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Abstract

The largest element of the solution set cf a given fuzzy relation
equation has been found by F. Sanchez [1]), but the smallest element
dose not exist. In the case of the determinzte relation equations,
complete conseguences has been fpund by Wang-Pei zhuvang and Yuan-
Meng [2]. In the case of the fuzzy relation eguations, Wang ancd Yusn
ave given a necessary and sufficient condition such that the furry
relation equation is sclvable. In the paper[3], the reachable sclu-
tior set of a fuzzy relation equation is given.

In this paper, we shall give the solution set of & fuzzy relation

eguation on the infinite sets.

Feywords: I'uzmrzy Relation Equation, Punzy Relation Inecuality

Largest Scluticn, Reachable Sclution, Quasi-rinimunm

A.A necessary and sufficient condition

Let F(U.XV ):{R

R: UXV £ Lz L:{x

o\(xg1} . REF(UXV) is
called a fuzzy relation from U into V.

Given 2 fuzzy relation equation

XoR=S (1 )



[R———

o
Q0

where ReF( VXW), Se¥( UXW) are given and Y& F(UX V) is

vnknown .

Y€F(UXV) is called a solution of the furzny relation eguation

A,OR = O if

V(Y(u,v) /\ R(v,w)}: S(u,w) for V(u,w). (V= sup , /\: inf)

Theorem 1. A neccessary and sufficient condition that YoR= 3
be solvable is that

ng A (s(u,w')) ] /\R(v,h’)} =5{u,w) for \7’(u,W)-

v i Slu,w' )¢ R{v,w")
If YoR =3 be solvable, then the 1érgest element of the sclution set

is as follows

Xu,wi= A,y sor Yu,v)

8(u,w')R{v,w")
(In this paper, we assume that the infimum of the empty set is 1)
B. Reachable solution set of YeolP25
Given a fuzzy relation inequality
YoPR 2 S (I1)

Definition 1. YeF(UXV“) is called the reachable solution of
Yol 23 if

For V(u,w), J v* such that X(u,v*)/\R(v*,w}}S(u,w).

By analogy with the fuzzy relation equation YoR= S [3], we have

Theorem 2. YoR2 S has the reachable solutions if and only if

G= %g[UXW—L v, for V(U.W)‘R(g(u,W). W)zS(u,W)} ¢47, If Ged,



for Vge(} let

vetu,v)= ¥ (stu,w')) for V(u,v)

glu,w')=v
(In this paper, we assume that the supremum of the empty set is o).
p

Then the reachable solution set of YoR2S is

X:{X'Xg)?g, gec}= U {xlxgng

gel

C. Solution set of ¥oR25

Defintion 2. For Va,b ¢L, wve define

a _._b:;a—b when a»> b
o) when a4b

Tvidently it satisfies a — bél for Va,beL.

4
i

€L teT, £”=q—---r—l (1“121,2,...).
0

Then [5= V (sf) if and only ifﬁ satisfies
T

Lemra 1. Suppose St
1) for YterT, s <B
2) for an ’ 3‘6,, ¢ T such that Stnz [3 e £n.

Now we consider the fuzzy relation inequalities

(n)

2]

YoR 2 (n=1,2,...) (111)

Where
S(n)(u w)= s(u,w) — £ for V(u W)
L - ’ n ’ ’
By theorem 2, the reachable solution sets are

x(”L%Y'Xngfn), g.,éGn}=U {X)XEng‘n)} n=1a, -

g,eG,

where



€0

G\ﬂ :%gnU

Xgﬁn)(u,V) = V (S(u,w') = £,) for V(u,V).

£, (u,w' )=v

g
XW —»V, for V(u,W)JR(gn(u,W),W)ZS(u,W) — E.,}

Theorem 5. 1f ¥oR2 S be solvable, then the solution set is

L= {xh

Proof. a) Suppose that X is any solution of XoRZ2S . We have

X)XDXg(n)}
n=1 g €G,

V(X(u,v)/\ R(v,w)) Z S(u,w) for V(u,w).

v
By lemma 1, we have
for VEY. . V(u,w), g v, * ¢V such - that
vip*) N R{v, *,w) 2 Y{X(u,v)/\ﬁ(v,w}) —_ fh;S(u,w)‘——'— 2N
Thus ¥ is the reachable solution of the inequalities
XoR;S<n) forvn

This means XEg n %x(n f,

n=1
23] (n) . ~{n) .,
nY Cuppese X € ﬂ{,}:’ j Zy 7AC-/"{ nEly 2y 2y e
n= .
we heve for V(u,w).an, Jv*eV such that
Y{u,v* }f\fi(v“‘ ywIZS(u,w) — En

= Y., Vén, Voo, e ese,)-=g,

J ]
Acrvording Yo lemma 1, wcv have

oL
VX (v, VIAR (v, w ) \/ ww )=, ) =8 (u,w)  Yu,w)
Vv nz|

This means XeDR25 . 0.B.D.



b1

. Solution set of ¥oR = S
The fuzzy relation equation XoR = S (I) is equivalent to the

systems of the inequalities

?mngs (111)
¥oRQ2 S (11)

By theorem 1, the solution set of XoRLS is
x= {xlx [45'¢ } .
By theorem %. the solution set of XoR2S is

x| Lzt

Hence the solution set of YoR= S is

o0-ZNL-1, Y b

Lemma 2. For VgneGn; %X

i

}’g(n)c X ci}

ng\n)é)(é?} *.tfif and only if £,
satisfies ghe Gh* £ G where
Gh*=§é§"]UXW-§$ Vv, for V(u,w), 7(1},{3 (u.w})/\R(g (u,w),w)
25(u,w) ..'_ghf
Proof. a) Suppose g, &G and ?)ﬁ}ngn)é X£i£#¢.
Then we have

ng\n) <X =>» for V(u,v)l i(u,v)ZXgr(‘n)(u,v)

=> for Y(u,w), X(u,g, (u,W))ngyfn)(U.gn(u,W))
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= for V(U,W) Y(u,gh(u,w))/\R(gn(u,w),w))
> %6 (u,e, () \R(g, (uyw),w) 5 (u,w) = £, .
= £,€6)
b) Suppose g ¢ Gx , We have
for Hu,w), Xlu,g, (u,w))AR(g, (0,w), W) ps(u,w) L &,
= f(u,gh(u,w))zs(u,w) — fh for V(u,w).
If for V(u,v), gh(u,w')zv for some w' we have
X(u,v)= X(u,g,(u,w") 5 5(u,w') == ¢,

xe™ )= Vo (stuw) = ¢ 1¢X(w,v)

LI
g, (u,w')=v
and if g, (u,w)¢ v for all weW, we have

e Vo
" gnu,w'

s(u,w') = ¢, )=0 ¢ ¥ (u,v)
)=v

(
thus for V(u,v) )’gf’n)(u,v)éi{-(u,v). We obtain Xgnn)c ¥. This means
. 7

{}(

Lemma 3. The solution set of XoR= 5 is

-0V frbeie ey

— lr X
n=1 ggne Gn

M) v ey
e exeX (¢ Q.E.D.

Finally we obtain
"hecren 4. The solution set of YoR = S is
¥- Y §X[Xf CX gi%
feF

where



63

F=G% X GX X ovu XGX X ...
ar=fe, [UX W 25 ¥ for Y(u,u), Fu,g (u,w)) AR, W) %)
25(u,w) — 5;4}'

foer=(g £y, 00098, «+)EF, (g,e G¥)

(v v)..v V (s(u,w') — 2 )

n guw)..v

Proof. a) Suppose that X is any solution of XoR= S. Ry lamma 7,

we have
for Vl’l ag & G* such that X ( )C XX
] h n’ gh —_ =

= 3f=(gl)gz)...,gn,...)éF)(gheG:) such that 72 Xgr(ln)forVn.

==> for V(u,v), X(u,v)> V (s(u,w') = fh ) for Vn
0) '

r (u,w' )=v

r

—> for Yu,v), X(u,v)3 V V (s(u,w') < ¢ )
n

(u w' )-v

o
D
ot

uv)——vv (sguw)—-g)

nguw

thus ngxg\:. This means

xe \Sx xfgxg)?}
feF

b) Suppose

X e_;K;/F{ If_Xgif}



b4

=> F1=(g,, 8, ++-1E,,+-- )€ E(g, € 6%) such that X eX&X
=» for Y(u,v) X(u,v);Xf(u,v).-: V V (s(u,w') =~ £ )
’ no .oy L
=3 for V(u,v), Vn, X(u,v) 2 V SS(U,W' ) = ¢, ):Xg(n>(u,v)
gh(uyw )=V f
=== for an .}ZQXQXgin)
o /
n=1 g, € G

By lemma 3. ¥ is the solution of ¥oR =S . Q.E.D.

ng‘n)(__ Xgi}

Xf is called the quasi— minimum of the fuzzy relation equation

YoR? = § associated with feF.

E. Example

We consider the fuzzy relation equation

/

0.49

0.499
(X X ) ooo’x'r)oco)o 004999 = 0-5

1, Tz,
"

)

where
¥ =(x],x1'.'.,x,’...)éF(fu}xV)
6.49
0.490C
R =| 0.4999 EF(VXfw})



S= 0.5 €F(fu} X {w} )
V=4V, v, eeyV, ees }

By theorem 1, we have
X, = N{¢f=1 k=1,2,000

<1,1’1‘9’°')-

joy
=3
wn
|
i

By thecrem 4, we have

thus

G::fn—?,n,n+1,...§,...

F= 6* XG% X .o XGX X.us

If we select f:(k')k,)ksl...)=(1,2,3,...)eI’

thus

Ty n  k,=k (0.5 1ok J=0.49 L0009 (k=1,2,...)
hence

X, =(0.49, 0.499, 0.4999, ...)

If we select f:(k,)kzik3,...)=(2,2,3,4, e JEF
thus
Xe=( 0, 0.499, 0.4999, ...)
If we select f=(2,2,4,4,6,6,8,8,...)¢eF

thus
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Xf' =(Oy 0.499, 09 00499999 Ov 004999999100')0
There exist infinite Quasi——minima, but for any quasi—minimum Xf ,

there exists another quasi-minimum xf' such that xf,c_y€
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