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Abstract. In this paper we study other solution of fuzzy equation

with extended operation of Sanchez [971.

1. INTRODUCTION

A generalization of classical boolean equation theory consists in fuzzy
relational equations theory. IN ©7_ Sanchez introduced in a brouwerian
lattice the concept of max-min fuzzy relational equation in order to give
a description of fuzzy systems by equations of fuzzy relations. Zadeh
11 firstly introduced the idea of fuzzy system. After the pioneering
papers on fuzzy relational equations theory of Sanchez {7] 8] several
authors have studied this theory, for instance: Czogala, Drewniak and
Pedrycz 2" , Di Nola 3! {4}, Di Nola and Ventre [5].

Let L be a brouwerian lattice and F(X)= }A:X—>L; the set of all fuzzy
sets of a non empty set X in the sense of Goguen [6}. Let Y,Z be other
non empty sets, Qe F(XxY), ReF(YxZ) and Te F(XxZ) fuzzy relations.

A max-min fuzzy relational equation is an equation of the following type

RoQ=T (1)
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where "0" is the max-min composition and R is unknown. -~

Let 1 be the set of all solution R of equation (1). In {7} Sanchez

gives a method of resolution of (1), by determining, 1f<§% is non empty,
the greatest element of€> , when L is a complete brouwerian lattice. In
'3 Di Nola characterizes completely W when L is a Tinear lattice. In
;p; Sanchez, assuming that * is any operation defined on a product set
XxY and taking values on a set Z, and extending it to fuzzy sets by means

of Zadeh's extension principle, shows how to solve equation
A*B=2C (2)

when fuzzy subset A of X and C of Z are given and fuzzy subset B of Y is
unknown. In this paper we determine some solution of (2) different from

the Sanchez'one. Let us recall some definitions.

2. THE EXTENDED * OPERATION

Let * be an operation defined on a product set XxY and taking values on
a set Z. To all (x,y) in XxY, * associates an element z, in Z, which is
denoted x*y. The * operation can be extended to fuzzy sets by means of

the extension principle (Zadeh, 1975).

Definition 1. Let A be a fuzzy subset of X and B be a fuzzy subset of

Y, then the extension principle allows to define a fuzzy subset C = A * B

of 7Z as follows

Tz e,y B(z) =xé§?§&Y uA(x)/\uB(x) (3)
X*y = z

where, as usual, by is the membership function of a fuzzy set A and "A"

denotes the min operation. Assume first that B is a (non fuzzy) singleton
indentified with its unique element, say b in Y, so that uB(y) =1 if y=b

and uB(y) = 0 if y=b. Thus, equation (3) yields

Vzez, by «p (2) = s iy (X) (4)

x*b=z
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Hence, (3) equivalent to (4')

‘V z 227, u (z) = su (z)A 4

Analogously, exchanging the roles of A and B, we have

227,y g(2) = Sup up OO g (2)

3. THE o OPERATOR

In order to solve the * -equation problem on fuzzy sets we need to recall
the definition of the o operator which is characteristic of Brouwerian
lattices. Given a and b in 0,1 , a a b is defined as the greatest element

x in 10,1 , such that anx < b, i.e.

aab =1 if agb

b if a>b

aab

Here are some properties of the o operator that will be used in the sequel.
We recall that, as usual, 'V' denotes the max operation. For all a,b in

0,1} and for all family (bj) of elements of (0,1 we have

Jel
i) an (aab)<b
i aa (sup bi)>aab., b.
) (wPI 2 J VJCI

ii1) a o (aAb)>b

4. * EQUATIONS AND o-EQUATIONS

Notation

From now on, F(U) will denote the class all the fuzzy subsets of a set U.

Definition 2. Given AcF(X), CeF(Z) and *: XxY—>Z we define
*. F(Z)XF(X)—>F(Y) as follows

FY e Y ue 2 ay) el 7 up(x) a ug(z)
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For every pair of fuzzy sets A€F(X) and CecF(Z), and for *:XxY—>Z
we have [9

A* (C* AKC .

L4y
In other terms, C * A is a particular solution to A * X = C. Moreover

A * X =C has a solution if, and only if,

A* (C*A)=C

Definition 3. Given AeF(X) and *:XxY—>Z, we define a fuzzy relation,

(A*), from Y to Z, i.e., a fuzzy subset of YxZ, by its membership function

Y (y.z)e VxZ, uy,(y,2) = (z) (5)

Hpxy
where A * y is defined in (4).
From (5), A * B can be given by the following expression
Tz, 5(2) 0 uB(y)/\u(A*) (y,z) = H(p%) 0%
Adapting now Sanchez (1976), we derive the following result. Given CeF(Z),
*:XxY—>Z and (A*) € F(YxZ) we have
D /

D =BeF(Y) ((A%)oB = Ci# P (6)

if, and only if, S=(A*)(&: Ce'd; then it is the greatest element in

where

5. OTHER SOLUTION To *-EQUATION

The following theorem is merely an observation, but it plays a key role

in successive results.

Theorem I. Let B', B" e‘&%and B'« F(Y) is such that B'<B S_B“.Then B & }jg
- |/
Theorem II. If B£ ;v and B'€ F(Y) is such that B'(B then B' ¢ ™

Proof If B' & 5, then we should have
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B' <B<S

that implies B :{?x. The contradiction obtained proves the thesis.

Theorem III. If (5 # @, then we have for all xeX, z¢Z, B¢ i;%

(2) <, pulys2) and g (2) <V, ()

Ye

e
X*y=z

Proof It was already pointed out as a result of (6)

Theorem IV. If there exists some x ¢ X such that: uA*(y,z) < HC(Z) for

every y-Y, z< Z and uc(z') # uc(z”) for some z', z"e Z then 2 = §.
Proof If - # P, from theorem III then it is

. \V .
us(z') < oy Mpx(ys2) Cue(z')
x¥y=7
and
ua(z") < Haa(y52) < un(z")
C < xeX A* = C
x*y=z

and this should give

ne(z') = v Mps(Y52) = ne(2")

in opposition to the hypothesis.

Theorem V. If there exists some x X such that

uB(y) < “C(Z) h’y £Y, z&7 and yey

ug(y) = ngy")
)
for some y'« Y, then, > =0 .

Proof By ipothesis, we draw p

N

B(y') < uc(z). This inequality and the

)

theorem 11 assure 7 = @.
Now for every yeY let us denote Q the fuzzy relation defined by the follo
wing membership function

DAY w(2))

W@ ¢ , He
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Then holds the

o

Theorem VI. > # P if and only if Q& 3

. c e . M
Proof According to (6) it ic ;% # @, if and only if (A*) o C & E%. It

is then sufficient to prove that Q is solution of (2), whenever it is
(A*) o C.

Indeed it is

o
g
S
1
_—

uc@A Y g (y) A

WAV wlz S

gy @ ¢ 2.7 "C Y

yCY
G e) = (Y u(@aag(a) = ugla)

for the well known properties of a brouwerian lattice.

6. A NUMERICAL EXAMPLE

Let X :’§x1,x2,x3,x4,x5,x6,x7,x8,x9j

1% %3
0,4; 0,2(0.8

X X X

4 "5 "6 "7 "8
0,9 0,710,50,€0,3]0,1

X X

1

Y = .y15y23y39y4’y5!y6SY79y8$Y9‘;

Y9 Yo Y3 Ygq Vg Y6‘ Y7 Y8‘ Ygq

; { 1 ‘ ‘
0,2 0,8/0,30,5 0,4/0,7/0,6/0,9 0,1

L= 2525250

Z1s Zpe 23

0,7 0,6 0,5

Let * usual addition on numbers. Then we have



uA*y2(21) =0 “B(yz)’\”A*yz(z1) =0,820=10
uA*y3(z1) = 0,4 uB(y3)ﬁ\uA*y3(z1) =0,3~0,4 = 0,3
“A*y4(z1) = 0,2 uB(y4)/\uA*y4(z1) = 0,5A0,2 = 0,2
= -/\ = i =
“A*y5(21) 0,3 g (¥s) “A*y5(21) 0,4~0,3 = 0,3
uA*y6<z1) =0 Mg (¥ uA*y6(z1) =0,7~0=10
= ,»/\ = =
uA*y7(Z1) 0,1 uB(y7) uA*y7(z1) 0,6~ 0,1 = 0,1
UA*y (21) =0 HB(Y8)/\HA*Y (21) = 039’\0 =0
8 8
uA*y (21) = 0,6 uB(yg)/\uA*y (21) = 0,1A0,6 = 0,1
9 9
It is then H(A*)OB(Z1) = 0,3.

(z,) = 0,5 and theorems

(z,) = 0,3 and M(ax)oB'Z3

Analogously we have u(A*)oB 5

11T, IV, and V hold.
Moreover H(A*)Lé. C(y1) = 0,3, M%) ) C(y2) =1, M oA @ C(y3) = 0,4

and so on.

REFERENCES

1 G.Birkhoff, Lattice Theory, Amer.Math.Soc.Coll.Publ., vol. XXV,
Providence, R.I., 1967.

;2 E.Czogala, J.Drewniak and W.Pedrycz, Fuzzy relation equations on

a finite set, Int.J.Fuzzy Sets and Systems, 7 (1982), 89-101.

3 A.Di Nola, Relational equations in totally ordered lattices and

their complete resolution, J.Math.Anal.Appl.to appear.



10

94

A.Di Nola, On functional measuring the fuzziness of solutions in
relational equations, Int.J.Fuzzy Sets and Systems, 14 (1984)
249-258.

A.Di Nola and A.Ventre, On booleanity of relational equations in

brouwerian lattices, B.U.M.I., 6 3B (1984) 1-12.
J.Goguen, L-fuzzy sets, J.Math.Anal.Appl. 18 (1967).

E.Sanchez, Resolution of composite fuzzy relation equations, Inf.

and Control, 30 (1976).

E.Sanchez, Solutions in composite fuzzy relation equations; Appli-
cations to medical diagnosis in brouwerian Togic, in Fuzzy Automata
and Decision Processes, M.M.Gupta, G.N.Saridis, B.R. Gaines Eds.

North-Holland, Amsterdam (1977).

E.Sanchez, Solution of fuzzy equations with extended operations

MemoNo UCB/ERL M82/63 University of California, Berkeley (1982).
L.A.Zadeh, Fuzzy Sets, Information and Control, 8 (1965) 338-353.

L.A.Zadeh, The concept of a linguistic variable and its application
to approximate reasoning (in "Learning Systems and Intelligent
Robots", K.S.Fu and J.T.Tou, Eds.), Plenum Press, New York (1974)
1-10.



