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SEMI-LATTICE STRUCTURE OF ALL EXTENSLONS
OF POSSIBILITY MEASURE AND CONSONANT
BELIBF FUNCTION
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[n this paper, we give a necessary and sufficient
condition for that a mapping .« from an arbitrary nonempty
class € of subsets of X into the unit interval [0,1] can
be extended to a possibility measure on the power set P(X)
of X, and analogously, a necegsary and sufficient conditLion
for extending to a consonant belief function. We also dis-
cuss the algebraic structure of all of extensions.
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INTRODUCTION

Possibility measure and consonant belief function may
be used in system research as expert's subjective evalua-
tion to a family of events. In some previous research,t'*°!
to determine a possibility measure or a consonuant belief
function, it requires enough fine and quite complete know-
ledge. But this requirement isn't always realizable. The
extension theory of possibility measure and conson.nt
belicf function provides theoretical basis and practical
method for profiting fully from rough and incomplete
information. Therefore, the results in this paper are
w3eful for information processing.

Throughout this paper, let X be a nonempty set, P (X)
be the power set of X, & be an arbitrarily given nonempty
subset of P (X). We make the conventions: Ji-t=9, ARRY

= X, §3£{atlate[0,1]}= 0, ggg{at[ate[0,1]}= 1.
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BXTENSTION OF POUSIBILITY MEAGURI

Definition 1 A mapping 72 P(X)— [0,1] is called thne
possibility measure on X, if Viag lte T C Px),

(U A) = Sup m(4A,),
t€T teT

where T is arbitrary index set.

kvidently, the pPossibility measure 7t is nondecrea-
sing, and n(¢) = 0.

This definition is weaker than Zadeh's one (aban-
doned the requirement 7 (X) = 1).
Definition 2 A mapping u : € —>[0,1] is called P-consis-
tent, if v{a, fteTjCc E,vact ,

AC H Ay => u(A) £ §31p (A ),
where T is arbitrary index set.
Theorem 1 A mapping « : € —> [0,1] can be extended to a
possibility measure on X, if and only if u« is P-consis-
tent.
Froof. Necessity: Let .« can be extended to a possibility
measure on X. Noting that 7r is nondecreasing, for any
tA lte P} C € and any ace , if ac &ﬁAt, then we have

A (A)

7t (A) € (M4, = Sup 7e( 4, )

= qup u(h,).
Sufficiency: Let .« be P-consistent. We define a
mapping
7T P(X)— [0,1]

B +— Sup Inf u(A). (%)
X€B XEACE

[t is easy to see that 7 is a possibility meusure
on X. The following shows that this mapping 7 is an
extension of u on & , l.e., ¥vBé € , there holds T () =
M(B). Take Beep arbitrarily. On one hand, from the
expression (*), since B€ { Alx e A ¢ £} when xe€ B, we have

7t (B) £ §161§ 4(B) = u(B).

On the other hand, arbitrarily given £ >0,V x ¢ B, z4a,e8,
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such that x«¢ A,, and

RS i - &,
4E2£:AA(A) A (Ay)

wince U A, DB, by using the P-consistency of ., we have
e

Sup m(Aa,) = um(B),
FEIRY

and therefore

I

7t (B) Sup Inf (A)

KEB KEAEL

114

Sup [w(Ay) - €]
= u(B) - €.
Because € may close to zero arbitrarily, we obtain
T (B) > 4 {B).
Consequently,

7 (B) = x(B). |

EXTENSION OF CONSONANT BELIEF FUNCTION

Definition 3 4 mapping 8 : P(X) - [0,1) is called the
consonant belief function on X, if ViA |te 1) C PX),

PLO A0 = g e (),

where T ig arbitrary index set.
wvidently, the consonant belief function 8 is non-
decreasing, and @ (X) = 1.

Tnis definition is more general than that one given
by Banon [1]. Banon's definition requires that X is finite
and B(¢) = C.

Definition 4 A mapping wm:f —, [0,1] is called B-consis-
tent, if V{A|teTicb,vace

onNn >
A DAL = u(a) 2 HlTr M(AL),

where T is arbitrary index set.

Theorem 2 A mapping  : €— [0,1] can be extended to Q@
consonant belief function on X, if and only if « is
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B-congsistent.

Proof. [t ig analogous to the proof of Theorem 1. We¢ here
only point out that when « is B-consistent, the mapping
B Biven by

B P(X)-—1[0,1]
B +— [nf Sup w(a) (*%)

€8 XEAEL
Ls a consonant belief function on X, and it is an exten-
sion of 4 on k . |

SEMI-LATTICE STRUCTURE OF ALL Ok EXTENSION

There are some examples showing that the possibility
measure extension onto P (X) for a mapping u : & — [0,1]
satisfying the P-consistency may be not unique. Analo-~
gously, the consonant belief function extension onto f(X)
for a mapping u : & — [0,1] satisfying the B-consistency
may be not unique. Denote all of possibility measure
extensions and all of consonant belief function extensions
of m by g, (u) and Es (4) respectively. From Theorem |
and Theorem 2, Ex () is nonempty when u is P-consis-
tent, and Ep (4) is nonempty when .« is B-consistent,

Arbitrarily given two mapping Ay P(X)—[0,1] and
Mz P(X)— [0,1], if we define relation "£" .5 tollows:

A€ My = A (A) £ ay(A)  for every a¢ P(X),

then " 4" is a partial order on Er () (analogously, on
Eu () ). Furthermore, denote &4 = Sup {4y, M4 and u =
Inf{q, 4}, then we have

A (a) = a4, (A) V (),
4 (A) = 4, (A)A a(A), vAae P(X).

Theorem 3 (&,{(u), ¢ ) is an upper semi-lattice, and the
extension 7 given by the expression (*) is the maximum
element of (E,(um), € ).

Proof. [f 7, and 7T, are possibility measures on X, then
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50 is their supremum. Therefore, ( £,(u), £ ) is an
upper semi-lattice. Now we turn to show the second conclu-
sion of this theorem. Let 7 be the possibility measure
extension of a4 given by the expression (¥). Arbitrarily
given 7w € &,{u), since for any A ¢ £ and any singleton
{x} satisfying »€ Ae &, we have

7' ({x}) & ' (A) = m (A),
therefore
' é .
T ({x}) JInf a(A)
Consequently, v B e P (X)

7t (B) = Su Inf w(a) 2 sup 7w ({x}) = x'(B).
Y3 LeA€l x68

That is to say, 7t is the maximum element of ( & (), =)1
Theorem 4 (&, ,(4), ¢ ) is a lower semi-lattice, and the
extension @ given by the expression (*¥) is the minimun
element of (&, (), £ ).

broof. [t is analogous to the proof of Theorem 3. |
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