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Abstract In this paper we discuss a question related to

important and still open problem of ranking fuzzy sets.,

This topic is closely tied to multiattribute decision-ma-
king in presence of fuzziness.It is pointed out fuzzy re-
lation equations can be viewed as a suitable and constru-

ctive tool for the ranking procedures.

Introduction

A question of ranking fuzzy sets defined in the same univer-
se of discourse appears to be of significant importance,espe-
cially in decision-making procedures,Benefits coming from the
use of fuzzy sets as suitable for expressing vague human judge-
ments imposed a new problem concerned with final ranking of
the fuzzy sets representing alternatives put into account.Now
we are at position to have at our disposal a great variety of
methods of ranking fuzzy setsjwe refer the reader to recent
extensive survey provided by Bortolan and Deganif[3] .In fact,
a list qf algorithms suggested is a broad one,all of them are
similar in sense of the mathematical tool applied.Namely:the
fuzzy sets are ordered(viz.their membership functions are

ordered) by means of a single numerical quantity.In more transpa-
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rent way:all of them provide the user by a mapping "f" such
that every fuzzy set representing the alternative is chara-
cterized by a real number,usually lying in [0, 1] interval(an
exception is the proposal formulated by Dubois and Prade (4]
where four indices are discussed).All the algorithms are di-
verse in sense of the mapping used.This,in turn,implies the
results of ranking are sometimes scattered over the whole
interval.It is eZpecially valid when the fuzzy sets put into
ranking procedure are strongly "overlapped".The mentioned
fact has been underlined in illustrative examples discussed
in f‘LAnd,moreover,one can be a bit distrustful because tho-
se results require special attention.Notice that the simi-
lar situation occurs in probabilist;c-like procedures applied
for ranking the alternatives in random environment.Neverthe-
less several dominance concepts are related each other,name-
ly one draws another.Unfortunatelly,we cannot perform such
the analysis for the ranking procedures with fuzzy sets.A
critical review of the ranking algorithms based on fuzzy sets
can be found in Kickert [7].

In the paper we present a unified approach toward ranking
fuzzy sets in a general setting of fuzzy relation equations,
We will point out the ranking atgorithm introducéd by Baas
and Kwakernaak [1]may be formulated,and, furthermore generali-
zed in the formal setting of the abovementioned equations.A
characteristic feature clearly distinguishing it from the pre-
vious ones relies on its constructive character rather than
any intuitive background.Empirical data set that appears in

description of sn-called prototype situations generate the fuz-

2y relation of the ranking method.

Ranking methods-few remarks

The problem of rating multiple aspect alternatives can be compa-

ctly formulated as follows.lLet be a set of alternatives A={A,,
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A2,...,An}evaluated in light of "m "criteria,usually of a
competitive character.A merit of the i-th alternative with
regard to the j-th criteriqn is given by the rating Rij usu-
ally treated as the fuzzy set .In sequel each criterion is
weighted by its relative importance wj,j=1,2,...,m formul a-
ted linguistically @or instance:very important,more or less
important,unimportant). Both Rij and wj are treated as fuzzy
sets inf{0,1]} .1t would be of interest to recall the method
presented in[1].By this way,the final ranking is based on
fuzzificatioﬂ of weighted averagel[6].Finally we get "n" fuz-
2y sets in[O,U,Z1,Z2,...,Zn : [0,1] —[0,1] .Contrary to nonfu-
zzy ranking,now we are faced with the problem of expressing '
to which extent the i-th alternative is preferred.let I ()
denote the degree of preference,viz.the degree to which one
can judge the i-th alternative as the best one.In(1jI(i) is

computed by sup-min composition,namely

I(d) =sup [Z 1(2 1)AZ2(22)A. . .AZn(Zn)AR (21 1Z09eceyZiy 1)J (1)

Z1 ,22, ooa,zneD,1J

i=1,2,...yn,where R stands for the fuzzy relation egual to

1,1if 232 for all zj,j=1,2,...,n

J

R’Z Z seeyd i)-_-'
(21072 "o’ O,otherwise

(2)
The higher I(i)the more preferable the i-th alternative.We
must stress here the choice of the fuzzy relation.that aggre-
gates the collection of the fuzzy sets Z1,Z2,...,Zn into the
scalar index I(i).Concisely speaking,the form of Epe fuzzy
relation realized by(2) is one of possible ways leading to
ordering the fuzzy sets.Another form of the fuzzy relation can
be found in[2J,where some extra parameters are introduced.The

choice of the fuzzy relation R in the form(%)is more or less
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arbitrary.As underlined by Kickert[7}the ranking perfrrmed by
(1) =(2) provides us by much fuzzier indication of preferability
in comparison to the probabilistic methods.In extreme (cf.(3]))
this fuzzy relation would cause a complete lack of discrimi-

nating property of the method,viz;several Zi have the values

of the corresponding I(i)equal to 1.0,

Relational model for ranking the fuzzy setis

In this section we redefine the problem of the previous se-
ction.The proofs of the propositions used here are well-do-
cumented in existing literaturel5)[8]{9]J(10) .Denote
I=[I(iy) Iy -0 T

a fuzzy set of the degrees of preference,where each coordi-
nate,I\ik),k=1,2,...,n is given by (1).It is evident that (1)
is nothing but the fuzzy relation equation of the type,

1© 250 «o.. %2 °R )

with "o" standing for sup-min comp~sition.A next step is to

I= 7

consider a generalized version of the equation with sup-t
composition(9j,

I= 2,0 42,0.,.072 o R Q4)
where"t" is sought as any t-norm.,At the moment we will re-
strict ourselves to continuos t-norms-then some assumptions,
mainly of technical nature,may be omitted .

A central question that arises‘nowris concentrated on determi-
nation the fuzzy relation R.For purpose of the ongoing esti-
mation procedure,let us consider a family of K "prototype"
decision situations expressed by the fuzzy sets i%hég),...,éﬁ?
k=1,2,...,K,and the corresponding degrees of fuzzy preferences
flehe are"prototype" or "schematic™ in such the sense,the de-
cision-maker is willing to assign the respective degrees of

preferability to each of the collection of the above given fu-
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zzy sets.Therefore,the fuzzy relation R is not given a prio=-

ri,as in the methods studied previously,but has to be compu~-

ted on the basis of this data set provided.By direct applica-

tion of some results coming from theory of fuzzy relation egqua-
| N A ) 0§

tions [9fassuming R= Chak¥¢hﬁk= {R l ] 8%2,50.,,P% ®BR= F Jwe

immediately obtain,

R= X 2 @) (5)
%\21'22""’Zn’i)zfifgé?(zﬁtégRZQW"’tzgkzﬁ»?fﬁgﬂxx(ﬁ)

as the greatest element of R,It could happen the solution of
the set of the equations for the data set does not exist.If

this holds,an approximate solution of these equations may be

gsearched.

Fuzzy relation equations can serve as a useful tool to give
a deep insight 4into the structure of the algorithms induced
by the fuzzy relation R.Let I,as before,be the fuzzy set con-
taining various degrees of preference.Moreover,if all the fuz-
zy sets Z1,Z2,...,Zl_1,Zl+1,...Zn,except one,Zl,are fixed,then
we may ask which is the greatest fuzzy set Z1 that does not
change the fuzzy set I.In order words,we have to solve the equa-
tion

I= Z492,9...92, 402,07, 4° ...8Z DR (1)
with respect to Zl.Also in this_case the results of fuzzy re-

lation equations enable us to calculate Zl.Now we get

A
Zl=kZ1DZ2°...QZl_1UZl+1D oo.DZnan (8)

XX
¢ is known as a so-called pseudocomplement ,

afo=sup} cel0, 1] | atcsby a,bel0,1].
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as the greatest fuzzy set satisfying the given equat ion,More-~
over by calculation lower solutions [5/[8B]we notice to which ex-
tent the fuzzy relation R discriminates the respective fuzzy
A -
sets Z;.%; is the greatest element of &, ={zl : [0,1]~[0,1]
U...DZnnRalj while Z;4,%15y++09%, 8re lower incompara-

]

ble sclutions of‘zl;p stands for the number of lower solutions.
A
This means z11,212,...,zlp,z1 are indistinguishable viz.the
A
alternatives producing each le,j=1,2,...,p,zl lead to the sa-

me value of the grade of preference I.
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