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1.Introduction

Having a look at diverse interesting results obtained for fuzzy
relational equations(for recent review see e.g.fﬂlwe can easily
nntice they have been derived under assumption the given fuzzy
relational equation is solvable.Unfortunatelly,it is difficult
to know a priori the equation has any solution. A situation be-
comes much more cumbersome while studying a system of equations,

A1'R=B1 )

f2*-, 2
ANoR;BN
where no simple,easy-to-use set of conditions required to make
the system (1) solvable,can be expected.This is mainly due to fact
of interrelationships existing in the system of equations which
are difficult to detect.Even every equation has a solution sepa-
rately,the overall solution may not exist at all.
This note is addressed to the problem of searching the structure
of the fuzzy data appearing in the above system that enables us
tn study consistency of the appropriate data with respect to the
frrm of the fuzzy relaticnal equation,and,possibly,tn eliminate

some of them characterizing by the lowest values of the performan-

ce index of consistency.In this crntext,the use of hierarchical

clustering methods will be clarified.
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2.Some related results in fuzzy relational equations

First of all we summarize some useful results nbtained in the-
ory of fuzzy relational. equations.As standard,a usual nontation
will be applied,viz,
A 1®R=B;,1=1,2,...,N (1a)
\/[A 1 (B R (@, bl)_] B, (b)) (2)
1=1,2, ...,m,card(&):n,card\(B):m,Ai:A »00,1) ,By:B~[0,1] ,R:A B »
*[0,1), V=max, A =min.Denote also
R= {R| &;eR=3, } (3
a set of fuzzy relations for A/, B giveh.Now we have cf.|3]
Trnposition 1
If R= '\.R, R4 then a fuzzy relation
R= f\ R (4)

A N
R (ay, b = A\ R, (ay,by) = ALA; (@)= B, (b)] )

@=b -1 if a¢b3b,if a>b ,a,be(0,1)) forms an element of Rimore-
over Rzmax R

A form of the above relatinnship(4)is worthy tn be noticed:the

final fuzzy relation R resulﬁf as intersection of the partial

results R .Denote by.%& = (\JR #@ a family of fuzzy relations
- k‘g

which has some common elements, Let‘%ﬁdp°ai =@ .Hence in virtue

0
of (4), irserting the pair of data (Ai yB; ) into the formula spe-
0 0

cified above we get,

R-‘\(Ai =>B,) o (4; = B, ) (6)
v o 0 0 A~
and,unfortunatelly,even for i¥io the resulting fuzzy sets AR

may vary significantly from the fuzzy set Bi.The following pro-

prsitions characterize conditions under which the fuzzy data can

be treated as consistent and inconsistent,respectively.
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Proposition 2.

Let,Rj}Bj¥¢,i,j=1,2,...,N.If AizAj and supp(Bi)r\ supp(Bj)=¢
(suppl)stands for a support of the relevant fuzzy set)then.Ranjz
=@ .Moreover AioﬁzAj°R=% with B being identically equal to zero,
R calculated by means of (4).

Consider the second extremal case described by.

Proposition 3.

Let,ﬂigkj #¢.1f supp(ﬂih\supp(Aj\=¢ then,whatever the correspon-
ding Bi’Bj are(of course we are allowed to choose them not vio-
lating the condition specified before,vizdﬁirkj #@ )one hasJRfURj¥
#0.

%3,Index of consistency of the fuzzy data

The above results,especially those conveyed by Prrpositions 2 and
3, have a direct impact on the proposed performance index.It is
evident that significant inconsistencies occur if Bi and Bj differ
"significantly" for the same or almost the same fuzzy sets Ai
and Aj.This suggests the inconsistency existing in the pair(Ai,Bﬁ
and(Aj,Bj)can be measured p?rforming comparison of degrees of
equality of the fuzzy sets Ai’Aj and the corresponding Bi and Bj’
The higher the degree of equality of Ai and Aj ,and at the same
time,the 1~wer the degree of equality of Bi and Bj,the more in-
consistent the analyzed pair.And,of course,it is more difficult
to solve the system of equations Ai°R=Bi’ Aj°R=Bj.
Now it is expedient to introduce an index of equality of two
fuzzy sets.It can be done in various ways.Here we addpt a defi-
nition that has a plausible logival interpretation,cf.[2].The de-
gree of equality of A, and A4,denoted by[AizAj]is given by
fA=ad = A X (&3S A;) (7)
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]

where AiCAj stands for the degree of containment of Ai in Aj
If " " and " " are expressed in terms of standard(to a certain

extent)operations for fuzzy sets then (7)reads as

[Ay=AJ4min [A;(a) >4 (ak)JJ {mm[A \a,k)-» A, (alf=

Tsken 1
=min| min{lh; @) » a;(a], (4, G— 4, (311} @)
1«ken

Somet imes (7) may seem to be too restrictive(too pessimistic).On the
Opposite side we can consider an optimistic form of the equality

index specified accordingly

LA = Aaumax -max{mint[Ai(ak)-—» Aj(aQ],_[Aj(ak\—;Ai(aQ]] (9)

1¢ken
In sequel if “ij‘ﬂAig Ajj &ijzﬁBiE Bjﬂwe may expect the data set

(exactly the pairs i and'j')is consistent, This condition may be

1]

enhanced by putting .e,ij=[Ai instead this already stu-

Ajﬂmax

died, 1f % 4 J &ij we can hardly expect the system of equations

can be solved,Summarizing two following extremal cases:

i/ “j571.0 , $;470.0 which gives the most difficult situation

where the system of equations has to be solved,and
ii/ &ij=0.0, Pij=1.0 in which the system is solvable,we intro-
duce

Ti %y »(bij (10)
It expresses a degree of feasibility the system of equations
A.°R=B.,A30R=Bj can be solved.As far the introduced degree of
feagibility S—j takes into account the specified pair of the da-
ta set.To obtain a global view on the structure of the entire da-

ta set we refer to commonly used hierarchical clustering methods.

It is to be undcrlined the objects grouped are characterized by

gij that may be viewed as the appropriate measure of similarity
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of the i-th and j-the j-th object.Then all\&ij are arranged

into a form of symmetrical matrix,

-

; AN n
:1 "12-.. 81N

Starting with "N" clusters formed by individual pairs(4;,B;),an
agglomerative procedure is used,so the clusters that are similar
at the highest level are merged,and the procedure is repeated un-
til a moment one cluster is obtained.The distance between two

clusters,say X and ¥,is measared by

d(X,¥)= max ?ij ) (1U
(A;,By)c X

., BLE
(A,B)e¥

with?ijstanding for a distance function ¢ .The hie-

=1 &,
ij ij
rarchy generated by the distance specified by(jﬂ is also well known
as a complete linkage method.Basing on the dendrogram derived,the
most conflicting(;nconsistent)elements in the data set may be se-
lectively discarded.This means one can try to solve the reduced

system of equations that is expected to have the solution,at least

approximate.
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