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AN ALGORITHM FOR FUZZY CLUSTERING BASED ON FUZZY RELATIONS

Guo Sizhong
Fuxin Mining Institute,Liaoning, China.

ABSTRACT

In this paper,some properties of the fuzzy equivalence ma-—
trices are discussed. On this basis,we propose a simple and
convenient method of hierarchical clustering by a fuzzy similar
matrix R on the patterns set X.
KEYWORDS: Fuzzy equivalence matrix, Bguivalence level,Equiva.sncs

lence point.

1.INTRODUCTION
S.Tamura et al. [ 1] described a hierarchiecal clustering sche-

me based on a fuzzy equivalence relation on a patterns set X.
To start with,we give a fuzzy relation R on Xbby calculating
the coefficients of similarty or the distances of each pair of
patterns that is taken from the population of patterns to be
classified. A fuzzy relation matrix R= [rﬁLunmay express a fuzzy
relation when X is a finite set. R is called a similar matrix
if it satisfies the following two conditions,

(1) .reflexivity: r,. =1 ,

11
(Z).symmetry: T,, = Ty ,

1} A

where Oé;rﬁ$1,i,j =1,2,...,n. A fuzzy matrix R is called an equi-
valence matrix if it is similar and satisfies the condition
(63).transitivity: R°R<R,

where ReR=A # La; ](’-:) Ay = \/(I;l/\rl)) (1)

Let R be an equlvalence matrlx. Because R is symmetric, we

have "
R°R = A& ay; \/ ., ATy (2)
and R°R >R, thus the coﬁdltlom (%) may be replaced by
(3)* R°R =R . (3)

Using an equivalence relation on the patterns set X, we can
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classify the present populatiom of the patterns into some classes,
However, in many experiments of the classification, the fuzzy re-
lation matrix R obtained is a similar matrix, not an eguivalence
matrix. An improvement is to compute the transitive closure R*
for the fuzzy similar matrix R. It had been proved that transi+:
tive closure of a fuzzy similar matrix R can be obtained by cal-
culating RJ in finite steps. Obviously, the computing process
is complicated when the order of R is high.
A great amout of the works have been done on the basis of

Tamura's scheme, such as Dunn [ 2] proposed a method of maximal
spanning trees and Zhao ruhuai [ 4] a net-making method.In this
paper, we will propose a simple and convenient method of hierar-
chical clustering by fuzzy similar matrix R on the patterns set
X . It is shown that procedure is superior to algorithms of L 1],
(21,0 4] with regard to both computing time and storage require-

ments.

2. PROPERTIES OF FUzZZY EQUIVALENCE MATRICES

We suppose that fuzzy relation matrix R is similar through

the paper.

Definition 2.1 The entry L of a fuzzy similar matrix R=
; (ixJ) is a maxi-
mal element in the i-th row of R except the diagonal element

r.] is called a equivalence level, if r,
ijnxn 1

I’ﬂ .

Definition 2.2 Let kxk (k¢n) matrix R(x, be a submatrix of

the nxn matrix R, where

r, I, r, Iy Tk
R = | T T+ and Rego = | 70 B e
I',‘" Xr.; rg, s T

we call Re¢x, 2 main submatrix of R.
Proposition 2.1 If mxn fuzzy matrix R is equivalent, then
each order main submatrices Rg,, Reyy...sBu-i>are equivalent.

Proof: Suppose that R¢s»> does not satisfy transitivity (s<n),

then there are at least one L (1€1 §¥j< s) such that
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<;;,

= rll /\ )>I‘
ARV r,,,) VACT R (4)

(4) sﬁows that R is not equivalent.
Proposition 2.2 If a fuzzy matrix R is equivalent, then we
have
Ty = T N\ Ty
for any i ,3 =1,2,¢..,n, i %J, where r, is the equivalence level
of R.

Proof: Since R is equivalent, then we have

; :1\Z(ril/\ r; ) = z\#/x(r””/\rlj )\/(ri’( AT )= Ty A Txj

i.e. Ty 2 T /\ Ty e (5)

And T 1\/(1‘,(1/\ r; ) = V(g Ay IV (e A 1y )2 rAry

1%1
TG AT e Because r,; =r,c 1is the equivalence level of R,

l.e. T2
then we have r,;>r;; , hence
T35 < Ty Ty (6)
(5) and (6) imply r; = Ty A Ty .
Proposition 2.3 Let nxn main submatrix Ripyof (m+1)X(n+1)
fuzzy matrix R be equivalent, and R be reflexive and symmetric.

If entries r,; of R satisfy the following equalities

ij
ry; =Tyx A\ Bxj 5 i b3=1,2 000 mtl, 1 %7, 1%K,

then R is also equivalent, where r;, is the equivalence level of

R, .

Proof: By way of a comtradiction suppose that (n+1) X (n+1)

matrix R is not equivalent, i.e. there exist 7, j such that
ntt

n
;3 ¥ \/(rﬂ. ANry ) = \,/,(I’iz ANy YNV ATy 0y As ) -
Since \/(rn/\ Ty ), hence
T <r¢ nti ? I' <5 n+1. 3 =L nar e (7)

We consider the follow:mg two cases respectively.

1. There are at least an equivalence level of the (n+1)th
a1 ? where 1 ¥n+1,J ¥n+il.
(4 :\:n+1) is an equivalence level of the

colunm of R at T OT T

Suppose that r; ..

(n+1)th columm of R. Since R is symmetiric, then r;,  =r. ., T

N4 ol =

T . By the assumptions, we have rhﬂ,j.:rMI,i/\rij , i.e. 5 001 =Tiane)

)\‘Y‘)j
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AT, , which contradicts (7).

2. Both r;, and r;,;,, are not equivalence level of the (n+1)th
columm of R. where i dm+1, j xn+i.

Suppose that r; ,,, 1is an equivalence level of R, t¥i, txJ . By

symmetry and the assumptions, we have

T4 ST ATyt s

Tinti =Ty \Tjt s
because Tinn>Tiney 2 Taap> Dot 0 thus N =%JH4,which
contradicts (7).

This completes our proof.

Proposition 2.4 A necessary and sufficient condition that a
fuzzy similar matrix R is equivalent is that for any {,j=t,2,...8,
it ¥j and s=1,2,...,n, each order main submatrices R(s» satisfy the
following

Ly; =T A\ Tyy
where r;x 1is the equivalence level of Ri(s, .

Proof: The proof is obvious.

Proposition 2.5 The entries of a fuzzy matrix R" are denoted
by rg), where R?=R°R, BK=RK4°R,k=2,3,.... It ¥ is an equivalence
level of R, then for any poiftive integer k, T ig:still an equi-

Koo
valence level of R, i.e. T, =Ty .
. , . : . k)
Proof: Slnc? %ﬂsfrﬁ (t%i ,1x3 ), by (1), then we have ;ng
2 : (2 _ i _ ) ) 2
r; . Because r;; ‘l\=/,(ril/\rl.7) = l\ﬁ‘:/i(ru/\rlJ WV r;> Ty, thus r.

Tii s and ¥ is still an equivalence level of R . By the induction

method, we can easily obtain the result.

Definition 2.3 Let ;s

similar matrix R, the pair (i,j) is called an equivalence point

be an equivalence level of the fuzzy

of R (in fact, the pair (i,j) is a point on Cartesia product space
XXX when we regard R as a fuzzy subset on XXX ).

From Definition we easily see that if (i,J) is an equivalence
point, them (j ,i) is also an equivalence point, wherei ¥Jj .General-
ly , (i,7) and (j,1) are regarded as the same equivalence point.

Definition 2.4 Let wu,= (a,,a,), u,=(b, ,b,) be two equivalence
pointsof R. We call that u, and u, are in same fuzzy equivalence
chain iff 31<1,3 <2 such that a;=b;.
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We call that equivalence point (i,K ), (Ki, Ka)perey(Knoiy Km ),
(Km,3) form a fuzzy equivalence chain, denoted by e={ Ty Kigeoay
Ky » J Jo

Definition 2.5 BSuppose all equivalence points of nxn fuzzy

matrix R form m equivalence chains e, ,e,,...,en Whose union

U e =11,2,...,n} .
(2) > . . .
Let E= {e, »€250009€mty R =] r:j ] ve a fuzzy similar relation ma-
n 42>
trix on EXE, where 1<1,i¢m, m<[3], ri;

between two equivalence chains e; = {4, yizrees sk, } and €; =<{jl »Ja »

is a measure of similarity

oo ,jkz}, we take that

2> {2>

Ty T Ty o+ T =1 , (k=1,2,...,m).

U=t )kz

where r; are the entries of the matrix R. The equivalence points

LA "
of R are called the second order equivalence points of R, denoted

by (i 7j )2 .
Jimilarly, the fuzzy similar matrix B<N>can be constituted by
the equivalence chains of R<N " The equivalence points of RN are

called the N-th order equivalence points,N =1,2,..., denoted by
(1,3 n -

Proposition 2.6 If all equivalence points of nxn fuzzy similar
matrix R form an equivalence chain, then each entries of the tran-
sitive closure R*= {rzg for fuzzy similar matrix R are all equi-
valence levels of R except r* =1, 1=1,2,c0.,10

Proof:We only show that rij is equal to one of the equivalence
levels of R, for any 1{1,i=1,2,¢..,m, i%J .

Let Tix, 2Tk ke erTk1,; be the equivalence levels relatively to
equivalence points (i ,%),(K,k),...,(k,J) of R. By Proposition 2.5,
we have rX =T, , I¥ SE o yee. TN

1,K| Kl J
(ke,7 ), are the equivalence points of R¥. For any i ,7=1,2,...,n,

I‘Kl’j » and (igkl)* ,(Kl’.K}_)*y.oo’

i%j, by Proposition 2.2 we have the following
¥ =rig, AT, ;

=Tk, ATk A Tka, 3

=Tik A Te A "Aer—l ,Kz/\rkz »J

which means that rg‘j is equal to one of the ‘equivalentce levels
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r.. ,.e.5r, - 0F R.
LKI kl)j *
Proposition 2.7 Let R*= [r;“LMn be the transitive closure
of similar matrix R= [IﬁJmn' For any i1,i=1,2,...,0n, 1 %3 , there
are at least a k such that r; :r:5>

» Where rig is a k-th orxder
equivalence level of R.

Proof: First, we discuss a simple case. Let all first order
equivalence points of nxn fuzzy similar matrix R form two chains
e,=1{1,2,...,m}, e,= { m+1,m+2,...,n} ( If we obtain e!/={i,i,,...,
im » €= ﬁnﬁ,tmz,...,in}, we can reorder the patterns of ¥ such
that iy>k). We denote that

U,.= {rﬁl r;; 1is the entries of R, 1=1,2,...,m, j=m+t,
M+2,...,0 },

™M

il

{r;|(i,j) is first order equivalence points,i,j=
1,2, 000 |,
Rim= I rloum o 1,3=1,2,0..,m.
Rinm= [ T35 umxcnem) » 193 =0+ yI+2, . 0. pT0e
i.e. Rimyand Rip.ms are submatrices of R= [riﬂnm.

1. When r;;éMand r;eU,, , we can see that I; is an entry
of Renyor Ripmy by the symmetry. Because Rimy and RYy ., satisfy
the conditions of Proposition 2.6, hence rﬁeﬂﬂ .

2. Let 1; be a makimal entry onU,. For g?y'as it is  im=-
possible that r, and ry; in the expression r; = k{( rn/\rw )
are all elements of M. And there exists an element in {r, ,r;}
for each 1=1,2,...,n is the element aflﬁr Hence we can easily

2) ®) _

see that r; =r;; , and r;j =r;; for any k.

Let ryeM , r;el,,, By Propositions2.2 and 2.5, we have r;; =
r.; » because r; < Yig 4 J=m+l,m+2,...,n, hence all row vectors
of the submatrix Ry=[«;;] (4j€U,) of R are the same. By the symu-—
symmetry, all columms are the gsame. This shows that the entries
of Ry are all the same, they are just the equivalence levels of
second order equivalence points of R.

Second, we discuss the generally case. Let all first order
equivalence points of nxn matrix R form k chains e, = {1,2,...,

m} o, .= {m +1,m +2,,..,M} yeee,e=1 mh‘+1,mb,+2,...,mk} swhere
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m,+m,+...+m =n. We denote that

Eﬂis {rﬁ| Ty; is the entries of R, i€ e,,jé¢ et}.

P 1f r;eM and r;EU,, , we have rXeM similar to 1.

2'. For any 1,1=1,2,...,k, 1¥t, the elements of U, take the
same value similar to 2.

3'. Let ry€Ui and for any riel),, we have r; > r; . because
for any 1 it is impossible that r;; and T3 in the expression rg)
::iZ(I%LA Iy ) are all elements of M, hence we have rS)zrﬁ . By
analogies, r%’:rﬁ for any positive integer k, i.e. rg =T;; .This
shows that the equivalence levels of second order equivalence
points of R are the correspomding entries of R¥*.

By analogies, for any k the equivalence levels of k-th order
equivalence points of R are the corresponding entries of R*.

4'. Obviously, by the methods in Definition 2.5, we can form
a similar matrix R¥ by nxn matrix R finally, and the equivalence
points of.R<K>form a chain, hence each entries of R*¥ are all equi-—
valence levels of R, by Proposition 2.6.

This completes our proof.

5. AN ALGORITHM OF FUZZY CLUSTERING

On the basis of the fuzzy similar matrix R given, by the Pro-
positions 2.6 and 2.7, the procedure for direct clustering ‘may
be givern as the following

1 . Write all first order equivalence points (i ,j) and the
levels r;; of R, denoted by r; /{i,3), .

I - VWrite the equivalence chains of R. If all equivalence
points of R form a chain, then turn to 1V .

Il . Write the maximal elements of set U5 of intersection
points of each equivalence chains. Make matrix R®. repeat the
procedure I ,JI , until the equivalence points of R form a chain.

IV. Because a k-th order equivalence level rj" is a coeffi-
{<jk >
fixed wu, v such that rﬁ’:rm,, where r,, is the emtry of R. Hence,

we may write r;.”/(i,j)k as rso/ (U,U) or ry/ (W,U), where

cient of similarty and r is an entry of R , then there exist

ry,/ (W,U) express the maximal possibility degree of which the



118

patterns W and U belong to the same class according to the

equivalence relation R*.
finally, we make the clustering graph by { r.o/ (u,v) | ry, are

the equivalence levels of R, 1SLL,U%£n.} .

Example:
Let 1. 0.9 0.7 0.6 0.4 0.3
ov9 1 0.4 0.2 0.5 0.6
R = 0.7 0.4 1 0.8 0.1 0.5
~10.6 0.2 0.8 1 0.5 0.3
0.4 0.5 0.1 0.5 1 0.95
L0.3 0.6 0.5 0.3 0.95 1

Obviously, R is a similar matrix, not an equivalence matrix.
The first order equivalence points and levels are

0.9/ (1,2), 0.8/(3,4), 0.95/(5,6)
e, ={1,2}, e,=1{3,4}, e, =%

respectively, the equivalence chains 5,6},

R . {2>
Make the matrix R .

<{2> 2> {2

r, :i:\{;2 rij =r,; = 0.7, r, :i:\h/z rl) =T, = 0.6 » 23 :;\{AIU‘

=34 j=5.6 j=85,6
2> o,
=Ty = 0.5, I‘ik =1, =1,2,3.
hence o [t 0.7 0.6

R=|0.7 1 0.5

0.6 0.5 1

The second order equivalence points and levels are 0.7/ (1,2),
0.6/ (3,1),, they form a chain e={1,2,3} . Hence, whole entries
of R* are 009/(172) ’ 008/(3’4) » 0-05/(5y6) ’ 0-7/(1’2)2=0-7/

(1,3) , 0.6 /(3,1),= 0.6,/(2,6) , which are illustrated in Fig.1.

1 2 3 4 5 6
0.95 0. LJLJ l |
0.9
oY PN
ST J
0ubuenee e

Fig 1. Hierarchical clustering graph.
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