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ABSTRACT,
The theory of games and its applications in economics is valid
for a certain kind of precise or accurate conditions. If we
postulate some imprecision in the usual models, we have to trans-
form the terms of the problem to insert a discourse on the im-
nrecision.
The subject of this paper is to permit the exhibition of a
f=continuous utility on the strategy-set of a player. If we
are in the case of players constrained to play together in a
simultaneous stroke, or in the case where each gambler doesn't
¥now the other gambler's payoffs, the preference is clearly
lexicographical and so the pre=order is not continuous. To over-
shoot this difficulty, we have to use a new fuzzy-approach in
three levels:
- first, we make a hypothesis on the player's distinction bet-
ween two strategies which are extremely neighbouring, called
“he hypothesis of no-local-distinction.
- second, we prove the existence of a new continuous function
on the strategy-set, in a case of a fuzzy continuous lexico=~
graphical preorder.
- third, we try to rediscover some classical results of the
theory of games and we show that results issued from the usual
way are just the limit case of ours.

reywords : Socio-economic systems, Decision-Making, Fuzzy Pro-
gramming.

1. Introduction.
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.7. When we consider all the games with the following struc-
ture -gamblers constrained to play in a simultaneous stroke,
gamblers with imperfect information on the payoffs- the clas-
sical theory of games without cooperation gives us some preci-
se results. ( Hervé MOULIN, 4981 ). The fundamental result is
about the max-min criterium. This criterium, in fact, sets up
a tie between advisablevstrategies and optimal ones. In the

case of that games, we try to exhibit a strategical utility
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ctiorn with one argument, continuous on the strategy set of
esch player.
The difficulty was to overshoot the problem of no-continui-
ot the lexicographical fuzzy preorder. This 1s possible with
tuzzy mathematics and a hypothesis which economic meaning is

0 regtrictive,

2. we consider a game without cooperation called nocooperative
rame with n-gamblers. Bach player i ( 1 31,......,n0 ) has a con-
Tinuous btrntegy set K and a function of payoff denoted Pi,
defined on the ?1_1 set. We assimilate Xi to a part of R and the
neyoffs are supposed to be continuous on it. The game is shown
“ike that: (X, X5, .eaee, X5 Pyy Py eevnny B ). For using
xicographical preorder on the different strategies, we have
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ssimilate now every strategy with a vector of associated

pevoffs, In er words, X.e€ X, § X.= X, @ (x. e P (X, X

P v other words, x,e X, ; X;= X, ( Pl(xl,x?), l( i T>’

W th (XQ,.......,XjD the (n-1)-tuples of strategies used by the
J

ovher gamblers than 1.

Then, we consider an applicat*on t, which permits to arrange its

1' 'l

co-ordinates; ?;—-———> (%] X with ¥.' a vector with ar-

ranged constituents in a grow1ng way, i.e; (x ¥ XE if oy p).
T.0. Now, we define a lexicographical preorder on X., X.c:IRm
~ being the number of strategies andso the cardlnal of X,
-«>+ —»»'f s

& >* X . iff ﬂtoe {1,....,m} s Yt <ty |P, (X ,x?) =P, (x ,Xﬁ)

Piixi,xﬁ)>Pi%Xj,xj)

o

Wow, we shell write X;' in that way : X
e usual lexicographical preorder 73 is reflexive, transitive
and total, But it is not a continuoué preorder because of its
sopological properties. (Chang C.L, 4968 ). To overshoot this
cifficulty we have to use a fuzzy preorder and a hypothesis of

o-local=distinction.
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o . The analysis framework.

2.1, let ©, a binary fuzzy relation between the elements of

gi ;X “}3~ g(x ,X . ), h; VX@X ¥ xe Xl, h(x )X . )eN} where

a(x ,X L) denotes the level of preference or indlfference bet-

ween the two strategies and M is [0, 1] . ( Ponsard 4981 , Zadeh 4965)

2.2 The hypothesis of no-local-distinction.
VX‘eX - Y V(x e fy(x ) (\/(x ) a neighbourhood of x,, element
of Yy(x ) set of the nelghbourhoods of X; ), 3){ e X, f\'V(X ) such
that h\xl,x )= h(xa,x }.Now, we can wrlte :
if x;7q X 3 then h(x; ' X5 )77h(x )X 4 ).

3 The properties of H.
The fuzzy binary relation H is reflexive Vx:eX h(x ) X )=
sransiftive V(X 1 X 59Xy )eIX , h(x Xy )= Max [hln(h(x ,X ) h(X ))],

and compliete V(xi,xj)e:gi , h(xi,xj) s 2Xj’xi>'

Zoh. The fuzzy subset Xc.X
With the fuzzy preorder H, we define a fuzzy subset K like that:
V):eA. ’/& (x )= Min [h(xi,xj) such that h(xi,xj)— h(k )Xy )]

The mer)ershfp function makes a tie between the different indif-
ference areas with /‘)‘((X )7fX(X ) iff h(xl,x )7/h(xj,x ).

2.5, Definition.

/. fuzzy subset X, is said connected iff : V(X% )c:x2 (X4 ,%,)
non-empty, closed and disjoined, therlax:eX such that :

S Gy ) # Max L/%ng),/ﬂxéxj)].

2.6. PYroposition 1.
Let X, a fuzzy subset (fss) of R™, then it
exists a ‘fss D, DeX, such that D= X5 (T the
closure of D) and suppD is countable.

Proof : X C:R. . R™ is the referential set of X.. We xnow
in order W1th the theorem of decomposition ( Faufmannﬂ97ﬂ
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. - < . —t 1
that XL, = Maxk( Kj], with « & real vector composed of

dc»o}' °5 ix'lé_‘mm. (0<¢e ¢ 1). X, is included in R"
and so it admits an usual subset , (countable) such
that D, = 4y (Debreu, 49% ). For each « we can associate
a couple —“(Xi, D,), which has the following properties:

. - L =~ . .
Y 2 D and D = X because the closure of & union 1s

the union of the closures. Now, we can consider that

T, =X, for each « and so Max« D = Max dxi.
- 1
ie nave gﬁst now to conclude : Xi— Nax<*Xi = Max:xgd =D
- -
with D = DD W
wi y D,= suppD
Qoﬁo])o

<al Proposition 2.
V(X X5 )eX s if /“D(xi)é/‘D(xj) then

/}(X )</L,(x

Ircol : The closure of D, T is such that if /%(X.)?O
t‘VE"’]/u(Y K /%(x ). f/‘i')(x ){/‘j')(x ) then /M(X )(/“D(X ).

¢

Now D = X‘i then /’E(X )—/ﬁ((x RS /*E(X )= Y(X )
QoD

Z

%, The continuity of preferences.

5.1, Y v.eLs, the following subsets : nge_xi such that /‘xgxi)w/gng)}

and Etf£h3 such that /f%§xi)$/fkng)} are closed. (rem)

5.0 Proposition Y.

Let (x5, J)e f, X; connected fss with:
‘/&(x.) <//&(X ) then it exists x, , x€D, DeXy

such thats /“X(x )</“*X(X )</X(>f

*.
eX such that /“j(x ) /“X(x )j s if X_.JerJ

S lx
=F

/“wQXJ /“( ) and if ¥ ¢X then/;@(x )= 0
AF 5 X

then
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chcs . Je consider the two following Tss;
e Nw € 4.such that ,/k(x K /i(x )ﬁ and
Yis (K€ \E%uoh that /MX«.(X) W/g((x . ' and XY are

uiSﬂ' ned, by definition, non—empty and with the hypothesis
5% sontinuity of preferences, closed in Xi. We have as-
sumcr. that X, is a connected fss. 1t means: 3)(€Xi such

“nat /*%gx) £  max [/%i(x),/prxj(x)].

we TWUDOSé now the opposed-proposition :‘Z X, € D such

“ha //A(X ) < /i(x ) <//k(x ). We can write that, in an
aAtrher way: 1fj’ X, such that /‘"X(*c )< A(X )</“v(x )
nen /%B\ ) . )o,/ﬁb(x # 0 is equlva]ent to//i(x )itfﬁ(x )
/“ (y ) 77/J X, ) It means that I/MD(X V£ © 1ff
X, € va. ¥ow, we know that DeX, and /‘;‘)(x «/;( ()
‘i X, & D, Now, /»%(X Y£ O 1ff/“D(X )€ max[ (1(x ) /va(x )]

‘urtnermore, we know that D = X so:
/Jw k;-‘/’“ (X V x, € D. We have Dexxd so Tex UX.J
{union of “iosed) Then, we can write :
/“ (A JIRS max{/ﬁkl(xk)vﬂkj(xk)] . This is only possible
witr (see rem p.4) /Ungk)= max[/‘)'(i(x ),/Xj(xk)] ,kae Xy
sut X; is connected, %0 there is a contradiction and the

spposed-proposition is not valid.
QoJUoDQ

D Proposition 4.
T.et a fss D, whose suppl is countable. Then

it exists an utility function on suppbh.

Proof : The proof is obvious when the structure of the

nor-iuzzy set is countable, and this is the case of suppD

(see Gérard-Varet, Thisse, Prévot 4936 and Ponsard 4981 ).
QetiaDe

5.4, This atility function keeps off the fuzzy preorder and can
e obtained like that : ds : strategical utility on suppl;

Y x. €V +hen d%(x )- D(x ).
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o~

.5, Provosition 5.
TL.et ds the utility function defined on suppy
and D= i x €D such that /“i)(x){/‘i')(xi)\}
—— 1
D, = xeDisuch that /UD(X)7//‘D(X4L) ,
then sup ds(D” )= inf ds(Di).

Supph- N supph; = X . e know that ds(xi)=/%(xi)
so sup ds(DV)= sup/“Di(X) . Then sup ds(Dl)=/%(xi).
Jde could do the same thing for inf ds(Di)=/%(x%).
Q.®.D.
©.G. we fecide to call fu(xi) the common value of the two Tss,

and J.. Now, ds(xi)=/%(xi)= fu(xi). With the second proposition
(see 1.4) we have,/%(xj)=/§ (Xi) and so fu(xi)=/£‘(xi). In that
way, we make the extension +rom suppd to supri= K%. ( with

S COETREE R a3 supri).

4. The continuity of fu.

TISO0REM I ¢ Let Xi a connected fuzzy subset of Rm, totally pre-
ordered by H. Under the hypothesis of continuity of
preferences, it exists a strategical utility function fu,
continuous on X, with fu(x)=/§i(x),V><e§ﬁ. (And X,
the associated fss, and H the léxicographical fuzzy

preorder. )

Proof
e are going to show that for c, ceJO,1I, the
inverse image of the closed semi-straight-line [0,1]
is a closed subset in supEXi, by fu. We could do
the same proof, in the case of the other closed
semi-straight~line [O,q] .
Let t; O0<Ct< 1 ¢

t,={xex, sucn that Tu(x)€ £},

o {xegi such that fu(x)7 t} ) [0,1}= rf\(\C[r,ﬂ
with X =;re[0,1] [3x D5 M (x,)= r} rell
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Yow, fu“(i 1] y= 4] 1L eu” ( [r,1] ).

I'EL

I v n T N : ~+C
suppd” = Lo suppX” . We know that, if X7 is

relN

c o
closed (resp open) then suppX  is closed (resp cren).
. ,C T
Nt L= X .
s r¢c
rell

Let %, € ¥, such that /“( (x;)=
: Ay

LT ) .
L= xje.Xi such that ’/ﬁi(xi)«ufii(xj)} which

is a closed subset with the hypothesis of continuity
of preferences. A countable intersection of closed
fss being a closed fss, x® is a closed fss and so

S, o
3 d”“ })A

~
-

too .

e
Wetiels

1= nroo” of this theorem is possible because of the first
~rposhesis of no-local-distinction. Tt means that a gambler is
- n4iiTerert between a strategy and one of its neighbours, because
i= not anle to distinguish them -he doesn't want to distinguish
“rem., 77 we are in a case of a continuous set of strategies, this
hy;othesis is ;1WD1y, the description of an imprecision of prefe-
+syece. The zcuity of preference of a human- gambling is such that
-t doesn't permit to distinguish some infinitesimal variations of

TLVOITE, 1O

=

- example.lt means that a gambler is indifferent bet-
ween two vectors whose mathematical "norm" is identical. (It does
ot belons to us to fix a distinction-level, this one is own'

e U ‘.
pambler.

5. Fugzy saddle-points set.

-,

.1, petiinition.

et o ctra??gy:fex” . X is called f-no-~dominated rﬁ?axie:NDXl
cuch that Tu(x )= Iu(Y Y. ( NDX . the set of no-dominated strategies
cr X. end DX, the set of domlnated strategies.)

t.7. Proposition 6.
’le.le DL, axje)_g_j such that fu(xi) < fu(xj).
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ind let us assume Xi compact.

froo! 'Vx e DL, f]x € X such that x, is dominated by x.,
A J
because z( is comrwact and P contlnuous. mheanje}{j,

J(v JXa) € (X ,y.j). Andax eX, such that P, (Xi,Xj)<Pi(Xﬁ,Xq>
. J o o

cc, wmin P, (X 3)6 min P, (X 3) then x <’ 55 SO
/"\y) \(/ging) and fu(xi)\< fu(xj).

Q.5.D.
ThaOREM IT @ ror ;)_;_i compact and Picontinuous, the strategy X such
that, ie}ii,fu(iﬁ max fu(xi) is f-no-dominated.
X,
=i
irosct : We consider a strategy x. such that x. dominates Xx.
Witn the wnroposition 6 (see p.7) it means that fu(x, ) fulx).
fut ¥ o= Argil‘"ax fu(x, )}so fu(x )= fu(x). By the definition
=1

7y

1.7, ¥ is T-no-dominated. (rem)

In a zero-sum two-person game (X, ¥, P, -P), with

X and Y compact sets and P continuous, the fuzzy

saddle-points set {Arg {Max fu (x)}, Arg {Max fu (y)}}'
x * y 7

contains the usual saddle-point of this game.

Lreool : If X € Arg‘l\/ax f (x) then fu_(X) 7 fu_(x) Yxex
T ML b e u (B) 7 7, (o), Ve x
/% X ,
7t means : min p(X,y)ymin p(x,y),'Vxe}_g, ‘Vyez. Then,
min p(x,y)= max -p(x,y) and so, min p(X,y)” max -p(x,y),
that, for all xeX, for all yeY . So, we can write :
p(X,y)7 -p(x,¥); deﬁ,l*fyelf_ . (a)
Iif'eAr_.{Max fu_(y) then fu ()1 Vyey
y e {Ma ! y(y) 7 fu (y);Vy eX
Tem xieNDXi =p Xief—ndxi4_—_p NDXiE._f-ndxi. The criterium of
“ono-dominzation is a criterium which is weaker than usual one.
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ST )

- resns ot omin -p(x,y) 7 min —p(x,y),'Vxe.}':,'Vyej;. Then;
e = {v,y)= max p(x,y) and so, min -p(x,¥)ymex plx,y),
cor @l weX, for all ye Y., So, we can write :

VS

~0(x, ) o(x,y); Vxex, Yye ¥, (v)
’ “v . oropositions (&) and (b) permit to write:
v, T og-nix,y) {p(X,y) and so p(x,¥) < p(X,¥) (c)
<nov that X is a compact and p continuous, SO p(e,v)

Ay
—

wopches its maximum on X :3ﬁ£§_suoh that p(x,7) <p(%,¥),
11 x €X, and so for X. Thus,
p(%,7) < p(2,¥) (a)
Ne o vroaw that ¥ ois & compact and D continuous, =0 p(x,.)
~pacres i%s maximum on ¥ : 3 9€Y such that p(X,9) < p(X,¥),
sr¢ that for all yeY, and so for y. Thus,
0 (%,9) € p(%,F) (e)
Seier with (c), 1 can write:
e, T p(X,5) so, with  (d) and (e):
SR, gn(R,¥) S p(E,T) & plx,y)  then,
,ii= o(%,%)= o(%,¥). So, we can conclude: (2,§)= (X,¥).
Vow . e ran rewrite(c), (d), (e) to obtain the usual con-
At on of a saddle-point:
p(x,¥) & p(X,¥) « p(X,y) .
R.5.0,
s tiporem is a fuzzy generalisation of Von Neumann and
. -rganste~r's one. 1t permits for the number of equilibria to
srow pigger, and with the first theorem on the continuity of
“nae uzey asrategical utility, it permits to envisage the reach
o pame-equilibria like a simple research of a supremum.
v 4= cnvicous that, the fuzzy generalisation of Nash eguilibrium
«i1. me independent of Kakutani's point-to-set theorem because

5 thet one-argument strategical utility.
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