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Abstract

In this paper, an axiomatic approach to rational decision making in
a fuzzy environment is studied. In particular, the majority rule is propo
sed as a rational way for aggregating fuzzy opinions in a group, when such
a group is defined as a fuzzy set.
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1.~ Introduction

Since Arrow (1951) published his Impossibility Theorem, many resear—
chas have tried to get sets of reasonable and logically consistent crite-
ria in order to justify axiomatically democratic decisions. In the context
of Fuzzy Set Theory (Zadeh, 1965), Fung and Fu (1975) proposed an axiomtic
treatment to the problem of aggregation of fuzzy opinions, but they got a
family of aggregation rules too limited. For example, the majority rule
was not justified.

lLet us describe our problem: we will consider a finite set D of indi-
viduals, defined as a fuzzy set

@: b > [o0,1]

where (f(j) represents the degree in which each individual jeD is 'de-

cisor'. In our aggregation. problem, each group AcD defines its preferen-

ces through a fuzzy set in a finite set X of actions under study

St X > Lo,1]

in such a way that /¢ (x) represents the degree of acceptance of alterna-
Yy "\ p g p

tive x€X by group A.

Let ¢4(X) be the family of all fuzzy sets in X. Then the opinion of

a group A can be represented by a pair
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where (ﬁ’(u) is the family of all groups in D.

We will suppose that (5 (3j)> 0 for all individuals je D.

2.- Basic Definitions

Our objective is to get rational aggregations operations which allow

us to obtain the opinion of any group A in D from individual _opinions.

Deflinition: An "aggregation' operation is any correspondence which assigng

to each pair of opinions, from two disjoint and non-empty groups, the opi-

nion of the union group, verifying associativity and conmutativity.

In other words, an aggregation ' operation is any correspondence

© : Oéé X OLC 4 6446

(/UA,A) O] (//B,B)
such that

((/lA.A)@(/JB,B))O(/’C.C) (//A,A)O((/UB,B)C-D(/«-’C,C))
(/’A’A) o} (//B,B) = (//B,B) 0] (/'A’A)

And some ethical conditions can be imposed to any aggregation opera-

(/UAUB, AUB ) \'/ ANEB = ¢

tion (see Montero, 1985, for discussion):

7
{1) Independence of Irrelevant Alternatives: Let A,B € C'(p) be dis-

joint and non-empty groups and suppose that

/’A(x) :/x!'\(x) VxeYcX
/{.B(x) =/4é(x) V xeYcX
Then
(/’"A’A’ o (//B,B) = (//AUB, AUB )

(/'/'x’A) O] (/“é,B) (/«‘AUB, AVB )

f

ought to verify

/IAUB(x) :-/UAUB(X? k/ xXeYcX

{11) Non—-negative Response: Let A,B € @?(D) be disjoint and non-empty

pgroups such that :
L(x) > ! YV xex
/A( ) > /UA(X) X

//(B(x) Z/Aé(x) V xex
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Then
(//A,A) ® (//B,B) = (///AUB, AUB )

(/' A) O (“1'3’”) (/lz'wu’ AUB )

/A /

ought to verify
, .
//\Uli(X) Z l/'\Uli(X) VX€X

(iii) Unanimity: Let A,B € q?(D) be disjoint and non-empty groups with
the ini = M = € X). Th -
e same opinion //A,//B // 04( ). Then

l & = L/
(/A,A)O(/UB,B) (/ , AUB )
Under these three conditions the following definitions make sense:

befinition: A group G with an opinion /UG is " —decisive" (0 <1)
regarding an alternative x€X and a group G' (G/1G'=@) with an opinion

/I I(; , such that //G(X);é/./G , (X) , when
//GUG'(X) = J:/UG(X) + CL—J)./UG'(X)

holds.
Due to conditions we can denote = ¢fx (fr (x), /. (x) ) in
6,60 /e /o

such a way that

X X . o
JG’G,(p,q) = 1-—JG,,G(q,p) V ene = ¢

for any given p#q.

Definition: The "decisiveness" of an individual Je D against a group ¢

(J¢¢) with opinions M . and 4 respectively ( /M | : /) is defi-

ned by

J( {3y »6) = dint J{J.}’G(/I{J.}(x),/l(;(x) )

xXeX
Yoo (X)E pr (x)
/ {J} /s
and his "standarized decisiveness" is defined by

J(gj},c) / ()

3.- Fuzzy Majority Rule

The main result is the following theorem, which characterizes the

fuzzy majority rule:
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THEOREM.- Let @ be any aggregation operation verifying (i), (ii) and (iii).
suppose that such an operation verifies the following condition: cach indj-

vidual always has maximum standarizaed decisiveness. Then

/w5 = (> :i(i)./uG(x) + E:(%(i')./f(;,(x) VSN EY R

ieG ieG' ieGuG!
for any GNG' = P , in such a way that

PIREIE Z@(i).//m(x) /s 2 (G

ieD Jjen

Proof: Let us suppose a group G and an individual je G. Since the proposed

rule is characterized by

g }(p,q) = (W) / > (‘4 V otq, Ve x

F3y,6-1J Py
we will see that for any other rule verifying conditions (i), (ii) and

(iii), inside any group G there will be some individual j such that

S L pea) € (B /7 > (P4

[J},6-{J1 ieq
tor some p#q and some x€X.
In fact, by induction:
a) Let card (G-{j})=1, G-{j}: k , be an unitary group. If we suppose
N , . . o
. ) > j Jr+ k) )
CS{JS,{k}(p q) AR (G+0G
then
X X
2 {a,p) = 1 - . (prq)
SUNER d (51,19

< 1 - (33 /7 (GG Em) ) -

G )/ (Fo)+(7(5) )

and in other case the result follows inmediately.
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b) Let us assume card(G-§j})=n and p#q such that

JU}G (pa) < A /7 20

i€ G

Taking
J =
/ {j)(x) p
= ‘J =
/./\ G—IJ‘5(X) / ik}(X) q

for an individual k¢(}, on the one hand we can obsecerve that
X X
/ (x) = o 5 (p,q).p + . .. lq,p).q
/ ek J{J}’Gu{k]‘{J} paal-p JGUlk}-{J} Ay PP
On the other hand, denoting
7z = /U (x)
G

J{J.}’G_m(p,q)-p + JG_{j}’(J}(q,p)-q

we observe that

X X
/UGU(k}(X) = CfG’{k}(z,q).z + Cf{k}’G(q,z).q =

I o0 0 d (57,0005 PP

X X X
a5 . . . ) ( ,',) )-
¥ (JG,{I&}(7 v JG—{J},{J}(q p“‘{{k},c 47 4
Therefore,
X X
. . » = 1 - ( s 2 )- )
R R AU RET L

and since

JJ}G{J}“jq:O = J{J}GU{I{ (pq*o

we can suppose  z#q. Therefore, if

Il ,cloe) € B/ 2 ()

i€Gu{k}

the theorem follows inmediately. But in the other case,
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ieGuik}

X << 2 PP .
Jo. L) < (1= B/ Z_C)).Bui2 B
{J}’Gu{k}—‘J} ieGuik} fe (;

N I A S EYEY

i€GU{k}
and the Lheorem is proved.

Moreover, it is clear that when the group D is homogeneous (= (j)=c,
e3> 0, \/;je D ), the rule verifying all conditions of the previous thcorem

is defined by
/JGUG'(X) = card(G)./UE(x)+card(G')./UG'(X) ) / card(cU ')

for any GAG'=@ , in such a way that

/JD(X) = :E: /U{i}(x) / card(D) \/ x€ X

1€D
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