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Abstract

Two concepts of control algorithms are considered in this paper,
i.e. a fuzzy controller and its generalization called probabilistic
fuzzy controller.

Basic mathematicasl expressions for both of them are given pointing
out that the concept of fuzzy controller is included in the concept
of probabilistic fuzzy controller.

Original application of these control algorithms to biological
processes 1is mentioned as well,
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1. Introduction

A pioneering applicational paper concerning the fuzzy set theory

in control was that of Mamdani[é]. This new approach to the theory

and implementation of human control strategy was investigated by many
researchers. Fuzzy sets were used to convert heuristic control rules
stated by a human operator into automatic control algorithm. This
algorithm called fuzzy controller is connected with two logical
concepts, viz. fuzzy implication and compositional rule of inference.
The rules arecomposed by means of fuzzy implications, where antecedents
and consequences are treated as fuzzy sets.

Bearing in mind the existence of ambiguity and subjectivity factors
dealing with a human operator, Czogala and Pedrycz[j]introduced the
concept of probabilistic fuzzy controller, expressing the control
strategy in terms of probabilistic sets proposed by Rirotaf[5].

Later on the idea of probabilistic fuzzy controller was generalized

by Czogala[Z].

Some aspects of synthesis of probabilistic fuzzy controller were
presented by Czogala and Zimmermannl}].

The paper is set out as follows.

First of all basic expressions for fuzzy controller are provided.

Next basic expressions for probabilistic fuzzy controller are given.
After that e multi-dimensionel case of a probabilistic fuzzy controller
is considered.

Then some aspects of application in the control of biological processes
are drafted,

Finally concluding remarks are formulated.
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2. Basic expressions for fuzzy and probabilistic fuzzy controllers

There are various mathematical expressions for fuzzy controllers, i.e.
from quite simple to very complex ones. It depends ontgomplex1ty of
control statements (control rules)belng taken into considerations.
Assuming e.g. that the control statement has the form

" if Ai and Bk then Cik " for i=1,...,p ; k=1,...,r (2.0

where the fuzzy sets Ai’ Bk’ and Cik represent the error of the con-
trolled variable, the change of the error and the output, respectively,
the total control rule R, creating the memory of the controller, may
be written as

ik

where

Rip = (4% By)xCyy (2.3)

The output of the controller C’ is obtained by means of the compo-
sitional rule of inference, teking into account the inputs A’ and B’

C’ =B%(A%R) (.4)
or in terms of membership functions

ctw = \/ [B*y“ v [ atanagonagne )|

i,k yeY xeX
(2.5)

Taking for example, criep measurements as

1 if X=X
Alx) = S Bly) = _
0 otherwise O otherwise

1 if Y=¥q

we get & simplification in the form

Ctu) = \/ [A(diBk(yO)/\C é“]

In the case wheh’ the inputs are denoted as A’ AJ and B° Bi

the output of the controller is obtained in the form

[;Jk ﬁijklﬂcik C.9
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In terms of the respective membership functions
we get for the output the following expression

Ci = \/ Bijkiw N Cy) (2.7)
ik
wliere the coefficients
P51 :( Vooa0nag (X))’\( V B 4B ) (2.8)
xeX yeyY

are called intersection coefficients [1] or degrees of separation (4]

In the relationship input-output of the fuzzy controller s structure
witii two levels is identified [1]° The first level is called fuzziness
Oetween the fuzzy sets of the controlled variasble. The second level

1s called the fuzziness of the controlled statement

This has been illustrated in kig. 1. |
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DECISION

Fig.1.
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4 fuzzy controller will be called & probabilistic fuzzy controller,

1f at least one set represented in the aforesaid formulas is a proba=-
bilistic set.

Generally we can assume &ll sets are probabilistic sets defined by
their defining functions i.e. Ai(x,aﬁ, By (¥,w), Cik(ugo), Alx, ), By,
Aj(x,ub and B{(y, )

Taking into account the distribution function representation [2] of
probabil:stic sets and the operations on them we can write

F _(z) = F . )
B Atx)AA, B C,
(2.9)
or
= .10
chl(u)(Z) F iYk (f”ijkl hoeg () @) (2.10)

An interesting case is obtained if we assume that the rules are
independent and the sets A, Aj, By» Bi are fuzzy or crisp sets

end Cik are probabilistic sets. For this case we have

FCf (u)(z) = ;I:l; [F"’i,jkl (z) (1 - Fcik(u)(z)) + Fcik(u)(Z)]
1 for uelW and ze[_b,1] (2.11)

We shall mention here that the formulas (2.9), (2.10), and (2.11)

hold true for trivial random variables i.e. for the case when a&ll
sets eare fuzzy only. In that case all probability distributions are
stepwise functions.

¥e can observe two levels here as well. The first level is the
fuzziness between the fuzzy subsets of the controlled variable as in
the fuzzy controller and the second level is the probabilistic
fuzziness of the control statement.

The formula(2.11)will be used in further considerations and practical
applications.

Now we shall pass over to the deterministic value Yop
bebility distributions Fcél(u)(z)for uel and ze [0, 1]

1 from the pro-

We will take into account the stochastic dominance as in risky decision
problems [7] » Suppose that two possible impacts of two alternatives
Ups v, €U can be described by the probability distributions F.. z)
m’ n le(u

and Fle(uﬁ%Z) on [O,l] y respectively,
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Then the following asxiom is approved under the expected utility crite

rion
means E v, F.. = E|v, Fn, 2412
Y > Un ean [’ le(“m)] = [' C,jl(un)] (2.12)
where the symbol 3> means " preferred or indifferent to ", and E[},(-ﬂ

denotes mathematical expectation with respect to the utility function v
and probability distribution‘b)onﬁhl] i.e.

E [v, F] =d} v(z) dF(z) (2.13)

Under the above axiom the probability distributions themselves are
viewed as risky alternatives. As the available partial knowledge about
the utility function the following classes of utility functions are

cefined
vﬁ’; = {v(z) vec , %% O} (2.14)
2 d2v
‘\?"2 = {v(z) veC™ , ven’? , '——2'&0} (2.15)
dz
3
q?‘B = {v(z) vosc3 , veq?’é , f;%zo} (2.16)

where Ci represents the set of bounded i-th differentiable functions.
These classes are of importance for attitude of decisionmaker’s pre-
ference toward risk. Obviously ﬁ; is the class of utility functions
for which the decisionmaker prefers an increase of the attribute level.
ﬁé is the class for the decisionmaker to be risk-averse, and @3 is the
class for the decisionmaker to be decreasingly risk-averse. With these
classes the stochastic dominance is defined as follows.

For j=1,2 or 3, the distribution FC' dominates the distribution

FC' (u) in  the sense of j-th degrQ% stochastic dominance written as
Jiv'n
F.. F ., if E[v Fo. ] ;E[v F.. ]
C5) (3 €y (un) » 70y (up) G5 ()
foere'Jg (2.17)
The symbol ;;1 refers to first-degree stochastic dominance, ;az to

second-degree stochastic dominance, and =24 to third-degree stochastic
dominance.
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lhe necessary and sufficient conditions for stochastic dominance are

the following ones [7] .

Provided that F.. and F.. are distribution functions of a
le(um) le(un)

single variablel

1. F . = F , iff F P (Z = F P
le(um)/] C,jl(un> le(un) ) = le(um)

Vze@,q (2.18)

V4 VA
2. F.. - F.. iff F. t)dt={ F.. (t)dt
le (4p) = 2 le (un) { le (un)( /O le (um)

\szELI] (2.19)

3 F.. > F.. i7f >=m end
C’ u )/3 Cc: (U ) mF . = "F..
51U d1¥m Ci1(8)  TC31()
If (t) o7 ()
Fro t)dt dy > Fro. t)dt dy
c?y (@) S S For @)
oo Jin 00 Ji'm
Vze[o,l] (2.20)
where m( ) denotes the mean value of the distribution function ()
i.e.

]

mp = J’ z dF (z)
0

3. Multi-dimensional probabilistic fuzzy controller

Instead of the multidimensional case of control statements inthe form

(3.1)

where Ali , Blk ”"’AMi ’ BMk , C.1ik ""’C.Nik are probsabilistic
sets representing errors, their changes and outputs, repectively,

we shall consider the interaction inside a probabilistic fuzzy control-
ler as illustrated in Fig.?2

11
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Fig.2.
It means tnat the partial outputs clqik"“’CMqik influence on the
respective final output C qik gq=!,...,N , thus the meaning of the point
in C aik is clear enough, as well . Regardig this, it may be also

assumed that the set of pe r rules of the form (3.1)will be replaced
by the following collections of rules

" if A1i and Blk then Cllik ",
"if Aui and BMk then CMIik ",
: (3.2)
" 1? Ali and Blk then ClNik ",
" if AMi and BMk then CMNik ",

These collections form the basis for the decomposition proposed for
fuzzy controllers and probabilistic fuzzy controllers, as well. Such
& decomposition maekes it possible to consider the controlling actions
by the formulas obtained in the previous section 1i.e. in the cese of
a single input - single output controller. Also the inter actions are
expressed by the similar formulas. Thus we may write as follows

Cl'hjl - U [lekl "Cryik o
Tk
‘mp LJ ﬁlel " Curix
(3.3)
. _ i
Cinj1 © LJJ Pisk1 " Cinik o

Cavj1 U ﬂ’lel N Canik °



113

where the first index denotes the input number and the second index
denotes the output number of the controller.

For these formulas we can write analogous formulas in terms of the
respective probability distriburions 1i.e.

FC"‘Jl( )(Z) ] ;11 F ]ijkl(Z) (I-Fcnik(“1)(z)>+ FCnik(“Q(Z)}
Fcrl'jl(u‘)(Z) ] ;II :Fﬁ]ijkl “ O-chik (u1)<z)>+ FCMlik(u1)(2):’
FCfNJl(“N)(Z) ] Ill:: :F/blijkl @ (].FCINik(“N)(Z)> ’ FClNik(uN)(Z)j,
FC‘;“\"l( )7 Il‘: ~F/”1ijk1 @ (]-FCMNik(“r\ @) + Ok () )1'
(3.4)

As an example let us consider two-input and two-output control systen
illustrated in Fig.3 The final formulas for the probsbilistic fuzzy
controller of this system take the form

F.. (z) = TT F (z) (1=F (z)) + F (z)
Gl (4) ikl {b;jkl ( Cy1ik (Y1) ) Crrig M) 7
4 u =y
F (z) = _r F . (z) (1-F (z) + F (2)
2131 (%) ik L ﬁfjkl (- Corix (¥ ) Coarix(®) 07
L, r -4
Fn. (z)y = | F (z) (1=F (z)) + F (z)
Ci241 (2) ikl p}tdkl ( Ci2ix (¥2) ) Croix (W2 77 J7
i .
Fro (z) = H F (z) (1 -F (z)) + F (z)
Co241 (U2) i Ul Canix (U2) ) Cozik(%2) ™
(3.5)
7
e PFy | 5. [ PFC - X1 -
X al D | CONTROLLED)
: “12 | PROCESS
Al 5 |
e ] u2 .
2 PF2 |8, || PFC, =
! C22 ' |
L e e A
L

Fig.3.
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4. Some applicational aspects of fuzzy and prooabilistic fuzzy

controllers in biological processes.

We will consider here a control task which may be treated by means
of fuzzy and probabilistic fuzzy controllers i.e. a continuous
cultivation of microorganisms used e.g. in bacteriological research, in
the fermentation industry and in the biological treatment of municipal
wastes. Such processes &are complex enough end they are also ill-defined
for several reasons. So the application of fuzzy and probabilistic
fuzzy controllers seems to be appropriate because [8]
1° a complete understanding of the biological machanisms involved
in biological processes is not available,
2° the measuring devices still cannot be used for on-line measure-
ments for purposes of control, i.e. the existing sensors for
biomess and substrate are not reliable and accurate enough.
Let us take the following closed loop feedback control shown in Fig. 4

T T T T e e — T
biol al
rate of| flow iologic process I )

| Cell formation ! '°m°§=_

I |

| |

| p heei | Jsubstrcfe concentration
L

! roduct synthesis | N in growth vessel

- -

/
Controller e
Fig. 4.

Taking into accont the poor quality of available meassurements of the
sensors (for biomass and the concentration of substrate in a growth
vessel) a linguistical representation of these measurements may be
used.

At present simulstion results are obtained by means of Monod nonli-
neer equations [8] making use of the classical controllers PI, PID
anu fuzzy or probabilistic fuzzy controllers
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The results are still better when classical controllers are used.
But this is the case when we have exact measurements (the error and
the change of error are calculated by means of differential equations
usirg for their solution Runge-Kutta‘’s method of the forth order).
In the case when the measurements of outputs of the process are of
poor quality the situation is different. As classical control methods
require well det'ined concepts, precision and exact data, they cannot
be used in this case. Moreover fuzzy and probaebilistic fuzzy control-
lers can be also used when exect measurements at all not available
(they are only estimated by & human operator). In such a case the
control ot the process with @ human operator in the feedback loop
must be teken into accont.

5. Concluding remarks

Ihe paper presents the basic expressions for the fuzzy and probabilis=-
tic fuzzy controllers. These expressions show that the concept of
fuzzy controller is embedded in the concept of probabilistic tuzzy
controller.

The tormulas for outputs ot the probabilistic fuzzy controller
presented nere are uniform for one-dimensional and multi-dimensional
caaes.

The expressions for probabilistic fuzzy controller given above assure
effective computability as well.

Acknowledzements

The author wishes to express his gratitude to the Alexander von
Humboldt Foundation for providing nim with an IBM PC XT computer
which has made it possible to obtain the simulation results mentioned
in this paper.

References

[1] W.M. Cheng et el., An expression for fuzzy controller, in: M.M.Gupta
and E. Sanchez, Eds., Fuzzy Information and Decision Processes,
North-Holland, 1982, 411-413.

[2] E. Czogata, Probabilistic Sets in Decision Making and Control,
Verlag TUV Rheinland, K81n 1984

[3] E. Czogata and W. Pedrycz, On the concept of a fuzzy probabilistic
controllers, Fuzzy Sets and Systems 10, 1983, 109-121.



(4]

(5]
(6]
[7]

(s]

1i6

E. Czogate and H.-J. Zimmermann, Some aspects of synthesis of
probabilistic fuzzy controllers, Fuzzy Sets and Systems 13, 1984,
169-177.

K. Hirota, Concepts of probabilistic sets, Fuzzy Sets and Systems
5, 1981, 31=46.

E.H. Mamdani, Application of fuzzy algorithms for control of simple
dynamic plent, Proc. IEE 121 12 , 1974, 1585-1588

T. Takeguchi, H. Akashi, Analysis of decisions under risk with
incomplete knowledge, IEEE Trans. on Systems, Man, Cybernetics,

D. Williamson, Observetion of bilinear systems with application to
biological control, Automatics 13, 1977, 243-254



