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Abstract The paper is devoted %o discussing the problem of measuring the

controllability property for systems for which the proposed models

are fuzzy ones.A non-additive measure,a so-called fuzzy measure

is considered as a tool for expressing the guality of the model,

while a fuzzy intezral is sought as an appropriate means for nu-

merical quantification of the property of controllability.

Introduction

It is an

obvious fact that the more adequate a model of any system,the

more reliable knowledge it represents concerning properties of the system.

e shall focus our attention on a wide class of models,describing systems

with a factor of fuzziness and consider the controllability property of the

satem.Loosely speaking,this feature

expresses to which extent one is able

to attain a goal from an actual state of the system applying a specified

controle

A question of genuine importance while speaking abouf applicability of the

constructed model is how the property of controllability of the system,not

the relevant model,may be evaluated.The fuzzy integral/7//8/ will be of

interest to express the above property in a quantitative fashion.7ithout

any significant loss of gsnerality of our deliberations,we shall discuss

the class of models described by fuzzy relation equations cf./3/,/4/,/5/.

B=ADR

%))

where A is viewed as a fuzzy input/control/,and B is a fuzzy output/state/

defined in finite universes of discourse,namely’ﬂ:{a1,32,...,an3.m={b1,b2,

...,bm}.Relationships between the input and output are given by a fuzzy

relation R."ith"s "for max-t composition (1) is read as,

B(b) =max[a @)t R(ai,bj)J
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JGE,where"t"means any t-nornm cf.e.g./6/.Tn Section 2 we discuss the pro-
of the calculation of the fuzzy relation R,and the fuzzy measure a590-
ciated with the model.while in sequel/Section 3/ we concern ourssives with

measuring the conitrollability proverty by computation of the fuzzy integral.

C:r.culnting the relz=tion of the model and *the fuzzy measure

In order $9 determine the fuzzy relation R of the model,let us tzke into aca

e PR 3 - hi - -y o - - ~ - &
count 2 Tinita celleciion of input-ocutrui fuzzy dasa,
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From the theory of fuzzy relation equations we have 74/ N
Provesition 1.If ﬁ—ﬂ{R x B — [0,1] | A R..B ),é¢ then R = f\ ((1) (D)
is *ha g"ea*est element of.£4 =max R.

The main difficulty we have to underline,is the fact that R may be empty.But,
even knowing R to be empty,let us calculate the fuzzy relation of our model as
intersection of all A Gbﬁu)l 1,2,000yNeA straightforward consequence of the use
of this approach is possibly a lack of equality of the fuzzy sets él)and the

corresponding ones coming from the equation of the model.The equality of the
model now may be measured in output space [Bsjhence we ask how"far" B %) AGC)U R is
from the fuzzy set ﬁk{Far this purpose we slightly modify a generalized defi-
nition of equality of any two fuzzy sets defined in the same Space,cf./Z/.We‘
introduce a fuzzy set ¥ :B - [0,1]defined pointwise,

=08 Fpeeeed ] x‘ %‘(b> 4)
where each coordlnata of f for 1nstance ¥, is viewed as a degree of equality
of 31l pairs of fuzzy sets hq)and ék)at tge point bjem ’

T /\ [Bc‘(b e )1 ®)

Here "eo"denotes a gena rallzpd bwlmplicatibn operator as e.g. used in /1//2/.
'Thus we have

aesb= /a~-sb/4/b-ra/ ®)
a,v¢,1] ,where implication"~3" and conjunction"§" are modelled by ¢-operator
and t-norm,respectively,i.e.

aesbfa{b) t (bya) . (7N

A
The minimum taren over the whole family of the fuzzy sets k and (‘)correSponds

to the glebal view of the accuracy achieved by the constructed model,
Take into account the output space B as the universe of discourse.Cne is



(o

interested in evaluation of the quality/relevancy/of the model.This gvaluation
i3 specified by expressing a grade of satisfaction of the property
"the space B is well-mapped/well-represented/ by the fuzzy
model",

This mezng that for any input A,the respective output of the model and the
fuzzy set dascribing the output of the real srocess/system/ are indistinguis-
nable,or at least close each other.The vector § cannct form the overall chara-

r

tmation of the qualitr of the model due %o the following facts,

fit) a2ash cooydinaTe of E’realizes a partinl evaiuziion of tho quzlify of &he
Lvizeconvars an information on each coordinate separately.
The avaluation of the global property mentioned above cannot be deduced by
simnle aggregation of the partial evaluations of the model/correspcnding elements
of t/.
4 suitable fuzzy measure will serve as an appropriate tool reflecting the over-
all performance of ths model.By definition,the fuzzy measure/and,of course,
the L~fuzzy measure/is defined as a set function expressed on the Borel field
B of B,which satisfies the following axioms,
/i/ G§¢)=o. Géﬁ)=1 boundary conditions
/ii/ if B, B, then Gﬁﬁﬁé'ﬁéBg) monotanicity
/iii/ for 2ny monotone sequence B1,B2,....Bn,...

lim G (B )=G(iim B )
N = uo A n j\'n"-‘icon

This last preverty is important only for infinite sequences of sets.The property
of monotonicity is especially interesting.It replaces the more restirictive ad-
ditivity properiy characterizing each probability measure.

The fuzzy measure GL.)provides us by a quantitative characterization of the pro-
perty abovementioned.If the number of points of the cutput space B increases,at

which we know the ccncrete levels of I}then also our ability increases to
formulate our judgement about the model as a wholes.If one does not take into
account any point cf‘B,We can judge nothing,i.e. GaﬂﬁkO.If we have knowledge
only about a single point of B,say bi,this is expressed by Gé{b%) .Then we can

only partially evaluate the model-cur knowledge is not ccmdlete.If you consider

only a single bi.a significant error cf overestimation of th: quality of the

model may occur,if ti is nearly equal to 1,0.Contrary,if'ti=0.o we can arrive

+0 a pessimistic underevalusatiocne.

Prom computational pecint of view having E'the.i-fuzzy negsur: Gx(.)can be casi-
1y sstablished.The value of A is obtained by a numerical prozedure that resolves

the Tollowing nonlinear equaticn with resvect to
£ e ! & ]

(.ifi(nxb*i)—H /L

where 1&(-1, %) .
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Let us discucs ¢ae nrorveriy of centrollability of the system described by
= * o J J J

means of the fuzzy model/1/.goal of control is specified by a fuzzy set

541

in the output srace B.7e arz interested in deverminimz the fuzzy set of
incut,vize.control,that snables us $2 attain B,or,at least,%o reach i% as

lose2 a5 nossiblaliiaving the modal of the system,we can solve thiz nraclem

= 3B (™
- Y ) - h -
and solving it with regard to A for ziven B and R.AS a straightforward cone

Sequance coming from the area of fuzzy relation aguations,if § %ﬁuﬁ—*{3,1]

A~ In .
LdE =R 103 afnennt T, tasn the Tuzsy set of control A i3 agqual o
N A - .
1@B (10)

TiZe

A L RA -

Aa,) =min[R (a,,b,)¥B (0.)] (1)

g 1giem 41 1

A _—

But if A=f cne should check to which extent A leads to B indeed.For this
purncse compute § by

= A A

B=ABR a2
The/pointwise/degree of equality of B and B is calculated as before as the
index h specified coordinzte-wise as

= - : [ X X3 = 3 =} TE- B ~n) o0 e B B
h=[h) hyeee B ]= [BONeB ) Bl )e>B (b)) ve BO) >3]
(13)

The higher the values of h,the more controllable the fuzzy mcdel.’e want
to underline that it does not mean exactly the same the system is controlla-
ble.This in turn dspends on the quality of the fuzzy modelyit has the sa-

me meaning only in the case of a perfect modél.Therafcre the fuzzy integral

/1/

E(_’;):*S’E G, (s) : (14)
B
Z(h)=suplat G(P)] , P ={b.eB|] h(®)>] 15)
(-a.&(O,"] L o { i l -_ g (

" measures" the peossible control quality at B for the system in terms of two

notions,vize

-
wew

-the control quality for B by the model,
~the overall quality of the model.

words of intervretzticon.Consider two cases:

2.let h=1/viz.all the elements of h ars equal to 1.0/This means,with the model

=2

ot

P

e reach the gcal B.The fact whether satisZaction of this property/viz. con-
rollability/is the highest one,depends on the quality of the model.The better
he model,the higher ©=(h).This is formally expressed by the monoctonicity pro-
erty of the fuzzy integral,i.e.: if G (.)> Gi(.) then&’_‘r_:_.u(}a(-} > § _k_zanl(.) . Note

nat without such an evaluation we may arrive toznx%m&imistic statement that
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the system is controlled without difficulty.But,g;i indicates only the fact
that the meodel dis well controlled at B.

Iet hé1.Y¥ew the model can be controlled at the state R only approximately.
Lgain here E(g)allows us to formulate a more objective judgemens whether the

system is controllable.
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