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This paper contains the considerations of the system of fuzzy ar-
rangement (SFA) defined in [2] o« Used here the notions of consisten=-

ce and monotonicity of fuzzy relation FR are defined in [2] s TGOO.
1e Fuzzy intervals and their based properties

Let be given any monotonical (FR) 0 : 8 > £0,1] and W3
;§2__> [0,1] vshere the symbol ®  denotes the set of all real

pumbers with the minus infinity and the infinity.

Definition 1.1: Each mapping < <a,b» : R—>[0,1]  defined by
the identity

§<a,b> (x) = yla,x) anlx,b) . (17)
for every (a,b,x)& -2 , is called a fuzzy interval (FI).

Let us consider any SFA (S Qa2 %) where @ is FR "less
or equal" (FIE)and @ 1s FR "less than" (FIT')e We note, that
the identity (1.1) describes all kinds of intervals on real line ff
generalized for fuzzy case, because we have:

-if =g and 1N =g then ¢ <a,by = \_Y[a,b] ;
- if Y =Q and =g ‘then ¢ < a,b? =\f[a,bc $
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- if Y= ¢, and Q= g then J<a, > :\P:}a,b] ;
- if Y= gg and n=g¢g then $<a,0> =¢ Ja, o .

By menotornicity of FR we cam to prove that:

Theorem 112 We have

ayc and bg&d D Y<a,b) L ¥<c,dd> ; (1.2)
G <2,0> A <ed> = fLave,bady ; (1.3
f<a,b> v ¥ <e,ay & yLanc,bvd> (1.4)

for any (a,b,c,d\(‘:ﬁq'.
Furthermore, by monotonicity of SFA, we obtain.

Theorem 1.2¢ We have
$ Ja,oL < ¢Ca,00 L ylap] $lad <
%]a,bC ¥ Je,p] L §La,b] € § Jesb]

4

c,d[ (1.6)

such that adc and b<d .

]C:dc § (/’-5)
1

I\
~C, &

for any (a,b,c,d)eﬁ

Let us consider such ordered pairs of FR (g ,Yy) that

y= 9T | (1.7)
The consistence of SFA implies that the pailrs (g, gs) and
(ggr @) fulfil the condition (1.7). Therefore we mark off the

following class of FI.

Definition 1.2: Each FI obtained by means of the pair (Q,-xr)
fulfilling \1.7) is called half-open FI (HFI).

For any HFI we obtain the following conclusione
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Theorem 1.3: For any (a,b,c,d)isi{@\l‘L , if Dbgc or a»d then
the HFI ¥ <a,b> and ¥<c,d> are W=geparateds
Prcof: If bgc then
$<a,by = yla, IAn(+,b) Ly L 4b) =1 = yib, -} <
€1 = %(c, )€1 = (e, HAn(-,d) =1 - ¢<c,d)

By amalogous way as above, we check W—separatity between \F La,b>

and y<e,dd> for case and .3

Theorem 1.4: The EFI P <a,bd is Weempty set for any pair

{a,b) Gfﬁa

Proof: J<a,b> = (a, -)A n(,b)<n(-,b) =1 - v (b, «)
1= (g, )& = wla,=1Aanl,b) =1~ \P(&,b) .3

such that ayb .

Definition 1.3: If finite or infinite sequence of fuzzy subsets
{Vn} fulfils the next properties:

- fuzzy subsets \’n are pairwise W—geparated;

- the fuzzy subset M A1 = S;lp (¥ n‘x) is W-cmpty set;

- sup 3V L K
w {Vo<y
for fixed fuzzy subset M then it is called a repartition of

» - 03]

Theorem 1.5: Let be given the finite nondecreasing sequence of num=
{ . fe1

bers {ak}i:::’l « Then the sequence of HFI {\f <ak,ak+,‘)} k=1

is a repartition of HFI ‘f(a,],an> °

Proof:s The thesis follows immediately from

Lemma 1.1: Let be given the finite nondecreasing sequence of fuzzy

subsets &,]‘Lk}§=1 « Then the sequence {"'k-n-’l A1 - P&k‘)} 12_::1'

is a repartition of the fuzzy subset M A (1 - )« 2]
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loreover, in special case we have

Theorem 1.6: Let the SFA be strict in sense given in [27] « Then HFI
¢ Ca,b[ and ¢ Ja,b] are W—empty iff ayb .

Proof: If ayb then by the Theorem 14 we get that \f{a,b[

and  \$Ja,b] are Weempty sets. Let us assume that a<b . Tken

by monotonicity of SFA and by quasi-antisymmetry of FIE (see [[2])

we obtain Y [a,bl (x) = §(a,x)A gskx,b) Y 0.5 and ¢ Ja,bj(x) =
= @ \2,X) A §lx,b) > 0.5 for every Xe Tt o« So, HFI L2t
and \f ]a,b] are not W-empty sets. This fact puts an end %o proof.®

2+ The fuzzy finite Borel family

Let FI be generated by SFA with unfuzzily bounding FIE (see [[2]).

The condition (1.2) proves universality of the following definitione.

A
Definition 2e1: If Tbg.—. fu«.: /R\,-‘i [O,’I]} is a family of all such
fuzzy subsets M that

b= g =1&1{1§§{\9Eak,bk[} (2.1)
or
o= po = max {§LanB LY Cagyqreer] (2.2)

where {ak} and {bk} are increasing sequences of numbers in

LA
R then 2 is called a fuzzy finite Borel family.
! 3

Definition 2.2: If fuzzy algebra ( 6 -algebra ) G = {P:v : X [O,’l]}
(1] does not contain the fuzzy subset ‘[ % ]]X: X—‘;{%} then it

is called a soft fuzzy algebra (&=-algebra). [3]



Lemma 2.7: Let be given any nondecreasing sequences of fuzzy subsets
{}u-n} and g_’\y‘ n} such that the numbers of their elements are

equal. Then the sequence {\3 n} defined by the identity \"n =

= kA (1 - ’\f'n) satisfies the following property

1= max {9} = gy s (U = A v U - T (200)

Theorem 2.1: Any fuzzy finite Borel family 1s a sofv fuzzy algebrae.
Furthermore, any fuzzy subsets jo, and g, defined by (241)
and \2.2) satisfy

1= g = gLmesaD v max {f oo livglogs=d s (24
1= o= \yl-osal vmax {4 Dograg, L] (2.5)

Proof: By (243) we get

T g = ggtraaq)v X AT - glg - 4PN AQ ML) A

V(1 - gs('ybn)) =

g5l ran)v ot {§ Dowsieal p V1 = g5leabg)) =

]

(1 =g 4 y=2)) A S gl saq)Vv %?ﬁ {“F’Ebk’ak...q[:}v
V({1 - g g b ) A gle,400)) =
= ICEPEW Y ‘fg’; &‘1’ cbktakmc}\/‘f [bnr""”:[ s

Nextly, by the de Morgan’s Law and (2.4) we obtain

1= g = U - 9 Lo n LY AL = § o) -
(\Q [--w,aﬂ[v ﬁiﬁ {\f' Ebk’ak:+’1[ }V\?Ebn"" w])/\ S S(" ’an+'l) =

]

= (ggl a3 A § gleaap )V E:uri {8 (bys )A gs("ak-i-’l)’\?s&"anm)}v

v, \gkbn, *)A gs(- ’an+1)) = ‘FC“"”a'x[V :kazzé {Lf Ebk’akmE} .
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S0, \?JS’ is closed under complement. It is selr-evident that
. 4 . 3 . ~ " - -~ A\ .
is closed under union. 3ince @3 = Lr[:-oa,-wL & \?)g s F)‘S is

P

We nave “(Ea’b[ (+=¢) =0 rfor any (a,b) ¢R° . Therefore,
each fuzzy subset defined by (2.71) fulrils I\L,I(-i-oo) = 0 o lore~
over, we aave }L2(+06) =1 for any fuzzy subset defined by (242)

pecsuse ¢ [a,+5¢ J(+¢) =1 for any ae R o So, U- %}‘\Jﬁg,.
n

>

The proof is complete. il
%z, The fuzzy infinite Borel family

Let the BPFA (¢1¢¢r ‘53) is generated by continuous from above
FLE such that it unfuzzily bounds the real line (see [2]) « The
symbol F(ﬁ) denotes the family of all fuzzy subsets of ® .
Since F(R) 1is a fuzzy 6G-algebra containing I/g\g , there exists

the smallest fuzzy & -algebra containing TS\S’

Definition 3%.71: The smallest fuzzy 6 =-algebra F’" containing

/Y;‘; is called a fuzzy infinite Borel familye

Lemma 3.1: The FI \.{2<a,b> defined by (1.1) belongs to f)g
. ) 2 .
for any pairs (2 ,\f) & {g y S S} s (2,b)6 R .
Proof: The Definition 371 implies that any FI Ca,p [ ¢ isg .
. A .
Let be given the sequence of numbers in R {an}\l, a and {on\'\ib

inL ‘ .-.: - s " i '°, = 2 <) N u,b.::
Be? o2 [ Dasog L =gt ar)n 12 fg o500} = g2 A gL »P)

= “Fta’bj?
Y’S:} sgpg\.? Ean,bj)} = Sgp{g ( an ‘)‘8’\’§(“ :b) = gSQa’ ")A%("»b) =

= \F‘Ia,b] i
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‘7739 Sup %k{ l:an:b \:E = sup{ < ( anr )S A s(':b) = < S(a’ ~)A gs(- :b)
n n
:L{ ] a,b E ° .'g
Theorem 3.71: Any fuzzy iniinite Borel family is a soft ruzzy % =—al-
ora. furthermore, each fuzzy subset e in 15€ can be des—
(3e1)
(3.2)

D

cribed by ildeptities
Sup {¢ Doty C

(4

or

k= s Cowbye D vy Cogre]

where {(ak,bk)} is a finite or infinite sequence of pairs in

? .

Proof: Let the symbol §g denotes the family of all fuzzy sub=

defined by (5.’1) or (3e2)e Additionally, let us indicate Eg
can be descri-

L

the Definition 2.1 we get that each e & ’\’_’;5,
. This fact along with the De-
is

sets
=k
From
bed by (3s1) or (3+2)s Also 1%3 is closed under complemente
because ng\ﬂg

A — —
Therefore, we have (bgc. qa%,n Qg
finition 2.1 implies that [b%c. Q?n dgg
a fuzzy @ —algebra. Cn the other side, by the ILemma 3,1 we obtain
. If we bake into account all above facts, then we see
3 So = ¢ The second
Ld 2 ‘Bg Qg °

Q ta,b C(+oc) =0

R

b Py
that § . 18,C ¢, < Py 2.0 8
s We have
and  § [a,+ oo (+00)=1 for any pair (a,b)elﬁ . So, u_%]@(%

thesis 1s provede
Since the FLE unfuzzily bounds

tps -2
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