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ne Convergence of Measurable Function Sequences
on =rhe Possibility Measure Space
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L thia paper, we shall introduce *he concepts of almost and
PrzLco-aimost on the possibility measure space, and study the

convergerce pronerties of measurable function sequencesd,

‘cepibility Measure Space

4

sefiri<tiont, Letggtm a nonempty set, 0O = 4{52) be the power

v

et ofé?ﬂ. A mavping e D=0, 17 15 called the ossinilit
8 B J L im P

-

measure, Lf 1+ satiafi

(D

g the following conditiong-
&

! L8 Toug? £ ! ? N
cow ‘xtitE‘E;QZKE, T (UAe)= =sup ;L (A¢), where T is an arbitrary
T teT vET

\ - - [ . )
We call (P2) 'Euzz:—addltivity . Another equivalent definition is

Defirnitiont.2. If f:§P-[0, 11, we define the set function as

?T:{A)ms;Ap flw), and sap f(w)=0, sup T (Ay)=0 are made,where A€ D,

The T s a vpossibility measure ongy . We call f the density of T .
Property?,.1, *) The possibility measure possesses the
monotonicity:¥ A, BEM, ACB=> M(A)< T (B);

“he possibility measure possesses the continuity from below:

]

A E0 (i=1, 2,¢« + ), A =>TC( im An)=lim7E(An)
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G0 The mosainility measure is uniformly autocontinuous, anc

- sy ey g + R y
nerefore, agtocoriinuous, null-

QD

3 4]
dditive ({1]),

[V

aloe the poszlbllity measure generally does not possess the

cortimuity from above, it Ls not necessarilyv a fuzzy medsure(f ,,.
tre criple \[Ey V;,;) will be refered to as a possibility measure

space, .ny real-valued functions definegd onwfaare ﬁD—measurable.
~r wne Tollowing, we always assume that (EQ,ﬁD,JE) is a possibil-
Lty memsure spnace, and ¥, Xn, n=1, 2,+++, are real-valued func-

Definitiont,3, Let A¢ © , plw) ve a rroposition on A, If there

1 TL(E)=0, such that p(w) is true on A-E, then we
L 7 + ”, : 3 re D

22y Diw, 13 true almost everywhere on A If there exists F €

J . » ;
with T TA-R)=TL(A), such that p{w) is %rue on A-~F, then we say
‘< , vy

olw) Ls *rue pseudo-almost everywhere on A7,

Zepecially, with sequences (Xn} converges to X instead of propo-
sition p{W),we may have the definitions of ' almost everywhere con-

M (49 "

erpence and pseudo-almost everywhere convergence', They are

, o a.e. + ho ..
cenoted oy Xn—>X and X5 X regpectively.,
T

rropositiont, !, Let A.va, p(#) be a proposition on A, If pl{w) 1is

true a most everywhere on A, then it true also pseudo~almost every-

Proof, By using definitiont,3 and the null-additivity, it is easy

to obtain this conclusion.

Definition’.4, Let A€ /D . If there exists {£,}C 0O with
lim 7m{%£,)=0, such that {XnE converges to X uniformly on A-E ,n=1,2 pe,

o [\3

then we say anr converges to X almost unitormly on A", and denote
it by X, --'»X' If there exists {Fn’, C @ with lim L(A-F n)uT’(A) such

that'§Xﬂi converges to X uniformly on A-F,, n=:,2,-°', then we say

“,f 3 L34
‘Xns converges to X pseudo-almost everywhere on A
P ol

by Ly A

y» and denote it



Tl et £f2 . I there myisss & Gﬁ? with 7 (5)=0,
T , - " ]
ULt - L covwvergeg to X uniformly on A, then we say {<Xng
v . . n ..
converyen o Noaimtet averyyhore vaiformly on A, and denote ‘it by
~’§iJva T S hnen merd e T e 3 wWith ATV 3 +that § 1
:’w‘gf P o - PREAE MG A RS R ST e AN R (A/ v SUCh cnat ’{ ey
‘ . ;
n
e . e . X Ve
converges to X ouniformly on A-F, then we say 1| X,} converges to X
) . y T , paeu
DEOVI D= moeY everywhers uniformly on A, and denote i+t by Xp X,
e e . . . !
seliniviont, b, Let A€ , If llm}[({f X=X > QZ N A)=0 for any
LT T - . n->00 | ’

Slver b 0 then we say {Xn} converges in possibility measure bl

y B . LI . ! )
o0 o end dencte 1t by Ky =>X: I lim7w (5 [ X=X <EYNA)=TL(A)
LA n+oo { i
for rny oiven £ >0, then we say X,1 converges pseudo-in pogsibi-
L X y i
~=BY omeasgure 7L to X on A, and denote i+t by Xnﬁ;>X.
Tenonlitiont,?2, If A reslee —~va_.ued function seouence converges in

sSome mearineg above, then it muat pseudo- converge in the same

meaning
from o tre Collowing exa mples, we can see +that +he converge result
-TLomt 2 is generally not true.

conglder gng'=(-00, +00)}, and the measure L defined

. . T, w2 , w ro, w>0
DY —p/f“’)/“_’" ’ 7, denote ‘Jk (-CU 'f /\a S ((-0)-— "“;"9 S(U)) ’

- F\' v ‘J: <'r.} + .‘,: [} w <
s oy b} .

Lenri »;q{wﬁé converges uniformly to constant O, Therefore,

Ny 3 . .
Spalw) converges uniformly to O on (0, +o0e), Furthermore,

R
v

1

converges unlformly 4o S{w) uniformly on (B—L .« And since
¢ J k

- , o.u.
T = TN, we haves o () 7" 5(w); For 5,(0)=0 ~»1=8(0) ana

L A S o
NI =', consequently, Sn(w)—?y S(w).

Sa

Sxample”,?, Congider Sﬁfu 2, b, ¢}, and the measure T defined by
- — . 4

o, w= fi-+k  w=a.c
ite densi*y flw)= < ’ a . Let Xm@m)ag , X(w)=1,

b, we=hC . 0 , wshb
frem L T X=X [ <D= L (fa, eD=1=1L( ), and
ERE I D NS G T D (fb )zT\O for any given £ > o, we obtain

1A
Xo—= ;*X, —%*X .

'l l..{B
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e
(2.1)
(2.2)
Yommm X o=y g My (2.%)
roo tomothe definitions and by using Property?.?, it is not
ST vo obtaln the conclusions (2,1) and (2.2). We now Drove
The Lot coneluslon P20,
Sy ivxr;i? there exigte {EK}, EKCZA,R=1, 2y +, and %igﬁ{(gx)xo,
-
TuCn U {Xn} converges to X uniformly on A=Lyp, If TI(A)zO, then
cvidentlye et TL(A) 0, For Sim T (s, )=0, there exists k,
L\—roo
TOLER)CTTAY and se we have

( Nl 1
TA=TD (-2 U B = T (amn ) UTD(E )= T (i),

. N I “ f’OeU L35
Neme' v, fnpteonverges Lo Y uniformly on A~ -y, 1.e, KX, g

N

‘ne corverse conclusions which correspond +to (2.1), (2.2), and

' . -
S erally not true,
eoTep) D et A CD, then
a, vy N 7
——— e Y P, ; ’
‘y*n., 2 A“"Xn A (2-4)

ey 4 HE T AR RS Tia+ X m Y in 41 9] +
Lroo B s - RTS8, LeT )&'V’. A Aws IODT every m, m=1%, ¢ y***, there existg

¥

eanes iyaly g () ! - ;
sy TEADec S vely . such that rz(f;xk-x§>77}(7A)<;% as k;EKm. Now we
Suncoe that Ky be increasing about m, which does not bring any

220 of venergl it
it

« If we denote

then

. 'S !
ﬁ(mn)asup‘?[({?XK-Xg?"ﬂa}ﬂfUé;T.

«ik} converges to X uniformly on A<~Ep. In

!
ot
.
n
®
)
0]
R
«t
(o]
&
gt
(o]
=
ot
b"
@ .,
C‘f’

fact, ‘or arbitrary given & >0, taking mf> Vn, we have

o o vo> D

W= - 20 ag 2> Kme It follows 'Xk(w) X(w) | <E, for every
A y a.u.

wEAwkin, merefore, ==X,

A



corveras iy, 0 Te Towa, from the wesumntlion, that for any given
., Co < : .
? T, Theme ey with W As) S, As € A, such that for every
- g : “nere cvists a natural number N( £, § ) and we have
ra 3 A S, il © N
AL e b B 7L I~ A=Ay as k2N(E, £ ). Purthermore,
— ! \
THw ] X lw)-X(w) P28 Na)
(f .y
Sl DX () -X(w) | > e N ag)
OV
%
wnd therefare. far arbitrary given £ >0, we have
- ! \,w
SAm T (fwl ! X=X 2 £1 N A)=0,
bR a L el ~ ‘ & ﬂ
-
namely X“~%>“. The proof is comnleted
The Coslowing conclusion{2,58) is stronger formally than Riesgz's
Laeorem Looclassical measure theory: and the conclusi ion(2,6) is
dimi_ar 9o the Lebesgue's theorem in clagsical

measure theory.,
Cheorem?.3, Let A £, then

¥ 6. €
Xo =X =2 Y= (2.5)
oL 3
Iy~ X =» Yn 5™ X (2.6)
“roof, Note that (2.4) and (2.1), it is easy to prove (2.5). we now
Surm to tne proof of (2,6),
vo.€, .
SLroe =X, there exists set F owith P C A, T (A-F)= 11 (A), such

that “im J(w)=X{w) for all w € A-F. That is,
-5 e

for any given ¢ >0,

W E A~ “nere exists a natural number N(w). such that

PXplooxiwy | ¢ ¢ as n)N(w)., Denote A ={w P N(w) < n} ) (A~F), and
*or%p 3Yﬁ»X?

£ ,f\A s we have

T2 T KX < ETNA) 2 (M) == T(A-F)= 1L (A).

X4 ]
And hence, X, X, i
Poro avv? 1. If T is continuous from above, then
a.u. . b a.c.
X5 X

=X 7{’X = X *Z’X .
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i T R TR iy LAY A J— n - .
alans ‘ ! el T and by veing the conclusions

coe o \, ety e - - i B ~ "1
Tl YL e eorellary may be followed.,

i

Corslloryd, 0, Let A £

‘reot. ot s Tollowed from the conclusions (2,2) and (2.5)

VAR ]
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