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ON IWUDEXED FUZZY MODELS OF PRODUCTICH
Part 2: Some indexed fuzzy economic model.
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Here an indexed fuzzy econonic model for two neighbouring fuzzy
time-moment is defined. The starting point for our considerations is
the Yeumann - Gale s model. In_this model, as we know, an economic
state at given time-moment is described by means of all goods loca-
ted in this time-moment, i.e. by a vector with nonnegative coordina-
tes. Anyway taking into account informations about the "quality"
standart of the economic state in the considered fuzzy time-monment,
we indispensable do not meet with the crisp economic state but - in
natural way - with a fuzzy state in this fuzzy time. Consequently,
we shall also consider transitions from one to the zmother indexed
fuzzy state. Bach transition is described by a two - touple with some
nreference depending on the appriopriaté preferences of the indexed
fuzzy economic states involved in considered tramsitiom. This two -

touple is called a process.

vefinition 6.%. Let v~ and v ' are two indexed fuzzy time-moments
v » N .
such that v a v°° = ¢. We say that v~ and v-° are neighbouring inde=-
xed fuzzy time-moment if there does not exists an indexed fuzzy tine-
r 4 ”» L4 P
moment v such that ¥V t e supp v', V1t % supp v'° and V t esupp v

t7 ¢t <t
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Let Y\r' and K‘v” denote the convex indexed Iuzzy cones (compare
MatXoka (1934)) in the two neighbouring indexed Iuzzy tine-zoments v
and v . The elements o these cones are called iadexed fuzzy
(economic) states. Let us assume that VtcD T, = R°

-

and if

b (£)(%) >0 then £(%)3 9 (&£ p o, (£)(5) >0 then £()>0 ).
‘\—f ,

Tefinikion 5.2. An indexed uzgzy economic model is a convex and
-7

closed indexed Zuzcy cone :'Iv'v” C 7 lr” suchr that

(0ppg) ¢ supp Myryrs for g # Op »

Tet us observe that the indexed fuzzy economic model Mv'v” can
be described by a superlinear indexed fuzzy nulti-valued function,

a egre s Ko P(I{v") say, such that its graph Wa‘v'v” ig an coavex

and closed indexed fuzzy cone and

(0psg) ¢ supp W _ for g # 0, , (compare ilbrycht and MatZoka

oy
(1984)).

Definition 6.3. Indexed fuzzy technological rate-growth of the
process (£°,£77) of Mg s »(£°,£°") say, is defined by the follo-
wing formula: V (¢7,t ") eTxT

r(f£ e ) (65t D=sup { T s T ‘/“K,-(f')(’“')f/“zm L LT,
SUNY

Let us note that if p, (£7)(t") # O then (25,2755, <=,

;5

and if /L'i . '(fo)(tl) = O “chen r(f‘,f")('b"'t”) = o,

Definition 6.4. The —technclogical rate-growth of the process
(£°,£°7) of M_-_-~ , 2(£°,£°°) say, 1s defined by the following
formula: 7 (t7,t"7)e BxT



Jefinition G6.5. Technological rate-growth of the nrocess

V4 ’» . 4 [ahd : o
(£75,277) o M_r_-vr , 2(2 »£° ") say, is defined by the following

nT » »
<= Ny

Let (£7,2" )¢ supp ;2427 + Then the symbol (£°,£°°) = 0 denotes
that ¥ (t7,%+"") ¢ supp v xsupp v°° (£°(£7),27°(+°7)) = (0,0).
Definition 6.6. The function

I'(I . ro) = . .. max I'(f',f")
% v (£7,2°7) esupp quvo'

(£°,£°7)40
is called indexed fuszzy technological, resp. ~technological, resp.
vechnological rate growth of the ihdexed fuzzy economic model M ve,
where r(f’,f") iz defined by Definition 6.3, re3p.5.4, wesp. 5.5.
in waat follows it is assumed that the functions /tKv and

}'ﬂ are countinuous.

LA 4

'V'V

Theorem 6.%. There exists a process (T7,T°°) such that
I‘(.f ) = I‘(x‘[v "

Proof. At rfirast let us note that for all (t°,%" ) e supp vx supp v°
the funciion z(t°,t"") : (252" )= (2,27 (t",4"°) is upoer
gemicontinuous,
iow, let us note that for any w>0

2(£5,2°°) = o(w.£%,w"")

and



RET(E7), 27 (5" )= 1

- “ » ” . » o . .
Cherelore Zor all (t7,37 ) ¢csunn v« cupp v there sxizto
- ' s S,
r(ﬂvovf')(t ,5°7) such that
- » L4 » Y X 4 ” F 4
r(rIvovn)(t I A nax (£, £ 7)(t%,t"7)

(£7,277) ¢ supp M- -~

(£7(£7),£77°(£"7))20

ise. there exists a process (T°,7°°) such that »(P ,T°° =2(H_ - -4).

Having considered so far only the quantity side of the fuzzy
model gv'v" we turn now to the price side. So, let ;:c(R&)* denote
a price vector.

Definition 6.3. The/u -economic rate-growth of the process
(£°,£°7) of Hoep2e rp(f’,f“) say, is defined as follows:

W (£,5 ) e ox
zo (25278787 )= sup {ry s ry o p(27(87)) "/'Kv,(f')(‘cﬂ <

Sp(f"('ﬁ”))'ﬂ&, "(f"f”)(t”t")i}.

ey
Lefinition 6.8, The economic rate-growth of the process

(£7°,277) ¢ supp Moe,2” s rp(f',f") say, 1s defined as follows:

F(t7,t " )e DT
e 2T 8 Dmsup {ry +omy (27(E7)) € B(ET(ETTN T

Definitica 6.9. The function



-3
(anes}

rp{LI__fr_v_n) = . maxz rp(f',:f:’")
(27°,2°%) ¢ supp Moo
(£5,2°7) = 0
iz colizd o -ecconenice - TCLPe economic rabte growth of 'fgvovn with
respect o neice vector n, where rn(i",f") 5 defined by Delinition

~8% ~_ ¢ _r- denotes an indesed 1uzszy subget of - ¢+ R,
TLV HeD Yt

Let us consider a conical indexed fuz functional (coapare Matzoka
3y

(1%84)) 1 : Kv'«vv” ~ Rv v ¢ sSuch that

Pa-™
~ for any sequence {.f."‘l.}'n___'1 (£ ¢ supp K.+ or £%¢ supp K -0 )

o ol
L4

0 P
—> £ as n > then su*) L(fn T) — sgp P Lf_-,o’r),
- 1f £ ¢ supp K,» or £ ¢supp R,- then s;zp/,cL(:E,r) > 0,

An indered fuzzy fumectional we can interpret as fuzzy prices in fuzoy

time-moments. The fuzzy price deno+ “es that each good £(4) has in time-
anout

monment + a2 gsome valuewhich we have some opinion., Tt opinion is dege

cribed by the number from unit interval,

Definition 6.10. Tuzzy economic rate-growth of the Process

(£°,£77) or M v” > Ty (£7,£°7) say, is described as follows:
(£, )(+7,5" )=s sup { rp ¢ rL‘(sgp/vL(f 1) (t )n/}xv,(f (7)) <

$ 8up pr (2", m) (s >'/uf"v'v"(f T )(5,877) 7,

Definition 6.11. '‘he function

(M_r_r2) = max r (£°,£°°)
L » l’ s
v (£%,27 ") ¢ supp N R L

(f”f") ? O
is called fuzzy economice rate-growth of Hv'v" with respect to fuzzy

Prices I,
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~ : 4
Thecerem 6.0, There exist the procesceg £55£°°) and (g%,5°°)
sucir that
+— Sty ’ - e sy / \
....:(I 9w )-.-I‘:(‘-Lfrvo’) and rp(u 2 5 )-— :)\:Ivl,\r;l}.

~efinition 6.12. It is said that 3=-tuple (2, (£°,F77)), wnere
s e T T = : -~ o~ . . —y wnyy )
= denotes a positive fumetion, 1 - nrice vector, (£ ,T°7) = a nrocess

o~

0 d -,r- describes v - equilibriwa sitate of Aoegre 12 4 (25,8 )elnt
(L) o(+7,%77) f'(t')=/u}.%,('f‘)(t‘)5?“(45").'}_“ . TN E )

vV
(12) =(£7,477) BE™(E70) - by (27)(57)>,
- / ‘Cv'

5

> PETET) ey L 2527085877 gor an
k'

~” e
(£7,£7") e supp Mv'v” .

Definition 6.13. It is sald that (r,p, (T v 7)) describes the

equilibrium state of Hpegre 12 V(7,8 " )enr 1

(1) o(£7,°7) T(+") < T°°(+77),

(11) =(+7%,577) p(£7(+7)) 2 (2" (")), V(£%,2°") ¢ supp i SRR

Definition 6.14. It is said that (r,I, (Z°,£°7)), where r denotes
@ posivive function, L =- fuzzy prices, (F7,F°’) - a process of Moo
describes the fuzzy equilibrium state of Hyenee if V(t,8°)crx

(1) =(87,877) v (B)(7) SFq L LAELE,E0T),
/ b d . h'a

L4

(i1) =(£"°,%° ") '(srup/uz(f',rj(t') Ay KV,(f‘)(’c N>

P sg.?}"z(f ,I‘)(t )"'/u' :,%,v,,(f I )(t » T )

for all (£%°,2°") e supp L SR

K3 -
In the 213

211 ceses (T7,T77) is called a optimal process of the

equilibriun state, a function r is called a rate-growth of equilibrium



72

state o> 2 wote-growth 0f +the indezes fuzcy model Hv'v" .
r'd —qoc

Thaeorer 6.3, (r,L,(Z",2°7)) or (r,p,(T,T°°)) iz +he fuzsy equili-

brium state ox L‘-ethllb iul state or equilibrium ctate of 1L - .-

v v
r d . »
1L Tor cay (% JeTx T
V(J—’ —“l’ < , " ?fi‘ -“l "\ "?’ ‘,‘"\, L4 K [ Y
m € L (d_»_+» t riz ,z Tt >
v oy ) < L( v v /(v ) J 3 \ ’ FAN , /
o
i rd 4_»1., s am ',__p ./.L' ;.l' N ::l 3" r'd LK RN
.._kt P ;e <L ..;P\J.‘Lv’v")\u ' ) . .C(.a. Fes )(t ,t 7>

Tespectively, where rpiM - cs), T (Lv cody 2(T°,7°°) denote fuzgy

econonic, ;ﬂ- economic or econonmic or /&~ = technological or indexed

I4

fuzzy technological or technological rate~growth of Mv'v" resp. of
(?' -goo)
ProoZ, The proof of the all cases goes in the same lines. So, we

are going to present the proof for the first case,

,~-'l

TetY (5 ,t Ve mxm »(t5,t"7) €<:rL(Mv'v")(t”t")’r‘*’l W57
¥rom Definition 6.3 it follows irmediatelv that the condition (1)
in the Definiticn 6414 holds. On the other hand let us observe thot

sup § et 2 {up L (25,0)(5)n U AETMETNC sup/uL(f",r)(t")A
T

/5N

,f")(t',t'ﬁf = inff*rL Porp (sup ‘Lf* T (t7) A

AL“ 'i"\)('t“‘?) y U_T_ fll* 4"0 I\.‘_‘ ' ‘ .
A A R & N L S TR T e

S0, from the definition of the fuzzy econonic rateegrowth ol H ‘’
we get the inecuelity

- (vav:')(u ,t77) (sup uI(f ,o)(t° )n/}:zv (£°)(t7))>

supfAL\f o) tTT) {}JM§’V"(f 27,877, V(27 e supp M - -,

-
s

which holds for each r(t',t") (1 ¢)(t",%"%). Thercfore the

v’
coniition (ii) of the Definition 6.14 is fulfilled too.
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— '-'00 o > 2
{ )) is the fuzzy 2quilidbrimm

S - o (REe P T e T
SOV, LCT US assue Shat (2,7, (1

O I N e 1030 I I A L TRy

“m??ﬂ

fa) dat e T - X
vil 1c guler Lhond we hovo

o # o N\’ L4 _.1_"\ ., ;. o »
2l o) (8,877 = o (1114.{:1 2 7y, (sup
{(£7,£77) € supp e e -
f',fp') " O
He(E5,2)(57) A Kv,(f’xt'))z sup po(£77,2)(+77) A
/ r°

K/J:'I i "(f',f")(t"‘t”)})

v v
and hence

r(t"t”) >/ ’rL(Aliv”ff")(t”-t") - C}i h)

The inequelities (#) and (= =) prove that

1'(t’,‘b")€ <I'L(.IIV'V"\(U ,.t"} , r(?"?")(t"t")> .

“heeren 6.4, there existus an indexed fuszgy functicnal T = 0 puch

that Zox (27,27 Y esupp M coysc and all (£, )e T
.D" o g , p - ~r Ld LA d
SUP - (L yTI(ET ) A (2 pdl )(t P ) <
-~y -4 ,/ l‘IV'v" ~
.

. rIJT v .. ‘L’ too . - f’ \ 't’ fl ‘!J‘
< o e s )V ?(S‘;P/UJ »2)( )"/VR,'( 8:37))

where r(:l’,,’vn) denotes the indexed fuzzgy rate-growth of @ R

Let ug define cn indexed fuzzy functional I in the follo-

0 dthervwise , T 9upp er v
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Tet us note that for this fuzzy functional the inequality in the

Theorem 6.4 holds,
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