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This paper shows a number of examples of existing t-norms which are known as a good
model of a fuzzy set-theoretic intersection, and then the pictorial representations of
t-norms are made with the aid of computer. Moreover, several new examples of t-norms
are proposed.

The discussion of t-conorms (the dual operations of t-norms) is omitted because of
limitation of space.

1. T-NORMS

Triangular norms (t-norms for short) were introduced by Menger [1], and studied
extensively by Schweizer and Skiar [2] in the context of statistical metric spaces.
There has been recently a consensus to admit the concept of t-norms to represent
pointwise fuzzy set-theoretic intersection [3-10].

A function T: [0,1] x [0,13 — [0,1] will be called t-norm iff for any x,y,z € [0,1]

(i) T(x, 1) = x (existing of a unit 1)
(i)  x = xy == Ty, ¥) = T(xgs ¥) (monotonicity)
Gii) T, y) =T, %) (commutativity)
Gv) T, Ty, z)) = T(T(x, ¥), 2) (associativity)

From an algebraic point of view, a t-norm defines a semigroup on [0,1] with a
unit 1 and a zero 0 and the semigroup operation is order preserving and commutative.
A t-norm T will be called Archwedian iff

(v) T is continuous
(vi) T(x,x) < x Vfor all x € (0,1)

An Archmedian t-norm will be called strict iff

(vii) T is strictly increasing in (0,1)x(0,1)

Given a t-norm T one can consider another two-place function S : [0, 1] x o ,1]
— [0 ,1] defined by

S(x, ¥y) =1 - T(1-x, 1-y).
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S is called a t-conorm (or the dual of T).
Every Archimedian t-norm is representable by a continuous and decreasing function f
from [0,1] into [0, ] with f(1) = 0 such that

Ty = 2 GG + 1)
[-1]

where f is the pseudeinverse of f, defined by

gy = ¢ §1O oy elo )
The function f is called additive generator of T. It is unique except for multiplication
with positive numbers. In the non-strict case (that is, nilpotent Archimedian t-norm)
we will call the additive generator with f(0) = 1 the normed generator.

There are many examples of t-norms of which we list the most interesting ones with its
additive generators in Table 1. Note that @ and © are not Archimedian t-norms and
thus there exist no additive generators for them. The functions f written in ® and ®
are considered as additive functions in limited cases. @ - @ are strict t-norms

and ® is a nilpotet t-norm.

Table 1  List of T-Norms and Their Additive Generators

) xAy=min {x, vy} [logical product ]

f(x) = { é o i : 8 (hard negation)

@ _ Xy
xby= — ey [Hamacher product]
f(X) = 1 )‘( X
@ X *y =Xy [algebraic product ]
f(x) = - log x
@ x Iy = Xy (Einstein product)
y = 1 + (l-x)(l-y) instein proau
f(x) = log —Z—i—x——
® x@y=0vix+y-1 [bounded product ]
f(x) =1 - x (negation)
® X y =1
x ry=9{y x =1 [drastic product ]
0 x,¥y <1

f(x) = { 6 : : { (soft negation)
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The pictorial representations of these t-norms

as parameter y are made in Fig. 1.

From the figures we can indicate the ordering relation of these t-norms as shown in

Fig.2.

it is found that »~ is the greatest t-norm, while A is the least t-norm.

The algebraic properties of these t-norms are found in [5, 8].

o A (logical product)
o [ (Hamacher product)
o -+ (Algebraic product)
o I (Einstein product)
o O (bounded-produt)
o A (drastic product)

Fig.2 Ordering of t-norms in Table 1. Fig.

We shall next introduce new t-norms in Table 2.
by additive generators using triangular functions.
are nilpotent t-norms.
representations are in Fig.4.
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3 Ordering of new t-norms in Table 2.

All of them are t-norms generated
@ is a strict t-norm, and and ©

The ordering of these t-norms are in Fig. 3 and their pictorial

Table 2 New T-Norms
@ _ 2 -1 n n
x/t\y-ncot [cot2x+cot2y]
f(x) = cot%—l-x
x +y = x4by = x[Ay
x/s\y=—2$in-1[(sin£x + sin Xy -1) vol
2 2 2
f(x) =1 - sin%‘-x
x0y S xAy S xary (A #pr,,D
® x/c\y=lcos-1[(cosl[—x + cos Zy) A 1]
n 2 2
- n
f(x) = cos 5= X
X Ay S xQOy =S x0y
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Fig. 4 New T-Norms in Table 2
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2. PARAMETERIZED T-NORMS

In the following, we shall show t-norms with parameter p in Table 3. The
t-norms of @ - @ are all strict t-norms, vwhile @, @ and @ are nilpotent
t-norms. The t-norm @ by Hamacher is known as the only strict t-norm which can
be expressed as rational functions. Frank’s t-norm @ and its co-norm are the

only pair which satisfies the property:
T(x, ¥) +S(x, y) =x +y

They are also useful in the study of fuzzy o -algebras.

Fig. 6 shows the parameterized t-norms at y = 0.7, and in Table 4 we have the
relationship of the parameterized t-norms and their parameter p which shows at what
value of parameter p the parameterized t-norms coincide with the t-norms in Table 1.
It is found from Table 4 that the t-norms of @, @ and @® by Yager, Schweizer(3)
and Dombi are the broadest t-norms ranging from the least t-norm » to the greatest

t-norm A~ .
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Table 3 T-Norms with Parameter p
@ p {Yager ]
- UadA-0P+d-9P ) = p>0
f(x) = (1 - x)P
@ p [Schweizer(1))
Jovix® « o1 p >0
f(x) =1 - xP
@ . 1 0> 0 [Schweizer(2))
Xp yp
1
f(x) = — -1
XP
® p {Schweizer(3)]
1- Ja -0+ A-pP- a-0°%a-9P = p>o0
f(x) = - log (1 - (1 - )P
® Xy {Hamacher)
b+ (- DX +y - xY) Pz
f(x) = log B )1( ~ PJX
® X y [Frank }
log [1+(P 'l)f" -1)] - p>0 (p#ED
p p-1
f(x) = log p—E;;—l‘-
p- -1
® p I e 0 [Dombi ]
e AP dovp
t00 = (2P
© [LA+p)x+y-1)-pxylvo0 - p> -l (Weber ]
_ log (1 +pQl - x))
f(X) - lOg (1 + p)
@ Xy e 0= p <1 [DUbOiS]

X V.Y Vv p

f(x) = undefined
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Fig. 5 T-Norms at y = 0.7 in Table 1

/

(%] .3

p=3
S p=1l
Q L 4
%] .5 + X 1 9 2 5 + x 1
@  Schweizer(2) @ Schweizer(3)
p=10"°
Y s -
p=10"3 2
5| P=0-1ng” %
P p+1
//,’ p=10
2 p=10>
. w 6
A =10
i) L P g
1] .5 + X 1
@ Hamacher ® Frank

Fig. 6 Parameterized T-Norms at y = 0.7 in Table 3
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Table 4 Relationship of Parameterized T-Norms and Their Parameter p

A o [+l . 3] A
Yager 0 « 1 pss
Schweizer(1) ® 1 -0
Schweizer(2) 0 « 1 oo
Schweizer(3) 0 « 1 o
Hamacher o 2 1 0
Frank o0 - 1 -0
Dombi 0 « 1 o
Weber o 0 -1
Dubois 1 4]
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3. NEW PARAMETERIZED T-NORMS

We shall propose several new parameterized t-norms in Table 5. The t-norms of @ -
@2 are nilpotent t-norms, and 23) - (29 are strict t-norms. The t-norm of ® is
generated by an additive generator using Sugeno’s negation.

Fig. 5 shows the pictorial representation of the t-norms when y = 0.7, and Table 5
indicates the relationship of the t-norms and parameter p.

As the general form of t-norms of , @D and @2 , we can show a nilpotent
t-norm with three parameters m, n and p, together with its additive generator f(x)
and the range of the parameterized t-norm.

N
n n
J/ |- ﬁl tog [ (pm(l - XD, pm(l -y 1I)Aap"] - mn>0, p>1

n
f(x): ml (pm(l’X)_l)
p -1

X Ay = X Ay S xay

Moreover, we can obtain a strict t-norm with three parameters m, n and p as a general

form of @3, @D and (2 .

1

n
n n <~ mn>0, p>1
J/ﬁl log  ( WXy VYL

/xn_ ]

f(x) = p" p

X -y = x A Yy = x Ay

4. CONSTRUCTION OF ADDITIVE GENERATORS

Finally, we shall briefly indicate the way of constructing new additive generators
of t-norms from a given additive generator. We can show two methods.

[1] Let f(x) be a given normed additive generator, then we can construct a new additive
generator £’(x) as follows.

') =1 -fU - %)
which is also a normed generator.

For example, when f(x) = (1 - )P, £7¢x) is given as £°(x) = 1 - xP . These
additive generators are ones by Yager @@ and Schweizer(l) @.
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Table 5 New T-Norms with Parameter p
® | i
- [ i 0 i -1 ] -1<p<0
P + - Yvl )
1 1 1 +px
5“[ i 1 ] -1 ] p>0 (Sugeno’s
(1+px+1+py- 1+p)/\1 negation)
x Ay S xAys xHy
(p = -D (p > =)
l-logp[(p1x+ pl‘y-l)/\p]'"p>1 f(x)=5%‘1—(plx-1)
xOy S xA ys xny
(p =~ D (p > )
- 4 log [ (ep(l x), oPCl y)_ D aeP T P>0 i ep(l Dy
p f(x) = m
e -1
xOy S xA ysS xnay
(p = 0) (p > =)
2 1P 1P - p>0 A
1-log[(e™ + Y -1)nre] P fOO = =7
XAy S xAys x -y
(p = =) (i)
® 1/><1 1/ el £ = p/X - p
logp[p t pYp]
xEy = x A ys xay
@ /1 7 p>0 f(x) = ep/x e’
E)ilog[epx+ ePY - P ]
xBOy = xAys xay
(-0 (p > =)
@ 1 1/xp
p>0 f(x) =e - e
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Fig. 7 New Parameterized T-Norws at y = 0.7 in Table 5
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Table 6 Relationship of New T-norms in Table 5 and Parameter p

A 0] fel . g A
t-norm @9 ‘1le| 0« ®
t-norm @ 1 « o
t-norm (éj) 0« o
t-norm @2 o -0
t-norm @23 l«<| o
t-norm @D 0«| o
t-norm @5 0 « o

[2] For any additive generator f(x), we can have new generator by the following.
£ (x) = f(g(x))

where g(x) is a normed generator which generates a “t-conorm”, that is, g(x) is a
continuous and increasing function g: [0,11 = [0,1] with g(0) = 0 and g(1) = 1.
For example, let f(x) = 1 - x and g(x) = x”, then we have £ (x) = 1 - X", which
are additive generators of bounded-product ® and t-norm by Schweizer(l) @@.
Moreover, let g(x) = sin( %L x), then f'(x) =1 - sin(lg x) is obtained and it

generates new t-norm of ®.
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