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The concept of the hypergroup was firstly advanc-
ed in the paper (1), where it is discussed in de-
tail and some interesting rezults have been ob-
tained. 1n the paper, we consider the hypergroup
from the point of view on lattice theory, and
also firstly advance the concept of latticeiza-
tion group, which will show the structure of the
hypergroup in the extensive cases,
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1, ITETCOUCTION

In recent yvears, the ungrade of all kinds of mathematical

1

structurss from their universes to their power sets has been
brouphit to extensive attention., kspecially, with the researches
on the Theoretical basis of fuzzy mathematics, the problem of
The orade to the structures are more and more highlighted,
swuen e the upgrade of ordered structure, topological structure
(or more extensive latticeization topology), measurable struc-
ture, «tce, 1t is easy to imagine that the upgrade of algebraic
structure will also be interesting. lhe paper (1) firstly broke
throusn the frame of quotient group, and the concept of the
aypergroun was advanced in there, which regards quotient group

as a soecial case, and some interesting results have been obtain-
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ed, 1 the paper, the point of view is risen once more, and we
consider group from the viewpoint of lattice theory, which di-
iZers 1rom the known lattice group or ordered group but is a
rew structure whigh will regards the hypergroup and fuzzy hyper-—

pooun w2 sneclal cases,

S Tre onP10TTION OF LATTICEIZATION GuOUP AND ITS LOCAL
PrOESRTTES

Let G=(G,+,V,N) be poth a groupoid and a complete distribu:ive
lottice, in which " =" is the corresponding ordering relation,
0 :nd 1 is respectively the least element and the greatest ele-
ment in U, wult G may not be a lattice groupoid., We stipulate

e elements in G are respectively denoted by a,b,¢, ... and

.vey When G is respectively regarded as a groupoid and a

lattice,
JoY crnyR€L, write

| w2 {Alsec, u=n ]

Disr 100010 2,7 in Goa new algebraic operation "o' is introdec-

qoﬁ“:\/{a-bl aexk ,Defp } (2.1)
{(,¢) i5 called a latticeization groupoid.
PresCU T EION 201 (1) (G,0) is a lattice groupoid, i.e., (G,0)
iz a roupoid with
(Y, B, ¥ € G)(A=f implies (Ro¥=poy ,Yoxx=Yops)) (2.2)

(1) That (G,e) is coumutative implies that (G,o0) is commuta-

tive,
{i7i) 'mat (G,+) is a semigroup imonlies that (G,o0) is a semi-
proun. %
PO T Clearly, (2.2, is true iff the following (2.3) is true.
(xV B)oy=x0¥VRBoY , YoRVA)=YoaV Yo 3
) , 2,
(KA oY=aoY APoY , YoApS)=YrorAYON (2.3)
e g (G,0, may not be a group even it (G,+) is a group.

LR 11 aet and pel then aogfy is stipulated oy
aoﬁ?—.v{a.blbe/}} (2.4)

oW wer @ lwaye suppose that (G, ) is a group where e is the iden-



city oelement in G,
DEFINITLION 2,2 Let LG, If (L,0) is a group then L is called
5o lavticeization group on G, where tne icentity element in L is
geroted LY € .
LaccLed aCl 2.2 (€,¢) 1s @ subsemigroup of (G,.).
Ctloul, we only need o note &og=¢ . #
P PUL LI 2,3 i1 L is a latticeization group then
(Y&l )(cardX =cardg) (2.5)
RISURGI N F'rom 0 g=o Wwe have oé=o . Lake aed, tren aogco , SO
card & g card(aog) gcards

1

FTC o(—qozxzé_ we have o oxX=g. Take be 0.("1, then box< & , S0

cardeat £ card( bod)g card &

drnce cordel =card € . #

FRLSLLY G0N 2.4 It L is a latticeization group on G, then
(Yo, pe L )(card(XAND )=cardg ) (£.0)

FLul, I one respect we nave ( déoAS implies (do&ca,dog Cfl)
imclies woEC AN =alApImplies cardt € card( (19&,) <cardxAB)).

in the cother respect 1t is clear tnat card(oAp)< card&
erice o ord(AApM )=card € . #
[ -

. el 1CHIZATTON  QUULLENT GROUP
DEicINOTTUN 501 et Yle(}‘. 7215 called a regular element ii M is

poman. roun of Gy 7 is called a normal :zlement if 7? is a regular
element and satisfies the normal condition:

(Tael ){ ao?:poa) (3.1)
lled & weak repular element 17 W is a subsemiproup with

]

"l in o
i duentity slement ey 7 is called a weak normal element if’(
1Y recular element with fne normal condition,
1t Lo e#asy to prove

Lru i UN BT LetNeG., iif (R,.) 1is a normal subgroup of G,

’t;;";en’rl is a normal element, Lonversely il may not be true,

DEEL LT LIU 8,0 et ¥ be a regular element, ae€G, aoy is cailed
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et coelement and YZoa a rigzht coelement. ao’( is called &
ceos L sent il ao’(:?(oa.
[ S O 1T ’2 is a normal element, chen
/y & {aon|aet } {5.2)
iooo detticeization group ong and G'VG/;? .
R TN 2todic easy to see that the mapping
G —*G/i?
Qr——*ao)z
arjective rniomomorphnism, thus G/? is a latticeization groupn
or: G omna N /n o #
il Lo LTLUN 7.3 It Q is a normal element, Tthen the latticeiza-

ticrn froup (C/»z ,0! is called a latticeization quotient group of

& P slnUics Uit O LalTTICRIZATION GROUP

ot 1 be o latticeization group, write
Ceu{e ] wely (4.1)
T A et L oe a latticeization group on G, If & igc &

re,ular element, Then

iz a subgrous ol G.
Lil € is a normal element ol G .
cilid L=t /& .

SR O (a) For any o€l and any aek, we have goa < Dby

o= . 1 com b= orovew Laat €oa=. Nis only needs to orove
Cologpu=eh it 1s dalse, then JpeX by goade such that b&
€Ce, € Can prove a-‘o—/lig . 11T tnis also false, Cthen Jc€g& such

- -1 e s s , . . ,
Loatoueh T =c, thus b=Cc .2 €& €oa, this is in contradication Lo

1 L
€%, by this we

b&eq;;, ow we hilke d&f{(‘,‘, cleariy (a.d)-(be.d)”
e :j-b”é@ , this is in contradication to a-b-/lq.g. . .ience

gon=k, i.e., fO0ou=of . 1n like manner we can prove aog=o . | uo

HOE=ED, G we lave

FaeG )(acg=€08)

L={ zo¢e | dGG“}

o ow we orove thalt G 1s a subgroup of G.

—

P

o »
‘noone resoect, for any a,veL ,J «,nel. such that aex ,uvef}.
ivce o dnoa proup, ¥ such thatoof=y . Thus Jce¥ sucn Lhat
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nce u.0€¥<
recpect, for any a€G , Jo¢l, such that aéd . From o ool
thus b~ =b'e o.(_1 .
—1.b—1

. S . -1 .
s means that G 1s closed with respect to a for any a

" . = ,‘\u';\ . B .
. This means tnat (G ,*) 1s a groupoid.

such that beb'=e,
0o¢ , 3ce& such that a=bec, hence a—qzc efOb_qzd-

s
-
1

Lhe two respects we know that is a subgroup oi G.
5 ‘ . N ~ ,-('ﬂ(- o
w (a) and {b) & is Just a normal element of G . Hence

#

1f €is a regular elesment of G, then L=G/e iff U=

2 If the elements in&:-_ are all finite order, then
#

7 ¥ & is a periodic group, then I,-.:G%/e . #

4 10 & is a finite set, then L=G_Xv/£ . #

5 10 G is a finite group, then L=G*/g . #

Let & is a regular element of G. If 1e¢L, then

#
REAT oM SND I50M0RPAISHM OF LATTICEIZATION GuOUP
N 5,1 Let L, and 1_12 be two complete distributive la-

-
.

rown a mapping 1 L, —= L. we make a mappin
T " 1 /; '

f_4

X3

L, —L
o 1

St (p) & v{xeL, | fix)e Y
o, if

0
<L1MIKV{NIqu)=v{ﬁq)| aes})

<l (v pesh)=v { £, (B) | ses})

called the latltice inverse mapping oi f.

=, (i) f and f_1 are all order-preserving mapp-—

f is a injection f_,‘(f’\o())=o( .
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(144} fUI_j(p)J)g P, and when £ 15 a surjection HL_p))=s . #

AU TLUN L2 Let i o Lq———. L2 and g : L2 —_— LB be all

lat ice manpings, then gof : L1 —_— L5 is also a lattice napp-
ing ana (gof)_4=f_406_q . #

TGS B UIV RS T Let T IW — L., be a lattice mapping. 1L

iz bi_cction, then f_1 is also a lattice mapping (clearly it is

fof =] #
’ - M i
/] /] L r')»

Db LN LION D0 Let Gy and Gy ve all both groups and complete

tigtrisative Lattices, f: Ly G, be a lattice mapping. 1f [ 1is
<.

2o igection) and (f_q)‘qu, f-WszlL

5 1lasouoronism (homomorphism) ol groups, then f is called a

lattizeization isomorphism (homomorpiism).
S SRS GRS B et L. be a latticeization group, f: G —= G, be a

1

iceization homomorphism. Lf i‘l‘= is a injection, <then

-
'
wa

-y .
L2 {1 | el }
i a1 latiticeization group on Gq and (L ,o)'é(Lq,o).

SIPIIN et g=1 then g is a bijection iron 1, Lo Liyy 89

L’
L= ()= B). Hence
slxofp)=1ft o)
=t(v{asb|asx ,bsa7Y)
=vfria).1(p) | fla)g fw), t(D)< 1\/5)}
=1(® ) ot )
=gt )ogl f3)

Yhic weans that g is a isomorphism from (L,o0) to (Lq,o). #

ot 5,2 Let 29 pe a latticelization - coup on 61, f:u-—>b1
‘ e ‘ . - W e . .
e 4 . tticeization surjective homomorsitism, 11 1 [ 1s a 1n-

- H Jll
ectnion, bLhen
=1, ,
A {7 seLy

i0 u "utbiceization group on G and (L,o0) ¥ (Lq,o).

: = . S . - .
P, ret h=f , then n is a hijection Trom Ly to L and

g
Soome thit o s also uaion-preserving. Thus, just
r Sy [ ~ - PR favd
i ©uroof of the Lasorea 5.1, we can prove that (L,o) =

T
Lo oo
N

Lis g N - 17
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Clluiut s let L1 be a latticeization group f:G ——01 be &

surjeotive nomonorpalsm, I L 1lI is a inJjection, . hen
7

={1yip) | e 1
i.oa “atiriceization group oa G oand (L,0) T (Lq'o)'
Fe ool s like the oroof ol the theorem 5.2, here is oaitted,
EETNIE SO ! et I. be a latliceization group on G, N€G with
non="n . 0T Qsﬁuisfies @Vdéi)(uoﬂ:?ax), then
,z 9_-{0( on \aeL}
jCﬁ;zjy’,:atii%G and LNL,?.

i1 is easyv Lo see tnat ihe mapping

n

e
.

: L— L

R .

o a0

L Toup

fe a o noclective nomomorphism, thus L,z is a latticeization

Aol biadY let T be a lattic-ization group on G, If N is 2 nor=-
T
4

iy,zé{cxo)? \cké-L} is a latticeivation group on &
4

Cores 5.5 let Bbe a regular element, e G with Qo’(:?. 1f
satialies ("v’aej})( ao)zzqoa), then
'L?—_{ ao\?\ aé\/}}

ic o4 tetliceization group on Lo oandf~ L,

—~

L U _learly Tthez maonping
f il —=L

L &IO’Z

L

jection, and we have
«h)y=(a -b)oPZ:( aob)o?(o?:( ao?g)o( bon)=1( ajof(n)
wrcs (fy ) (Ly00, #

Lo T ON1L TION Wisa QUOTLLNT GROUP
-

S et e G, 11 ee, thenW is a subsemigroup of
. .

P Ll = Non<m sinceMis a suvsemigroup ol L., wseusi-

Gty oomHrly 720.71) eoj]:?, 80 '207(:7( .
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== Clear i

TR B O A B R Let 7 be a weak normal elem=nt, write

Gln 2faon laeG }

to see G| is a latticeization group on G. G|y is

P
o
s

called a labticeization weak quocient group.

Ll i 0 Let L be a latticeization group on G, If e¢g ,

0 . . - -1 ,
Foatlre., ror any o€ L, by o =¢ end €& ,Ja¢dk and D& A such
hot cebz=e, 11 can be proved Lhato =z0€ . That acfd= is clear,
\ A T -1
(bec), but beCcé X =€ , 50 C

a

€a10¢ , st Caol , Hence Xx=u0¢ . 1n Lhe came way we can prove
N . N

it =g0a, . hus acf€=¢o0a and L:{ ao&[ ae } .

v
)

cii wion, like the proof of tne theorem 4,1 we know that G

) . . S .
i3 o i coun of G, so0 & 1s a weak normal element of G thus
: [ 9 ]
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