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1e Introduction

el be glven any crisp X o Bach fuzzy subset A of X is
qualiried by means of its membership function Pyt £ Ce,1]
N
If 1% 211 possible any fuzazy subset A will be shortly described
oy magping  M: X=> [0,1] . Through this paper we shall use the
Sollowing derfinitions of complement, union and intersection of fuzzy
subsebs:
Pp= 1= Py o
“~ SN
) o= T . = vV
Favs = mx{f gl = Py VI
D Nt sl N N
; . i ; = A
Pang minfp,,fg)= Py Az oo
A { g ~ T e g

Glassilcal approach vo fuzzy subsets 1s based among other things

I

H

on btne next notions, strict say:
- tne fuzzy subset ﬂJX: X-ﬁbiﬂ} is called an universum,
- Ll uzzy subset @ xt X-*:{O} is called an empty set,
- each fuzzy subsetis P and » which e A= @X are

ceey 3 . P £Npm Ty P S R
called a separaved setSe

T strict notions do not satisfy the mxcluded Middle Law. This

-

R

t complicetes considerations aocut fuzzy subsets. A new conceps

A,

S

tion ol separatity between fuzzy subsets avioiding this difficulty
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ie oresented in [2:] e« Froposed apprecach bases on weak notlons zgiven

SRS
- saon fuzzy subset g 3 Xe> [0,1] , which @ L1 -p , is
sedisd w o awenpby set,
~ vocn fuzzy subset s X=» [0,1] , which . Plep , i

ce.ced a W-universum,

- zagn fuzzy subsets po ard v in X , such that

,&44 - v 4 are called a wecgeparated sets.

in wrisp capse the weak notions are equivalent to the strict no-
LionSe In general the weak notions ure more generali than the surict
notionse liore detalls aboub weak notions we can find ipn cited above
paper, smployment of weak notlons repairs fundamental diiferences
between fuzzy and crisp theories of probability [3] o« In my opinion
analosuus effect we may obtain for others fuzzy theories. Therefore,

vie nextv results for weak notions are presented in This paper,
Ve Fhe main problem

Frostem of partition of crisp set AecX  consists in looking
o seguence of palrwise separated subsets {An} such that

v { Aq} = A o 4Dy partition of crisp set A can be defined equUim
o) -

seguence of pairwise separated subsets {An} wnich

{afer and A\”\é{ An} = An(g {An}) g . I

-

o
B g v
e b ke 82

n
Lhe gfeguence {An} is a partition of crisp universum X vhe
ih o iu wealled a complete partitions

Ten us displace this problem to domailn of fuzzy subsets. Kabaia
an i wrocinski propose to accept vhe following definition based on

BLraclU pelicons.
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serinivicon 2el: bach sequence of palrwise strict separated fuzay

SubseLo {}Ln}] y wnich  sup {}L n]l =1y is called & complete
n

pirtition in striet sense (1] .

,‘
¥

7
]
v

crmore, they prove that any defined above partition contains

sets onlye Therefore, this notion is not useful for fuzzy

»pvy Cry ¥ )
SILEL LUDbDse

et us consider analogous definitions based on the weak nctiocns.

selinivion Z2e23 If finite or infinite sequence of fuzzy subsets
{9 n} fuliiis vhe next properties:
- uzZy subsets \?n are palrwise Weseparated; (241)
- Lhe fuzzy subset rkl\('] - Sup {\’ n}) is a Weemply set;(?ﬁ.?,)
n

- sup {“\3,]} \<’1, (2.%)

~a

Jor Jixed sucsey ’L then it is called a partition of P .

werinitnion 2653t Zach partition of 1 X is called a complete pare-

Any complete partition can be defined eguivalently in other mon-
> p

per pecause of @

Taccerew Ze1: ne seguence {'\"/n} is a complete partition iff it
savislies (21) ands

- Ln% fuzzy subset sup {\7 n][ is a Weuniversum. (2.4)
n

Frools Any sequence {Vn} satisties (2.3) for o= 1 X ° Fure=

LOODIUNE, Lor Joo= 1 g 9 the condition (2.2) is eguivalent tc the
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condiviones the fuzzy subset 1 - sup {\3 n} is a Weecmpty set. oin=
n

se gompicmentution of any Weenpty set is a VWeuniversum, the condie

Fiy

Licn (o) is equivalent to the condition (2¢4). O

I [5] a complete partition is defined as sequence of fuzzy sub-
setg suuistying (261) and (2.4). Can we always find a complete parti-
cion which does not contain a crisp subsets only? The answer to tiils
cuestion is presented belows
1t the seguence {f'tn} fulfils (2.4) then the seguen—

ce {\?ﬁ} jerined as follows

< rL/; n =1 ( ‘)
n = A1 = max (¥} 1 i
po ALt = max (¥ Y) n >

{4 o oomplete partitions [[3]
te rreperities of partitions
{iw foilowing theorems describe connections between partitionse.

Theoren 4613 Let be given any pair of fuzzy subsets (}k,l, '“'8)

3 ’«{t < 8 s {..‘ } 1a o a«rfv"'-~—'. °

sucn Lua oSS pmy o If the sequence N is a partivion

0L }L,} then the seguence {P'ZA \?n]] is a partition of r&- o e
Tirersl s e R . vl > - - - - P a ey
Proof't We have: oAV lS e 1$ 1 pu kg T =) oAV Tor any
ki o =0, The seguence {rkal\\?n} satisfies (2e1) o Furthermore,

By {?’”2 A ﬁn}Q Moo The condition (2.2) holds because we have

0

A = s S ) s poa Uk ks ) -
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= F‘:’\(“ - MQ)V (1 - sgp{\?n})) = (poal1 = p))v
v v A - ,,SL {\7 n}))< [%ﬂXV(rL/l/\(’l - sxlllp{‘\’ n}))g [[;]11

whe e H -é ]] X: z{"'){%} .8

theoremn sect IL the sequence {\)n} is a complete partition, tvhen
the sequence {r&,l\vn is a partition of }L for any fuzzy

i 3 w
Sunsel rL o

.l

Proois The above thesis immediately follows from the Theorem %471 for

F

“,3
<

b
.

Tneoren Se4¢ IF the sequence {\’}n} is a partition of rA, then
| o s ; s - .
cach sesuence {Vk} fulfillicg the conditions (241), (243) and

Sy {\3 \é Sup i\?'1 } is a partition of Mo
T o] 1
1§ Kk
IOl We have
NURpE TR Y - sup { v}
oAl sup il‘k )(P.A(’l s;p xn_) o
— . ' P .
S0, ths seguence {\3,{} fulfils (2.2), too. ®
Ze oan find o partition of any fuzzy subset )L— suchh that it
soptains uncrisp subsets., This conclusion follows from the Thecrems

e ulll fele woreover, we note that we can find a fuzzy partiticn of
anv crisp subsets AcX described by means of its nmembersihip funce-

Ve next theorems present a some examples of partitions.

Wil fetr I tine seguence of fuznzy subsets {}&. P]} is nondecreasing,



)
~2

tnon Lage seguence {’9 n} y det’ined as follows
{P”I n="1 \ )
9 = 54
{:’ -
P’n A U P’n—-’l) n >
3zuisiies the next condition

ﬂ-—:ﬁax {'\31{}-mak{rtk’\(’l-rkk)}\/(’l-,u,n) (Ze2)
SN

OToench n>2 . CB:I

Lewms %02t 1T the nondecreasing sequence fulfils (2.2) for
& n

the uszy subset P then the seguence {\Dn} , defined by (5.4),

Prool’t By (5.-1) we get

I A v ) = p-’\(’*“‘";;l’{’éf’;\ ) =
= e A bm{’! - iuax{ k}} P"'\ll‘f{/‘ = ﬁ {\)k}}“
e el b e e

<pn e {[ 3] vl -y (e [ 3] Ivlen sos b1 -p g
<[ 2 ]V(M(“*S%U Jd = [ 3 v rats - s ()

[[ I

%o, wue condition (2e.2) holds for {‘\"z n]I y too. @

mms fe s IL Lhie sequence {V.n} fulfils (2.2) for the fuzzy sube
IUL, then bthe sequence {\)n]f given by

n =1

-

N o= PA'/] :
n r.n/\(’j —ig “kk\') n >

BRI LED kﬂ.‘..(_f) Lor rkr °
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crocis Let ws del'lne the sequence
(DX n="1
max {'rl. n\] b ¢] > 1

<n

Yo =

Lhe Zoouence {"\Fn} is nondecreasing. It is easy Uo¢ check thut
t\";ﬁ} Culfils (Fe2 ) for rx, o iloreover, we have V n = P
N1 =) o Hdence the Lemma 5.2 implies

i

poals = e 9 af) = pn - Sgp{mx toall) -

mLn

=pnlt - suhima.x {r&ml\(’l - \‘V‘m)}})g

13 msn

$pa (1= supfmax (1 - "\'"n)‘l.n = pA (1 - P L nea AU “\f’n)})g

n o mgn
< ﬂ 3 ﬂ
) &

cats one sondition (Z42) holds.W

Shewron Geths I Lhe seyuence {r&;n]‘ fulfils \2.2) and (2¢3) fox
tac Juzzy subsel M. then the sequence {\?nl, y defined by (33)
Loow ooapnivion of ]u, °

wod

eyt e 37 s i T L3 ¢ Iy =1 g 16 A
SOl olnoe ~ Gg P, n ¢ vbe seguence {Vn} satisiies (L-.j)
e )x, o furtizermore, the fuzzy subsets x?n are pualrwise Wesge
ceordlel DECAUBE wWe nave

R N “j;*—“’*lwl)g 1 - ‘fﬁﬁ(”ﬂg TPy $1=9

Suroang veir (n,k)  such that oY ko The Lemma %63 puts an end

sroof, .

i Lrel Jebt Il the nondecreasing sequence {V“n} fulrils (2.2)

e of}») for the fuzzy subset }A. then the seguence {\) n} ’



(3e4) , is @ wartition of oo

ool s DL the sequence {H’n} is ncondecreasing, then the seyuences

Wi oy L",/:.j;%) or (%44) are identical. @

vheoren Leoe: 1L The seguence {,“'n} fulfils (2.2) and (2.3) for

e Qunzy subsoet rg, then the seguence {\)n} y definea by (Ze3),

o pestition of M e

srecl s rFrom tae Yhecrem 2.2 we obtaln that Q\'}n} satisiies (2e1)e
Uy L) 33 4 ’ P [ £ e 3 ’
siee ¥ KW, s Uhe conditicn (243) holcs for {\Jn} and o,
Lute wiiZeover, the iast inequality implies

C Y = v s g aln - max 9,08

nye
>/ oV :lﬁ Lranlt - max “‘k})}

©.0% vogetvher with the Theorems %.3 and 3.5 proves the thesis. W

cHecIun fedt iet SLPK}E.:’I be finite nondecreasing sequence of
L v I ~ 1 =1
GrZn aubLets apd n),.f.: « Then the sequence {P'k-l-’l AT - P. k)} ¥=]

coarticion of }kn /\(/] - rb/]) .

Frools Jue Theorer %05 implies trat the fuzzy subsets H"m-’]/\( 1 "l‘kk)

moer Lol Twise 'r—ct‘\pwu,d Lede Since
{,'szlﬂ’}/\(i‘tkk)ls"may {}Ll.g.’] I\(’I-—N’ k)l’ ,.lrn/\(/l"}hzz)

sensiode ced seguence fulfils (2.5). By the leuma 3e1 we get

e AL =oAL - e ke n U =p ) =
s 8= w YN O = max (g AU =)

k<n

M A - PV ‘j,jf{f‘km A - M k)))) =
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>
~

po Ao ey n(a = o v -pe ))g
S P A [;ﬂAV< 1 - Pr)) =(P"n’\ [%HX)V(P“ nA "PLH))‘
[

fas mbove resulbs can be useful for applications of the Bayes Fore

wien civen for fuzzy events [57]
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