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FUZZY OOMPLEX NUMBER

Li Renjun Yuan Shaoqiang Li Baowen® Fu Weihai**
Since the correspondence between the complex number a+bi and
binary number pair (a,b) can be readily established, so that the
szudy of the fuzzy set in a complex field may be transformed to

that of the fuzzy set in two-dimensional Euclidean space R”.

1. The Definition of Fuzzy Complex Number and the Relation
with Fuzzy Number on R.

Let the membership degree of complex number a+bi to a certain
fuzzy set on complex plane be A ,i.e.

Ala+bi) = U(a,b) = A .

It A is viewed as the membership degree of a+bi as a whole,i.e.
to define fuzzy complex number like this, then it is but a common
fuzzyv number on RZ. In fact, complex number a+bi consists of real
part and imaginary part. Hence, A should be acquired according to
certain operation, from each membership degree of real part a and
imaginary part b. It is what we called the fundamental assumption.

Let the opevrator be ¥, i.e.

AM(Ca,0)) = *(d(a), Ub)).

For instance, we may define
(1) AM((a,b)) = min( M(a), U(b))
() ((a,b)) = % (M), u(b)).

The following discussion will be developed under the operator
assumption of " min '". The definitions of convex fuzzy set and
the Descartes' product A¥B of two fuzzy sets A and B on R concerned
1n this paper are introduced from [1]. Before we give the defini-
tion of complex fuzzy number, the relation of fuzzy numbers on R
as well as on RZ should be investigated . Now we give the defini-
cions of fuzzy number and rigorous fuzzy number as follows.

~ '1"'
Definition 1““ZJ Fuzzy set A over N-dimensional Euclidean space
is fuzzy number if and only if

(1) 23 ' xt Rn, such thac,dA(x> = 1

(2) A is a convex fuzzy set.
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Lt condition (3) is supplemented, it is the rigorous fuzzy number.
(3) /aA(x) is continuous, and for any o [o,1], {X,JQA(X)t: N}
can not form the region,
For fuzzy set over R, thisg condition requires that/ug(x) is
a <continuous and sectionally rigorous monotone function.
The following theorem is valid.
Theorem 1. If A and B are fuzzy numbers over R, then product A x B
is also a fuzzy number over Rz; AXB is a rigorous fuzzy number

If A and B arenfuzzy numbers respectively.
rigorous

While fuzzy number A and B over R are rigorous fuzzy numbers,
the graph of AxB's membership function is equiped with some in-
teresting features.

(1) Assume that the rigorous fuzzy number A is such that,u /XO)
= 1, and Ji (x) is rigorously monotone in (- -0, X J and [xo, +qﬁ
(see Fig.1l) The rigorous fuzzy number B is such that _{ (yo = 1
and JLB(V/ is rigorously monotone in (-, yo] and fv +0).(see
Fig.2) Then, we have XIA%B(<XO’ yo)) == l. While the curved surface
of function /uAKB is cutting by planexi ((x y)) = A (denotes i
= A for short)(0< A< 1), the Lntersectlng surface is a rectangle.

In addition, the sides of the rectangle parallels to X axis and Y axis

respectively.(see Fig.3)

Fig.2 Fig.3
==JUA(X2) = L,/UB(yl) :=zaB(y2) = A, then we have

Ay gt (x 0y ) =/6( ((x”v ) ‘quB((xz,yl)) :/U’AXB((XZ’YZ))
= A

[n addition, under the perpendicular spatial coordinate system, the
four poin-s

SRR “B((xl,yl))) (%345 A,(B((xl,yzU) (xz,yl,

iAxP((KZ’>1)))’ (xz,yz, XLAxB((xh,y?)ﬁ) are exactly the four apexes

of ractangle

(2)
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I hY : .- : —
(2) liA*B((X’Y>/ is cutting by plane x = X,

curve is,uB(y); whereas cutting by plane y =y, the intersecting

the intersecting

curve is,ux(x).

In general, the rigorous fuzzy number Q over Rz is not necessa-
rily expressed by the Descartes' product of rigorous numbers S, T
over R. Even if the restriction of rigorous fuzzy numbers is can-
celled, i.e. S and T may be any fuzzy sets, Q is still not neces-
sarily expressed by the form of S XT. However, if the rigorous
fuzzy number Q is such that for any M=A (0 <A<1), the intersec-
ting surface of Q cutting by M fs a rectangle, then Q is able to
be expressed by Q == SXT, where S, T are rigorous fuzzy number on

R. While /UQ((XO,VO)) = 1, S iinQ((x,yo)), T is,ub((xo,y)).

Definition 2. The rigorous fuzzy number over R2 is defined fuzzy
complex number, if for arbitrary}l::l& A &(0,1)), the intersecting
surface of the former cutting by M is a rectangle.

From the previous analysis we can get

Theorem 2. The Descartes' product of two rigorous fuzzy numbers is

fuzzy complex number, whereas any fuzzy complex number can be ex-

pressed by the Descartes' product of two rigorous fuzzy numbers.
Tf it is for the satisfaction of theorem 2 we raise the defini-

tion of fuzzy complex number, the interpretion is but a strained

one. In fact, under the assumption of M(a+bi) == min{ d(a), 4{b)),

when the figure of rigorous fuzzy number over RZ is cutting by

AL = A (AL 0,1)), che intersecting surface must be rectangle.

i.e. The rigorous fuzzy number over R2 must be fuzzy complex num-

ber.

Theorem 3. Under the fundamental assumption of ' min ", the rigo-

rous fuzzy number of RZ certainly be fuzzy complex number.

Proof. Let ) be a rigorous fuzzy number over R2, ( now Q is not

necessarily expressed by the Descartes' product of two rigorous

fuzzy numbers on R) for any A (0,1), what we want to prove is

rhat the intersecting surface of,UQ((x,y)) cutting by M=A 1is

4 rectangle.

Let the two points (Xl’yl) and (Xo’yz) on RZ are such that

(3)
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,U'f)((‘(layl))on) /LLQ<(X2,Y2))3A. y then we haVe ﬂQ<(x[’y2))2A‘°

[f not so, from the assumption of '"min'", LL((xl,yz))<.L , there
should be‘U(xl)<,l or,U(y2)<)_, hence_li((xl,yl))éA_or M (x
¢ A+ Similarly. we may also get AA((xz,yl)) >A .

2,y2)>

Since ) is convex, when (Xl'yl> and (x ) belong to the o —

272
cur U g4, them exists a rectangle field belonged ro ") 4 with (Xl'yl)’

(x@,yz) as the apexes, and composed of line sections which are

parallel to two coordinate axes. Hence, if there exists another

point (x*,y*) such that MU _ ((x*,y*))>= A, we'll get another en-

Q

larged rectangle field belonged to Q4. Eventually, we may find a
targest rectangle field, and it is no other than Qgu.
Now let's prove that M {(p) == A , iff point p(x,y) is at the

Q
bound of the rectangle field Q , . If 3 Py at the bound of Q4 ,

and ALQ(p‘\> A , from the continuity of liQ((x,y)), there must
' 1

be 2 point pl* near p, such that llQ(pl*)>A,. Thus, the original

reccangle field can be enlarged. It is a contradiction. There-

fore, the membership degree of the point at the bound of Q. must
be A . It is evident that the points outside the rectangle field
have a different membership degree %rom A . On the. other hand, if
there exists 1 point p such that ilQ(p) = A, then, from the re-
quirement of convexity, there must be a region whose membership

degree is A . It is a contradiction. So the intersecting surface

of £ cut by 4==A must be rectangle.|]
0

2. Operations of Fuzzy Complex Numbers
2
The whole fuzzy complex numbers over R is denoted by'?z(R“).

From the principle of extension we now give the following opera-

tor ()ijl?ﬁRZ)[ll:

Mue... eqloy) =

Sty mi ( . e
sup min ( ‘(Xl’yl))' )

((x 3,00

01 Ok
(ay) == (L y )R, y,) % v F (X Ly )
— (Xlz:xznc ”'T:Xk’z ylzcyz,c __.::yk)_
Where Qi(i:l.z,...k)é-@PC(R ), * is the corresponding operation
of in comnon sence. As an example , we give the law of fuzzy

‘arolex number addition.

(4)
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Let Q,H& ?%kRZ), from the principle of extension, Q @ H is
defined by

7\ = i )
90 H((x,yf) sup min (XLQ((xl,yl)),liH((xz,y2)))
(x.y) == (le}l) + (Xzyyz)'
"W " satisfies the following operation laws:

(1) Commutative law

QO H=H8oQ

(2) Associative law

(QOH)OT =Q(HOT)=0Q0HOT.
Above two laws can be proved dir;ctly from the definition of " @ .

[t is interesting that, under our definition, the operator ' @"
also possesses the law which is analogous to common complex addition,
i.e. add real part to real part and add imaginary part to imagi-
nary part respectively.

(3) Let Q, R(-}GC(RZ), and Q = MxN, R = S xT, then

POR = (MXN) @ (SxXxT) = (M@s X(N@T),
where M, N, S, T are rigorous fuzzy nL;mbers ovar R; is an
operation on R defined by principle of extension.

. ) f11
) i ! SyyL A
/uMN(Z) = 3up min (,LLM(X),NLS(y)} '

Z:X+y
Proof. Let any (x,y)@RZ, and xl* - xz* = x, xl* and xz* are lo-
cated at the monotone intervals of M and S simutaneously, and
JLM(XL*) i lis(xz*) = a; Similarly, we have yl*, yz* , and yl*
v,* are located at the monotone intervals of N and T with that

2
,.(XN(yl““) =UT(y2"’“) = b.
Then
K g sixv@ 0y = min (U o S<x>,ﬂN@T<y>>
— min(sup min (LLM(xl),,uS(xz)). sup min (LLN(yl),liT(yz)))
X:Xltx9 y:y1+y2

== min (a,b) (see[1])

g g g(x0¥) = sup min (iLQ((xl,yl)),,“R((xz,yz)))
(x,y)=(x1,y1) + (xz,yz)

(3)
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== sup min(min(llM(xl),iLS(xz)), min(LLN(yl),liT(yz)))
(X.y) == (x]-»yl) + (xziyZ)

Since, while x = x, +x
i ) 3 ,U._ ¥ Ww 3 ——
ninC ik (x,), (,Ls(x2))$m1n( M(xl” S<x2)) a,
:nin(«LLN(yl).ALT(yZ))Sm'Ln(JJ—N(y‘f),MT(y’z“)) = b,

hence,
min(min(lkM(xl),lﬂs(xz)), min(lAN(yl),lLT(yz)))Sinin(a,b).

ELQ 9 R(X,Y) == min(a,b).

Therefore,

DO R = (MXN) @ (SXT) = M@ s) W@®T). I

Theorem 4. Q @ h is a fuzzy complex number, if Q and H are fuzzy
2
complex numbers respectively. i.e. Z((R”) is closed for fuzzy addi-
tion.
( if ! < ¢ u ) —
Proof.{1) if 3! (xl,yl) such that Q((Xl’yl)) 1,
1 —
3! (xz,yz) such that,uH((xz,yz)) = 1,

Obssi ; ! + 3 ;o —
Obviously, 3! (x1 X y1+y2) such that AL ((x1+x2,yl yz)) 1.

2° Qo H
(2) To prove that Q @ H is convex fuzzy set.

bet Q = MxN, H = 5xT, M, N, S, T be rigorous fuzzy numbers
over R. From law (3) we have Q @ H = (M S)X(NT), whereas
M S and N T are convex sets (see [1]), according to theorem |
we know that the Descartes' product of them is also a convex fuzzy
Sel.

‘3) To prove the continuity.

Follow the proof of convexity, in accord with the continuity of
generalized sum of continuous fuzzy numbers and theorem 1, we can
easily know that the continuity is valid.

¢4) From the compatibility principle of extension principle
with regard to X-cut set[lj;

Q8 H)y== Qg ® Hg,
sinte Qg  and Hy are rectangle field, then (Q & H)y is also a rec-
tangle tield.( from Fig.4 we can see that A1 + A2 = A, B1 + BZ =
B, 31 - CZ = C, Dl + D2 == D . and the length of side of the new

(6)
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rectanele field equals to the sum of two relative sides of origi-
nal rectangle rields.)

For any p(x,y) in the rectangls field, 9 pl(xl,yl\G Qs pz(xz,
wz)@ Hyo and pix,y) = p[(xl,yl) - P2(x2’y2)' ThuslﬁQ o H(p(x,
“MI>m o, Lt is because that the point which is located at the
hound of the rectangle field should have the membership degree i,
“herefore the intersecting surfacz whose hight isa should be a re-
~rangle and {(x,y)il}Q 0 H((x,y)) ::d} can not form a region.

As a conclusion of (1),(2),(3),(4), Q ® H must be fuzzy complex
number, I
0f cause, we may define other operators for fuzzy complex num-
sers, and vet the special operators may possess narticular regula-

tlons which are waiting for us to make a further study.
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