ——-’ﬁE - ‘6‘] (5.5)

These functions are illustrated in Figs. 2,3,4. They imply the res-
pective inequalities for the first-degree stochestic dominance as
well &s for the second- and third-degree stochastic dominance {i.e.
for r=1,2,3).

Additionsally the following formula for variance is obtained under the

fz2 dFD(x)(Z) = [E(D)G‘-)jz

0

1}

assumption u(z)

V(u, DYx)

2

v (D))

(5.6)
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[ 1o pective values of varionce are shown in Fig.) as well as the
ey
valuea of ?:(u, I.‘s)(x)/vc\f(u, LYx) for each xe¥

Ceoteaciiling Yemarks

(e prescatod types of cominence of slternatives are based on the
cxpected utility criterion. In particular case a respective mean value
cay be co.sidered.

he mozent snalysis of probabilistic sets shows that the main infor-
Lniil.a is concentrated on lower moments such 8s & mean a mataematical
expoctation called & "membersnip function®™ of orobabilistic set and

. verinnce colled a "vagueness function". In order to characterize

a probobilistic set it is sufficient practically to consider both

n werterchip function snd a vagueness function.

Sometimes it maey occur that the maximum of EQJ,X»GQ is not unique.

1t meens that there exists a set
o= {xew | 2@, D) = max) )

In thet ctse we need additional information using the variance
For example if card K> 1 we have

Xopt € {x eM‘V(u, )x) = min}  (6.2)

It meens thot the comperison of diffrent values of variance may solve
the problem of the right civice of alternstives.
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