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ABSTRACT

In this paper a fuzzy inner product space and a fuzzy
linear normed space are definited and their properties
are discussed, and we prove: there exist and there exist
only a standard orthogonal basis in each fuzzy inner
product space Vh.
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I. FUZZY INNER PRODUCT SPACE Vn

For definition of term and sign used in this paper see
(1} and [5).

Definition 1.1 Let V be a fuzzy semilinear space. If, for

an arbitrary pair of elements u and v, there is a number
(u,v) of {0,1) such that setisfies:

1) (u,v) = (v,u)
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2) (ku,v)=k(u,v) k €(0,1]
3) (u+v,w)=(u,w)+(v,w), w&Vn
4)  (u,u)=0 iff u=6
then V, 18 called a fuzzy inner product space, (u,v) is called

the fuzzy inner product of u and v.

Proposition 1,1 In fuzzy inner praduct space V. the following

formulas hold:

1) {ku, hv)=kh(u,v), k,h€(0,1)

2)  (uyvew)=(u,v)+(u,w)

3) (u,kv+hw)=k(u,v)+h(u,w), k,h€(0,1)

4) If uw or v i3 6, then (u,v)=0

- = 7L A , -

5) (Z;ktnd:%%hjjj):ga;;kdhj\ué,vj) v k¢,h;€(0,1]

In the finite spanning innen product Space V) Let {e1,
cae 1y en§ be a basis of fuzzy inner product space V, for

arvitrary uev VEV  if u=x,e,+...+x e =
< y 1 1 1 1 n n ’ \'4 y,}e‘“"o . 0+ynen

n & 32
the :r,-'. . )= 2 2 3. )Xy, B a.. =
hen (u,v) (fQALPL’j§RQeJ) inzxoL,eJ)x({) Let 3
(eé,ej) and A:(nii>mxn then
811 o W a

A Y=(a L, x )l
L]m *rr Ann I

n n
:ZZ 8¢5 % Yj‘:(u'v)
{2151

that ia (u,v):XAYw, where X=(x’, ‘e 'Xn) and Y=(Y1'

Definition 1.2 Let {e1,...,en; be a basls of a fuzsy

inner product gpace V and a;;=(e,,e;) then Az(aij) [3 called

a mebric matrix of V under the basig {91,....en}.
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Proposition 1.2 The metric matrix A of Tuzzy inner product

Space V under some basis is symmetrie.

Proposition 1.3 The inner product of arbitrary vectors u and

v of fuzzy inner product Space V are denoted by the coordi-
nates of fuzzy vector and the metric matrix.

Theorem 1.1 Let two bases {01,...,en} and {v1,...,vn} of
fuzzy inner product Space V and A i3 a metric matrix of V
under the basis {91,...,en} and B is a metric matrix of V
under the basis {v1,...,vn} if C i3 a transition matrix from
{81,...,en} to {v1,....vn} that is (v1,...,vn)=(e1,....en)c
then B=(b.5)  =((vi,v;)) =cTac.

Qgﬁipgziggwlié_For two fuzzy matrices A and B if there is a
‘uszy matrix 0 such that HrCTAC then B and A is called

similar,

Prnpositionmj:A The similar relation of fuzzy matrices

possess;

1) reflexivity, A and A are gimilar.

2) transitivity. if A and B are similar, B and C are similar
then A and C are gimilar.
Theorem 1,2 The metric matrices of fuzzy inner product upace

v under different bases are gimilar,

II. THE FUZZY INNER PRODUCT SPACE Vn

bd

Proposition 2,1 [n fuzzy semilinnear gpace Vn 1f for any

fuzzy vectors u:(a1.....an) and v:(b1,...,bn), wo define
I

P n
(u,v):uvT:(a1,....an)(b1,....bn) =;YﬁazAbc) 48 the inner

product of u and v, then Vn 19 a inner product space.
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Proposition 2.2 Un@or’the operation of inner product (u,v)=

Al

ulv, the fuzzy semilinear dpace vl forms also a fuzzy lnner
product gpace,

In this paper the following discusses are only conflned
to Vn’ the descusses of VI are all gimilar,

Definition 2.1 Let V be a fuzzy semilinear space, 1f tor

every clement u of V¥V , there is a number [ul| correspon-
ding to it that satisfies the following condition:

1) 120ufl=20 , ful=0 iff u=4

2) lkui=klhul , k€(0,1)

3) lusvihali+ vy
then Vi3 called fuzzy linear normed spac~, and [u| is
called the norm of u,

Proposition 2.3 In v, let fuf=(u,u) then V. is a fuszy lin-

ear normed space,
Proposition 2.4 For an arbitrary u=(81,-o-yan)EVn then | ul=
max{a1,...,an} .

Theorem 2.1 [For arbitrary u,véVn, Cauchy~DBYy HAKOBCK KU

inequality stands: (u,v)<{ultivy .

Proposition 2.5 In a fuzzy linear normed sSpace Vn the foll-

owing hold:
1) Jusvii<iuf+ivy
2) nul=tuy,  «eN
3) \\u+vl\?'(:llul(2*l(Vl(2

A) v, corwl TC Ml T4tvitT v e lwk s reN

I1I. A STANDARD ORTHOGONAL BASIS OF Vn
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Definition 3.1 lLet Uy vev , Lf (u,v)=0, then u and v are call-

ed orthogonal.
A vectors group ot consisting of non—zerg vectors is called
an orthogonal group if every two vectors of it are orthogonal,

Proposition 3.1 In Vn there stand:

1) fusvii=juf+iv] iff (u,v)=0

2 iff (u,v)=0

\ . 2
2)  fu+vi =Huu2+uvu
%) ﬂu+v+...+wﬂr:ﬁuur+uVHr+...+uwur y TEN
iff uyvye.eyw are orthogonal each other,

Proposition 3.2 Let u be a element of V, then S={v](u,v)=o .

Vévn} is said to be the maxium orthogonal subspace of u.

Nelfinition 3.2 Let W, and w? be two orthogonal subspaces of Vn.

1¢ *or arbitrary ueW, and veW, there i (u,v)=0 then the sub-
spaces W, and w? 18 called orthogonal,

Yroposition 5.7 I.et S be a subspace of V_, then the set
i n

0l all vectors to each of whien 5 is orthogonal is subspace,
which 13 called the orthogonal subspace of S.
E?f}EEEEQn 3.5 In Vn a vector i3 called identity norm vector
L its norm is 1, If vectors of a identity norm vector group
of vn are orthogonal mutually, then it 15 called a identity
normed orthogonnl group. For the sake of convenience, a iden-
tity normed vector is also called orthogonal,

The definition of a maximal independent vector group of v
64 definition 1.4 of (4).

Proposition 3.4 1) A non-zero orthogonal gspanning vector &group

of V. 1g a maximal independent group of Vn.

1§}

2) An identity normed orthogonal spanning vector group of Vn
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13 a maximal i{ndependent group of Vv .

3) The numbers of vectors or orthogonal Spanning vector
group of Vn are equal., number of vectors of identity normed
orthogonal spannig vector group of Vn are equal.,

E{ngggﬁion 3.5 Let a set {”1""’”n} which uLEVn (C=1,---,t)

he an orthogonal vector group orf Vn then S=L(u1,...,un) i8 a
subspace or Vn and 1is called a orthogonal subspace of Vn'
{uq,...,un} 15 ¢alled a orthogonal basis of 4.

Ir {u1,...,un} is a identity normed orthogonal vector
group of Vn then S:L(u1,.. ,un) 13 ealled a standard ortho-
#onal subspace of Vna“d{u1n...,un} 18 called a standard
orthogonal basis of g,
f{gggg}jion 3:9 Ir {”1""’”n} 15 a standard orthogonal
basis of L(u1,...,un) then {”2""'”n} is a standard orth-
ogonal basis of L(u2,...,un).

‘gﬁgpqsitiog_é;j Let u1=(0,a12,....ﬂ1n)..-.,Ur=(0,8

FIEERTLIY,

15 a standard orthogonal basis of L(ui,...,ut) if and only if
% * .
u1=(a?2,...,a1n),...,ut:(at2,...,atn) 13 a standard orthogonal

* *
basis or L(u1,...,ur).
Definition 3.4 For two bases {u1,...,u“} and {v1,...,vn} of
Woir L(u1,...,un):L(v1,....vn) then two bases are called
identical,

Theorem ?.1 There exiasts exactly one standard orthogonal

basi{s {n each fuzzy linear normed spsace Vn.

Thoorem 35,2 The Subspace producted by some vector of the

Standard orthogonal basis of V” is a slandarg orthogonal

subspace of Vn.
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V. A SIMPLE VECTOR AND A COMPOUND VEGTOR
ffor ueW if there is non-ordered velation "< " v,we¥W such
that u=v+w then u 19 called a compound vcctor of W otherwise
u is called a simple vector of W.
Proposition 4.1 Let W be a finite spanning subspace of Vn.

1) If ueW is a compound vector of W then u is a compound
vector of Vn.

2) If ueW is a simple vector of V, then u is a simple
vector of W,

_Tpgpggmwfil (the judgment theovew of a compound vector) Let
ew,

1) u is a compound vector of W if and only if there are
veW and weW which are non-ordered relation "< " such that

U=v+w (1)

?) Let (1 ) hold and u=(ay . 00a ), v=(byy..uyd ) and
w:(CW,...,cn) v and w are non-ovdered relation "£" if and
only il at least there is a coordinate by, such that 0<
bi,<ag v A€ {1,...yn} and at least there is a coordinate ¢,

such that 0O éa,)-o<(:)0 , j,,e{l 3 e s ,n} and 4=7 ,

P;ongi}igﬁwf,g Let W be a finite spanning subspace of Vn.

neW i3 a simple vector of W if and only if for arvitrary

VywEW 1f u=v+w then v and w are ordered relation " <",
lHotice: the siuple vector and compound vector relate

to dubspace V. Specially we have:

Propogition 4.5 u is a dimple vector of V, it and only if
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u i1s Like the vector

U:(O'--opova 'O)""O)' a 6[0. 1)

V. A SINMPLE STANDARD ORTHOGONAL BASIS OF Vn

Definition 5.1 1f a Subspace 3 of Vn possesses a gtandard
orthogonal basis, which every vector is a simple vector of
Vn’ then S is called a Simple standard orthogonal subspace

of V. and the basis is called a Simple standard orthogonal
basis of S.

Proposition 5.1 u is a identity normed simple vector if

and ionly if u is like the vector

Ny

)

where 1, is a vector which coordinate ¢ is 1 and other coor-

1= (0,444,0,1,0,...,0), (i=1,...,n) (

dinated are zero.

Theorem 5.1 There exist exactly one Simple standard ortho-

gonal basig in each fuzzy linear normed space Vn.

The simple standard orthogonal bhasis and the standard
orthosgonnl basis of Vn are ldentical basis which formed
by iuq,...,unj of (2).

The metrie matrix of upace V., under the basis U ,...,u
is a identity matrix,

Proposition 5.2 Lte {u1,...,un} arc llke the vector of (2)

for arbitrary v,wevn

1) v=(v,u1)u1+...+(v,un)un

2) (v,w):(v,u1)(W,u1)+...+(v,u ) (wou )
n n
Propoultion 5.3 Let S; and S, are twe orthogonal subupace

of V. 118, and. S, are orthogonal then Sy B,={6} .

Proposition 5.4 Let g be a Simple'standard orthogonal sub-
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Space of Vrthan tho basis of S i{s composed by some vectors of

(2).

Propositic.. 5.5 The simple standard Orthogonal subspaces or

Proposition 5.6 Let 3 be a Simple standard orthogonal subspace

then T:Vn-S+{8} is also a simple standard orthogonal subspace
of Vn and SNT={8} .

and S.

Definition 5.2 Let S » are two simple standard orthogonal

Lo e 1

subspaces of Ve IT S=S1+S? and S, N Sz={9} then S is called

L J
5 and is denoted S=S1+S2.

Theorem 5,2 Let 5, and S5, be two simple standard orthogonal

direct sum of S1 and S

mbspaces of v oo- Coen e L S5=5.40 iff S. and S. are
R JH and S u1 +u2 then & u1 *‘u2 iff )1 < 2

orthogonal ,

Theorem 5.3 et S be a simple standard orthogonal subspace

of ¥ and T=V_-5+{6} then Vn:SLT and T is called a direct
L

. _ 4 C .
complementary space of S and is denoted o=Tythat ig S= Vn—
S A8F .

?Ppposition 5.7 Let S and W he two Simple gtandard orthogon-

1 L
“1 subspaces of Vrl then (G+W) =S + WL.

rroposition 9.8 The sum of two Simple standard orthogonal
subspaces of V” is still a simple Standard orthogonal gub-
Space of V .

n
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