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The Weight-of-Conflict Conjecture

Zhang lian-Wen

(Dept. of Math. Bezijing Normal thiversity)

i his book[ 1], glenn §hafer proposes a conjecture, called the the Weight—of-conflict conje-
cture. Tt says, 1f the commonality functiors(%_enmi(b of two belief functions satisfy the

inequality Ql(A)é QZ(A> for all AQ@,then their weights of internal conflict le and %2

Qb(’y W]l Z WQ? i

The conjeoture arises from an attempt to define the weight of censflict for support functions
{see shafer {1]). In this paper the author gives out an alternative proposition,which solves

the problem all the same ,
1. Prerequisites

In this section, -he author relates the basic concepts and results nece-
seavy Lo the poasor. see saflec[1] for details.
: AN L . . . .
Lot 6/ be a finite sct,call it a frame of discernment.A function
Bel:ge2~—4 [0, 1] is a belief function if:
(1), Bel(®)-0, Bel(f)=1;

(2). For cach integer n and arbitrary subsets A, Ay, AL oféD

per( Va0 7 25 (D' merf) A | itia 12 {12, 0, af

(1.1)
~iven : Cf Funct " , . e ,
Given a belief function Bel, there exists uniquely a map M: ) —> [0, 1], called the
hasic probability assigrment of Bel,such that:

Bel(A) ::Z{M(B)

for cvery A 6;2@).The function Q:jﬁa——“° [0, 1] defined by

BE al (1.2)

QA) = Z{M(B) [ B2 A§ (1.3)

for cvery A€2® ,is called the commonality function of Bel.
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For a pair of belief functiongBely and Bely, denote their basic probablity assignments

by M and M, respectively. Tf the number

= 3T{ (A My (A) | A ne2? anm=xl (1.4)
{4 not zeru.then we say that the orthogonal sum of Bel, and Bely exists.Denoted by Bel;@Bel,
ability assignment is given by
(1.5
of Bely and Bely and is

the sum is defined to be the belief function whose basic prob

1 owr § . : o
MA) = — L0 | My (A M (Ay) [ M fiAg=h |

The number-log(k) is then called the weight of internal conflict

i , . © inte i re than
denoted by Con(Bely Bel:;_).The orthogonal sum and w».«q..t of internal conflict of mo

sed that those def initions are

two belicl functions are detined inductively.lt can be shov

in dependent of the order of combination,and that there exists the equality:

Con(Bely, """ ,Bel ) = Con(Bely,” " """ ,Bel__;)+Con(Bel; @ -~ @Bely, ;, Bely)
(1.6)
where Con(Bely, -« -« ,Bel) stands for the internal conflict of Bell, """" .Bel: and

the other itams ave similarly defined.

A focal element A of a belief function Bel over @ is a subset of () such that the
basic probability assignment of Bel assumegpositive value to A.The belief functions with
possibly one focal element other than @p are called simple support functions,and the belief
funct fons which can be expressed as orthogonal sums of simple support functions are called
sSupport Lunciions.

Suppose @ and JO are two framesof discernment, if there is a map w: B —v g.nsuch that
{wde i g€ @} constitues a partition for .Ji , then we call J2 a refinement of @ sand
the map (01 @) ——» 2% a refining. ]

A belicf tunction Bel over @) is called a support function,if there is a refinement S2 of

04 nd « separable support function Bely over £ such that’Belof 2’0; Bel.

.2. The problem and its Solution

(ur task is to define the weight of conflict for support functions. A obivous way of doing
this is to proceed like this:first,for a given support function Bel over a frame of discerm-
ent (4., construct set

ﬁ%dx{ Bely l Bel is a separable support function over some
refinement J2 of @ ,satisfying Belolldszel S (1.1)
then define: .
W, = ini{uy. [pely € Whel | (2.2)

where Wp&\m <5 the weight of conflict among among Belp's components.
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But one matter to ke consider here is rhat,provided that Bel itself is a separable support
function,then whether the number defined by the right hand of (2.2) is equal to Wgej.If not
rhe definition is self-contadicting and “hereforemust be abandoned. It is aimed to justify
(2.2) ihat G.Shater brings forwards the Weight—of-Conflict conjecture. So, as its name
suggests, the Weight—of-Conflict {4 essentialy about the adequance of (2.2).1f the conjecture
is true,(2.2)is indeed justified. But one can't say that's theonly way to approch the
problem. In fact, chere are always a dozen of paths to the top of a hill.

Now, | would Like to give out an alternative proposition,whose proof is given in next sect-
fon,and explain its ability of fullfilling the job in hand.

Theorem: Suppose S and T are two separable support functions over a frame of discerment
® .and let7pe the ring generated by the focal elements of S. 1f S(A) = T(A) for each

A€, . then :

W & W (2.3)
Corcllary:1f S is a separable support function over @ ,then
W = inf{ w5, s | (2.4)

Proot: By definition,each § € ws is a separable support function over some refinement J2
of @ such that
so|28=s (2.5)
: e rig g . B on .
Lot the refining isWl:®-—2 ,extend it to be a map from 2= to 2 by assigning every
clenent A of 2® the element Uiu’(G)JG*A% of Z'n,and define map
n :
§': 2 e [0, 1] (2.6)
B > sup{S(A) | W (A) S BY .
it's casy Lo vrove that §' is also separable support function and Wgr = Wy .
On fhe glher hand, we can derive from (2.9) and (2.6) that S'(B) :SQ'(B) for cach B& 71’
Therlore W < ng i.e Ws$w$b Then (2.4) follows.

3. The Proof of the theorem

Proof: et S = Sy@ - @S, ,where §fs are simple support functions with focal elements
Als. We witl prove the theorem by induction on n.

vhen noo 1, (2.3) is trivial.

Assume 2.3 is valid for all k less than n, now we set out to show the inequality for the
case ofon.

Choose from Aj's a Aj, , say Ap,which’is different from ¢j and & ,and let Sp be the

0
simple support function with focal element Ay and So(A) = 1. Then the orthogonal sums $@S
and  So@&T sacisty the following conditions:

i. For each A

SH®S(A) = SH@®T(A) (3.1)
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in fact
S @S(A) =[S (AUAS) - S(A) ]/[1-8(4 ) ]
= [T(AUAC) - S(A ) J/[1-T(A %) ]
S, ® T(A) .
2

as belief functions over A,,S®S and §#®T are separable support functions and Sy@&S

can be oxpressed as an orthogonal sum of less than n simple support functions. To see this,
Lot

us define S;' for i ranging from 2 to n,to be the simple support function with focal
element A Alugnd 5;(A N Ay) = Si(Ai) it A;%Aq,and the vacuous belief function if Aj2 A
Thus,one has the relation

HBS - 52'6.....m@5nv (3.2)
Actuallv,for every A€ 2A1
SoHS(A) = {— P

L) - Lo w4 | refe,ooeonl,
Qx AN/l A € A ] (3.3)
e 1€l
where 16 212, ceeeee ,nj NI and
5 { Ly 2 ‘ TSt venens I3
ke A Tm ap O - M) | TSP, ol AN A eg !
e § (AL ! AV Tl caven . n? Y i
- i wn; M; (Alm,}{'r(!.‘lc(l - Mi (A0 &) T€[2,7 " ,m}, Q(m(l Ax &
- k'
Hence

< l____ v ’ .t . - A (
PsWpe 22T M ana) - T (- My A)) ]

b ®s ;‘Qz(“l'“i)g“ )

Purting 1 and 2 together,we get another equality

1

098 1ty = 0BT | 7m5,0
Consequent ly, the assumption of induction has the right to say that
W(SHPS) & W(SHPT) .«

Bur
W(SH®S) = Wy + Con(Sg , s,
W(S@®T) ~ Wy + ConlSy , T) .

and
Con(Sy , S) = ~log{1 ~ S(A1)
= ~log(l - T(A{“))
= Con(Sy , T) -

Therefore W €Wy . The theorem is proved.

#; AIA| s allowed to be empty.In fact,if Ap/1A; = @ and 5p(A2) ¥ 1,then

S2'@ - P =53 ' e DS’
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Abstract

in this paper,the author solves,in essenfe,the Weight—-of-Conflict conjecture proposed

by Clenn shater in his [1].



