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Let 8 = {}»:Q*é CO,’I:]} be any soft fuzzy &=-algebra i.c. fuz=—
zy G- algebra ( see ]'_'_"l]) uncontaining the fuzzy subset t[ % ]@:
.9..—9{23} . Since @05 € G, the crisp set SL can be always decoms
posed &s a union
where ﬂ/l + ¢ ,_Q_,ln 'QE = ¢ and %S)'Ee Y ( the mapping %)12
is a membership function of crisp subset .ﬂ.z) « Obviously, SL >
can be emptye.

Let S 1 be a fixed crisp subset in JL satisfying U).

Definition 1: The mapping
L
K(-+,L): 6> 2 1,

def'ipneda by the identity

o

V}kes— h()&,ﬂ/}) :.‘{UJ: L'JC'Q—/I ,’LLU&)‘) ;} k¢ K

is called a support of ncnemptiness,

)
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Jefinitvion Z2: The mapping

Q
KRN )6 27,
given by the identity
\O'\A.(:b' K*( gy S29) ={w:we.ﬂ.,‘ , l""(“‘:)=g}, (3)

is called a support of ill-defined elements,

Let  L(m,f)) = K(p, L )uv K¥w,SL,) for each pe &,

K* & y L)) = im: Me 2.91 s 3 peb M= K‘(M,.ﬂ.q')} and Sl
SU6 , 20 ={u: e 2, e 6 ¢ M= K(u, 52 ) o e 2

HP"EB' ’M.-:L\P',Rz‘)} °

Theorem 1: J¢ ( G, R ,]) is a Gealgebra in 53 q Furthermore,

K*\G’,.‘aﬁl,l‘) C'_Q_((;',ﬂ,‘) and

i, te 6" k(swp{p o}, ) = U kip, 2y, (4)
Vit nlew (1} R = U Bppay 0 (5)
Y peb SONE(R, ) =101 -p ,5,) , (6)
V pe6 STNL (W, SL) = KU =, 80) . (7)

Proof: The properties (4), (5), (6) and (7) are self-ecident. Hence
(e »al,) is closed under complemention in ﬂ,‘ and denumera-
ble union. Since .(.?..,l = K(’Ua,ﬂq)&ﬂ(s‘,.ﬂ.q) , the main thesis
nolds. Taus EM(p,SL,) = L, S )\ K(p, 5L ,) eS2(5,50L,) for
every P;.GG' and EK%( &, S}.,l)c:ﬂ((‘i,.ﬂ_,‘) . W
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Using & fixed classical probability measure P:SX( 6,51 )> [0,1],

we can aescribe the following motions:

Lefinition 3¢ The mapping
al-,41,,P): 6= [0,1] ,
such that

A alp, 3L ,F) = P(K(p,S2L)) (8)

is callied a gepneralizatwaof classical probability messure P to 6 ,

Vefinition 4: The mapping
de Sk ,F): 6 = [0,1]
defined oy
Vet E(p,ﬂq,P)zP(L(ﬂ,ﬂq)) ’ (9)

is called a extended generalization of classical probability measure

F 50 & .

Detipition 5: The fuzzy P-measure on & is a mapping

p: = ®'v {0}
fulfiiling tie next conditions:
Vped plpvil = n)) =1 , (10)
~if fdmn} is finite or infinite sequence of pairwise Wegeparated fuz-
zy subsets (see [6]), i.e. My &1 = 3 for every 143 such
that ifj 4 then

JEFURIED I IR ()

Lemma 1: If the fuzzy subsets Bbooand ¥ in § are Wesepara=

ted vien K (w, S )nE(p,5t,) =¢ .



Proof: Let us suppose that K (u, Sl,])nK(v,_Q.,]) # ¢ o Then, for
eacii W e K(pm, Sl,l')ﬂ K(v,8% ) , we have
3< ()€1 = VH< 5 W

Contradiction! N

Thecrern (¢ The mapping q( "ﬂ"l’P) y defined by \8) , is a fuzay

Pemeasure on & iff classical probability measure P fulfils

X Liek¥(6, ) P(M)=0 (12)
Moreover, we have

Proof': By the Lemma 1 and (4), we get
q( sup {P«,n},ﬂ,i,P) = P(K Csup {1}, 520 = P(V K(p , 1)) =
n n n

= 2. Pk (ftn”ﬂ"l)) = Zn Q(Hnsﬂqu)

n
for every sequence SU‘%)T of pairwise Wegeparated fuzzy subsets in
& . 50, (11) always holds.

cipnce
aUp vl =) 5L ,P) = PRV =p) , ) = PLSL N KM, £2) =
P(SL)) - PEYp, SL4) =7 = PEYR, S )
for each W e® , the mapping q satisfies (10) iff (12).
Then we have

q ('X’ﬂz’“ﬂ“’}’P) = P(K Lx«szat S}-q)) =P@) =0 .0

Iheorem 3: The mapping QU+, S1,,P) , defined by (9), is a fuzzy P-me~
asure on & iff (12). Furthermore, then it satisfies (13) and

erﬁ'r’- 5(&.57-qu3= QQ\‘-,S}-sz‘) ° (14)
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Proof :The identity (14 ) follows from (12) because

Gy St 4P) = PL (R y ST 1) = PLK(R , S 4)W K*(p, S2 ) =

= PE(p, L))+ PEY (R, 52 ) = q(p, S ,P) + P(K*(p,ST ) o
30, if (12) then the mapping q is & fuzzy P-measure on © fule
£iiling (13%).

Tet us assume that the condition (12) does not hold. Then there exi-
5te suc: pre® that  PLK™(p¥, St ) # 0 o By meams of (6), we
get
T, 2 ,P) + QU =p* ;2 ,P) = PL(p*, S1,)) + PLLU = pY, 52 )
P(K (>, 82 v K“uﬂ,.ﬂ,l)) + P L.SL,l\K(\A.*,S}.,})) =
PR (W, ) + PK* (¥, 2 ) + P(SL ) = P(K(pt » SL ) £ PR =
PL(p U -pt) , ) =g - W) S ,F) .

This fact shows thst the condition (11) does not hold. The proof is

It

ii

It

i

complete, MR

Is any fuzzy P-measure on & a generalization of one classical
probabilivy measure to G ? In more special shape L‘R.,l = Sl) ’
this problem was given by dr Stefan Chanas on "One Day Meeting in Fuzzy
Mathematics", which was held June 26, 1984 in Poznah. The solution of
the abcve question is based on the below considerations,.

et B = [[-w,+0] , the mapping ¢ 3 {2 - L0,1] be quasi-anti-
symmetrical and continuous from above fuzzy relation "less or equal"
(FL:) unfuzzily bounding the real line (see ((2]). The FIE ¢  ge=-
nerates a [uzzy relation "less than" Qs given by
YV (x,p)e B SolXs¥) =1 = ¢(I¥X) o 2] (15)
Then we def'ine a fuzzy intervals (FI) as mappings \F[a,b | R~ (c,1]
and s{[a,«n—u] : R — (0,1] defined, for every (a,b)é I , by the

rgenvities
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V ?:elf? \P[a’bt(X): g(a,x),\eskx’b) R (,Ib)
V xe K \?Ea!"'wj (x) = S’ (24X)A g(x,-q-oo) ° Caj (,]7)

Among otaer taings, for each pair  l(a,b)s B , we have

V xe Ja,+oe] $Lasrec] (x)> 5 (18)
3 (19)

N x¢ Ja, o ¢Lao L () >3 (20)

Vixe [-oc,alv Jo,+0e]  ¢[abC(x) <3 o (21)

lore details about FI are contained in [[3] « Moreover, there can be

V xe [~oea wla,+0e] (%)<

detined vhe following family of fuzzy subsets in R .

Lef'inition ©6: The smallest fuzzy §-algebra, ?’S’ say, containing all

jo)

FI define

by (16) or (17), is called infinite fuzzy Borel family [5] o

Theorem #: '1};@ is a soft fuzzy (G —-algebra. Furthermore, each fuzzy

subset b S ’gus, can be described by the identities

= = o {4 Dot} (22)

Hi

or

i

= po = s {fCanofve Cageeed o« D51 (29)
since Xy ) = [+2,+0] ¢ e , according to (1) IR cen be de-
composec as union R = [=a,+ e v +9%,+0] . This fact is helpful

£or our considerations because each classical probability measure in

the real iine is defined on a (w-algebra of crisp subsets in E—-OO,+°° Ec
In accoruance with (13) we ought tc mark off the following class of fuz-

Zy Pemeasures on %@ .



Def'ipnitions 7: The fuzzy P-measure ps T@“é |R+u{0} s, Satisfying the

copditions

o

(q[+w,+ocj) =0 , (24)

is calle¢ a natural fuzzy P-measure. [5]

Definition 8: The projection ’F; on dmestoel 44, mapping
- ‘;3 ) w
cefinec by the identity

e n~ - v [an,bn[ W=
vf“b?"é’ J‘g(’i)*{\l} CapsbLulagtec L o =y, =)

S

where ., and [, are described respectively by (22) or (23).

Definition 9: The mapping

Do ¢ "\’ag,-'-) {0,1}

defined, for fixed =& J=po,+0c[ , by

. N

L~ B . = ) 26
VP‘L%S’ Pt {o &{:fﬁgtp) (26)
i3 cezlieecz a fuzzy atomic measure on ’Fag o
Lemmz 23 The projection fﬁ'g sutisfies the following properties:

( o IN ~ o .
7 ot e bs Mglow (i o)) = U I e(pp) (27)
\‘/ (rk’g-)e¥,§2 Héq-{p:# Ts(f",”‘ﬁ““’) :.-}25 ’ (28)

¥ g e Ty v =) =[moopeocl . (29)
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Froof's Tae property (27 ) is obvious. If STS(}L)qTi%(\?) # @  then
there exists such pair (a,b)e [=oe,+ 90[2 that a<b and
(2,0 [ & Tiq()k)'\ j'\‘é(\:) o The conditions (18) and (20) imply:
p(x)y -i and \‘:(x)> g for each xe¢ ] a,b[C o So, m  and
¥ are not Weseparated.

Upvivusly, we have ﬂg(}k V(1 =p))e [-ecy+a[[ for every
VOIS 'gﬁq . let us suppose that C—-w,i—wt/jl\g(’kv(’l -p)) #)‘d .
Then there exists nonempty crisp interval (a,b [ such that
Ca,e [ s fﬁg(rx v(1 - }L)) = ¢ o This fact along with (19) and (21)
proofs that p (x)v{ -M(x))<% for each x¢ ] a,b [ o Contra-

diction! IR

Theorem >: The fuzzy atomic measure p, on }g is a natural

fuzzy Pemeasure on T.wg for every «e Jmecytoc[

rool’s Tne condition (10) follows from (29) and the Definition 9,
Let é\}"’n]) be a sequence of pairwise Wegeparated fuzzy subsets

in "\"73, CIE e ef\T‘S, (sgp {'p.n?,) then, according tc (27) and
(28), there exists the unique positive integer k  such that o€
%STg,(ra.k) « Therefore,

P%(S;;P%Hn‘s) =1 = pu(p ) =an,¢( o) e
Using [ 27), we get: if o 4:(-\79’\ Srlxlp IR n)J) then « 1:’379(,»«,[] )
ror all rositive integers n . dence

?d_(s;pi'l n)) =0 :“zglpatcf" n) °

2Ty Lne Tuzzy atomic measure P is a fuzzy P-measure on ?)? .

Since f\Te (¢ [+oc,+0c]) = YS , thc conditions (24 ) holds, too. B
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Definition 10: The cumulative distribution function of fuzzy P=meagus
e e ]l,s-,-‘-’ ;R+ui01‘ is a mappilng
F: B —- [0,1]

gucn vast

Y xein Fx)=p ([~%xC). [5] (3"*’)

fneorem 68 If & matural fuzzy P-measure P ?;g-‘blR"'u Sl_O} is a zeneram
lization of classical probability measure P Q_(‘R, C-ocyt00 [ )=

- {{0,1] then

V xe [=ory+00 p(§ [oesx [) = P([=00,x ) = F(x) . (31)

Froor: since (21) and  fl-ec,x { (-6c) =1 for each xe¢ R,

P(§C-2esx [) = P(R(PL-0epx [, [=teyrec[)) = P( [~e,x ) . m

iloreover, the cumulative distribution function of fuzzy atomic measure

13 siven by

) o X &%
F, LX =
~ 1 XSa . (32)

.
o &

Lev us consider the fuzzy atomic measure Pn ©On the soft fuzay

C=algebra ?)g\ generated by FLE &  described as follow

1 x<y Or X=y==9of Or Xzys+9oC
e l,y) = % x=y e ] =neytoe [
0 xVy

According with the Theorem 6, if there exists an ordinary probability
measure  F, 3 Q(?@, [-ocy+oe [ )= [0,1] such that p, is a ge=-

neraiization of P, then P, ought to be expressed as follow

v L) = f dF = QN'(K(’A, ,E-‘Oa,-l-oat))
K‘(P_ s[=0c 5+ ac C)
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for avery [ T’gi‘ o On the other side, the mapping q (K(+,[~oc,+ E))
1P (0y1] is not a fuzzy P-measure on ’Iz,? because, for
*[_w.x[eﬁg s We have

<l Kq 20y« [ v (1= g [moeyx[), [~ 2+ l))= S @ =c
C"‘bax—[U}d.;*wE

50, there exists a natural fuzzy P-measure which is not a generalization
of one classical probabllity measure.

In addition, let us investigate the next notions

definition 113 The finite or infinite sequence S{kotk, P’k)} of pairs

in ] ~o,+06c(X[0,1] such that {"Lk} is increasing and

%Pka’l (55)

i5 called a discrete distributione.

Jefinlivion 12: Let {("Lk’ ‘Sk")} be a fixed discrete distribution.
Then the mapping

definec az follow

Y ¢ Pe d () ='EE P it B 0 Ge)

1s caliea a discrete probability measure generated by {(ack, FS-K)} .

Thecrem /¢ The discrete probability measure, generated by any discrete
distrioution {("lk' F’k)} is a natural fuzzy P-measure on 'f;g N

Its cumulative distribution function is given by the identity

VXbF F(x) =0 + z?k . (55)

oL <X

Froci's vsing the Theorem 5 we have:

- o7 sach M€ ?3§



e VT - \)) = % B P (Vv (4 = L= A4
vt =g PrBe(pvli-p) = Rpe= 1.
- for each sequence {P‘n} of palrwise Weseparated fuzzy subsets in

Pe
s gh) =20 Pinc (o {p o) = Py Tpg (M) =
ZZ:Q %P kpvék(r"@ :Zn d(py)

- diy [-i-oc,-wx])z % ?)kp*k(\f E+0¢,+oc1) =0 ,

S0, the muapping d is a natural fuzzy P-measure on ?’S’ .

sioroover,

P =gl D) = R gt TexD) =00 T By oy

On the second side, the formula (‘55) presents any step-function

Fe: ®>{0,1) which fulfils:

FSL-OC) =0 ’ (36)
Fopoe)=1 (37)
¥ (5, 5)€ B x <Y DF (X< FAY) (38)

\vJ &xn\a 2l {xn}’i‘ X =§(F§(xn)}1\ F(X) o (29)

Theorem 8: If the fumction F:R—-» [C,1] satisfies (36), (37), (38)
and (59) thep there exists the unique natural fuzzy P-measure on Tyg

fultilling {(30) [5] .
Tnerefore, we have the finishing conclusion.

fhecrem ¢: The discrete probability measure, generated by {Leck,’\?sk)} .
1s Lhe upique naetural fuzzy P-measure on '\2) ¢ such that its cunmulati=-

ve Jdlstributlon function is the step=function given by (35)e
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