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CALCULUS OF IUZZY SE'S IT

Jézef Dremiak
Jeparinent of lathematics, Silesian University, Katovice, Poland
summary. After some awxiliary lemmas on inequalities in a vosey we give
A ——
& onew abvemnpt to classify whether a fuzzified notion is a good extension of &
. . L an .y s s i1 et .
Slven crilgp notion. AsvVexample we consider in detail She fuzzification gra-

aes for extended union, interseciion and Cortesian product of fuzzyv sets.

1. Ffunctional inequalities in a sosets We shall consider certain ine Do~
g

lities in a poset (L,g) under different assumptions on L (cf. Birkhoff M.
AL first let us observe that

i

‘or any a, b € I we have

= b 2t forte.h)ﬁagb &> (b \<\'t==) a gt forteln),
& b 2t forteL)eda =1 (b te agt fortel)
if L ie a chain, then

= b >t forteL)#ﬂ)agb & (bt = at fortel),
S b2t fortel)edas=D & (b Cted a <t fortel).

L =40, a, b, 1} be a posct 1
with the follo ing Hasse diagranfat right): \
1 Dl nov a chain and the equivalences (2), (2') & o

are neb valid in L. So bhe additional agsumpiion
. . G
L Lemma 1 is necessary.

[

Jor Uixed n 2 2 let us consider an n-ary operation ¢ : L ~» I, with

vV

Y
i

e Pollowing properties (for every r € L and a € L )

0 é(a) 2 r & V(ai 2,
(2 Bla) { r & fl'v‘(aig r) ,
(57 é(akrmj(ai?r),
(0 #la)  r ﬁ%(&\{ r) ,
N dla) > r > -V (ai > o),
(o B(z) < r & l’g‘(a. < r),
(o) é(a)>r®§ll(al‘>r),
(10) Bla) < r & ?“‘i <),
There o = (3"1’ coes aﬂ) and 1 < 1 £ n . ¥e shall prove that the operam~

vicn 4 is uniquely determined by any of the above conditions.

o iooa part of [B7, Chen. 2.
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O 4 ot s oy . . ,
e 2. 17 4 fulfils (3) iff L is o neet-semilattice and
113 g(a) = Aa, .

-~ . . < . . .
27 ¢ fulfils (4) iff L is a Join=gemilattice and

1
)
(e g(a) = Va. .

5

P lg (5) iff L is & chain and (12) holds.
47 4 fulfils (6) 1ff L is a chain and (11) holds.

cuain then (7) & (10) &3 (11) ané (8) & (9) & (12).

Proof. Concitions (%) - (12) are assumed for every a € e S0 e can
wese Oifferent specifications. Led S, v € L and ¢ fulfils (3). Pulting
(1 s %4 =d(a) for a, =g, o, = «oo =3 = %
e sec thatb

B2 s¥h, v 2 s*¥t, (52,42 ) = s* 4t 2 r,
i.ce tbere exists sAt = ¢ * 4. “hus L is a neet-senilattice. But in the
eot=genilattice we have (for every r € L and a € L) D)

(7o) ﬁ\al 2 r -?‘(ai 2 r)

anc oy Lemma 1 (1) &> (3), vhich proves 1° ana the proof of 2% is similar.
o let 4 fulfil (5). Pubting (13) for sy, b €L we getb
SRt 2 s, s5*% 2 4 and (s*t s or s* L t).

Sooog { ¢ or 3 < t , i.e. L is linearly ordered. Thus L is & chain
i 2 (e R n
latiice and (for every r & Lyasl)

(5a) Va2 v & d 2 1),
i i »
widel immlies

Y G I o . o,
o ST sing 1° = 2% in a chain ve see that 5 is a direct conms sequence of

; - 0 .
( 5) &> (12) by Lemme 1. “his proves 3° and similarly we

Lemmw 1, which finishes the proof.

‘beerve that Lenma

A

for n =2 yives different characterizetions of mcet

i podn in s NOSEL L.

mxomple 2. Using the lattice I fron Example 1 we shall show that the

o
ional assumption in 5 is necesgsary. For n =2 we define ¢ : L° ~» L

o eble 1 or lable 2 where v, q, r, 8, b, u, Vv, W € {a, b}:

glolal vl 1l ﬁ L olalblil]
0ol olol 670 Olrlal 1l
alClo»l gl ars‘t 11
bLOl sl sl ul blul vl wl 11
1Le T v T w ribriribrl 1

“‘able 1 Hable 2
colng Leble 1 we see that ¢ fulfils (7) and (10) but 4 # M. fimilorly,
# 2ron Cable 2 fulfils (2) end (2) vut 4 #V {eny table defines 256 aiffo—

:

vent odnmery operations in L),
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sy vhe seneralizstion of Lemma 2 we inbrocduce another operation ¢ ,
T

R

. - \ no, .
properties (3') = (12'), vhere a € L is changed for

-, onéd i, a, are changed for 1t € T Dags (3) +ill be chang sed fow

n 5
(= i) 2 r & M (L2 ).
el
Por o finite L bhesey Iopcrhvesvioduc¢d to (3) - (12). “herefore we consider
an
Lhe case ofVinfinite L.

w 2'. Let L ve an infinite poset.

T

© 4 fulfils (3') iff I is neet—~compleie and (11!') holds.
Y i L

;“ $ fulfils (4

Y4 Afils (5Y) iff L ois a chedin vith property

join~complete and (12') holds.

e
[6]

elenent bounded from below has an irmediate predecessor

(12') holds.

tY 4 rulfils (6') iff L is a chedin with property
(¢}  apv elenent bounded fron above has an ilmmedicte successor
sad {(11') holds.
¥oreover, if L is a chain, then
©9 we have (O') €>(12') and  (10') &> (117)
"4 fulfile (0') iff L has property (*) and (12') holds.
$ fulfiles (7') iff L has proverty (**) and (11') holds.

Froof. Leb 0 ¢ L. If ¢ fulfils {7') Llhen

M) ) and M(r £ B) = v (D),
tel e
iec. waere exists AT =4 (). So L is meet—-complete and

"\‘JGV‘ -tem o
Thus (23U & (11') by Lemme 1, vhich gives!l and similarly we getb 2°
pow let 4 Pulfil (5') and s € L. After Lemms 2 L is a chain. So if

e T # ¢ then #{W) €7, becowse the supposition #(%) 2 s leads to

contradiction. loreover ¢() = Vi, i.e. it is the immediate predecessor
ol e slement s. Tn any chain with property (¥*) we also have (cf 0% )

1. S . o A '
(5'¢) Vi 2z & 0 2 0

el el o
Tor U £ @ and we get (5 € (12') by Lemma 1. Uhis proves 37 and the
i e .0 - . 0 o o
sroct of 47 is similer (using 17). As a consequence of 17 and 27 we also
~C . o . 20 . =0 . .
6w 57 {or Lemie 1) in a chain. At last & and 7 are implied by 30 end 4°

{(alzo by Loemaa 13.
As a conseguence of Lomma 2' we get a characterization of operations on
counteble sequences. Let @ : L =+ L and (3") - (12") denote (3) - (12)

PR AR . (AJ - . Y
SR s € L oand i el
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Lemia 2". 17 4 fulfils (3") 1ff I is neet-@ ~complete and (11") holds.
O ¢
\

276 fulfils
=Y ¢ Ml{iile

‘o

(e
A g pfils (6
L

oreover, if

=
N
‘_l .
o
H
=
[ N
@

join~@G ~complete and (12") holds.

\ﬂ

~_1
[*
=
|
=8
el

o chain with property (#) and (12") nolds.

»
f\

iff L is a chain with property (%) and (11") Lolds.
is a chain, then
3% tie ave  (9") & (12") and  (107) &> (117).
67 ¢ fulfils (&%) 1iff I has property (*) and (12") holds.
{

7MY 1ff L ohes property (*¥) and (11") holds.

cxepple 3. Let L denote the lattice from fixample 1. If 4 : I = I

Tl file the conditione:

glz) =0 & :j \‘-vi =0) , ¢(@/‘ =1 & 'V(@vi = 1) ’
i i
gle) # 0, 1 &> -V(a,i 2 0) and 3J (ai < 1,
i i
Shen LU fulfiles (7)) end (10")  bubt it does not fulfil (11m). Similarly,
i 4 fulfils the condiltions

g{a) =0 &> Mla, =0}, ¢)=1 w-‘j(a =1),
;1

gla) # 0, 1 N d(a; > 0) ana V(a < D
i
when it fulfils (8") and (9") but it does not fulfil (12"). This shows

1

gl i n g . (— v - :
thers the additional assumption in 5% = 7° of Lemms 2 and Lemna 2" is

o vie assume that * ¢ L7 - L is an isotone binary operation in L,

RO T 3 P 3
(1 ag b = cg b*ec, o*agc*bur.
As o oconseguence of (15) e get (cf. Czopata, Drevmiak [Z])

Lemna 3. If L is a lattice then
Lt fortel) e (ax b avb for &, b € L),
i * % 2 % for t€L)€> (a*Db 2 aAb fora, bel),

o

i
-

= 1

{1 (t®*41 =1 fortel) & (aADb a*bavb fora, bel),
{1 (v* 4t fortel)ed(a*b < aVb for a, bel),
{203 tL*4v > 4 fortelL)ed(a*b > aAb for a, bel).

~oreover, if L is vounded (vwith bounds O and 1), themn
(o1 (v * 1 L1, 1* s for'beL)w(a*bgaAb for a2, b € L)
(22} (5® 0 24, 0* % 2t for t € L) = (a*b 2avb fora, bel).

Corollary. In a bounded lattice I we have
——

(223 (f;%tg T, T*0 2 5, 0%4 2t for tel) & * =y,
(200 (1&;*"52"‘5,t*1<"t,1*t<1; for t€L) &> *=A,

Theabove lenmas will be used in consideration of L-fuzzy sets.
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“Z. Urades of fuzzification. Further let L be a bounded lattice and leb

4] Zenote the femily of all L-fuzzy sets in an universe X # @.

o
=
St

bor any crisp set ¥ C X wve consider

o

fanily of level fuzzvy sets

oo ¢ L{X) for r € L, vhere

(o) r(x) =¢ Lox €k for x & X
[ pis - N . . A
P / G otherwise

{fer r»=1 we get 1K - the characteristic function of X in X)
ver eny L-fuzzy set A we consider the following crisp sets:

&) cuss ﬂt(ﬁ) = {xeX] A(x) 2 t} for teL,

) strong culbs 34 (A) = {YEXI A(x) :>t‘ for €L ,

¢! endographs C;-(;';) = {(X,G)EX!‘L] A(x) Z 1) .

Villerent mathenatical notions are extended on fuzzy sets (cf. ilegoite,

L7). We will introduce 2 mebtanathemetical clagsification of

Turzlfied notions.

G denote & crisp notion and T - ite fuzzification.
5, fuzzified notion is:

for characterisiic functions of crisp sets does not
Cii for these scks,

F Tor characteristic functions of crisvy sets coincides

i

o aniforn if Wi for level fuzzy setls coincides with 00 for suiteble
cricp sets,
vy

i) rogudar i€ B for Lesets coincides with it for their cuts,

Seregulor iU I for Le-sets coincides with O for their sirong cuts,

DY ereular if00T for L-sets coincides vith Cf for their endogravhe.
G dnverpretation of such jenersl definition is not unique. Sc we
svecify additionally that "coincifence" means logical equivalence and that

“or different sets we consider d), e) and ¢) with constant levels{other

Lonoreretelion ney admit "implies® for'coincides" and different levels
it consideration of ¢) - o)),

2y Definition ordinariness iz a special case of wniforuity (r = 1) and
i enerel uwniformity is implied by regularity and s~regularity, becaouse,

;Nv:mnbtﬁld.cwatwelmﬂe

Bofor 0 < 4 5; r o,
K for ¢ L v r,relL.
cu later), different kinds of regularity are nob couparable,

singularity does not allow for using the samne name for TN

pecaouse thelr commections are very weak.

Ge prefer tuls nane for (25} rather then that of lwedecki |7,

wvag first introduced by Drevmial %],



G* O =0, 0% 1=1%0=1

aoliercd o [ (generalizing remarks on (15), (16) and (20

oy 21 S 3 e . [EA TN o S, . ERrA XN .
and g=reguiar 88 o inelusion of fuszov sets. After Lemma 1
Lo T v

uniform inclusion.

s oveak dnclusion defined in [¢], p.22 as
W =< &> (A(x) g C.5 or u{x) P> G.5 for xe& ¥

only wn ordinary one(oasc L= [,11).

1l

~_|
o
£
6]

de snell exanine the fuzzification quality of other fugzzitied noti
¥
3
rl

JoLs an ordinary union iff

-
R
—
o+

g

aud O Is oo elingular union ifT (27) does not hold.

[

SpasdvO. Uhie unique drolone wniform waion is defined by * =V

5odle an ordinary intersection ifY
O Q=0 %] =1 %0=0 , 1*1:1“

2 olg e singuler intersection idT (28) does nob hold.

T, L)

-

o oo ounitor: dntersection 17 the operation * is idemmotent and has
to
VO

rooegqualvl, 1L L = [a,0] CR, then the unigue conbinuous sssceisbive

one wnilorn duversection s cefined by * = A,

uniorn iff L iIg & chain and * =V,

intersecolon 1L % = A,
AU dg o chain, then the wiioue s-regular union is defined by % =W

vhe unigque s-regular intersection is defined by ¥ = A,

) .00 = 1.(x) *» 1.{z) for 1, 1CX%, n€X.
V., “hen (for sultable x, 10 and L) (29) implies (27). On ~he

asgwpsion (275, (

29) implies that I = Iwil. Siailerly

I (28) holds, woich proves 1° and 2 y becoouse iae

civy g ordinariness contradict each olher.

Y = - Br Y £ b | hig 1 bl

4 - “["“("\’) -~ I.«‘«(»(kj Lor diig i C j\., r e L, X @ FE

in oo uion LT (J0) is cquivalent %o ¥ = Ivi, and this leads
S UFEO=L, O =t 0=p%prsyr for rel .

ial orifer in L(X)

gion. -3 oo simple veri-

. congicer whe exitended binary operation
3:: = A("\l B(“; for 4, D @ L( ) z € X
/ ? ? b
-3 - oy o his ol P B e ~ -y SR N A S e Tyl
e is given. Te ask vhether (26) defines union or inbersec—
peool funsy sebs A and 3.

15w wndiforn union 1iff the operation * is idempotent and has identity

+to



Tace (21} neans what the ooeration * is idempotent and has ideniity C,
. . P RPN o BN o ma a e
cen e nave Lhe Ddrev pard of I7 and the second pert is implied by the
. N s s P
o) simnilar wroof of 47 the secon ig dimplied by Coro-

Ve o 3
1 opaper [“..

wniqn 117

2 b oor B(x) 2 4 for te&Ll, zei.
see tuet tie operation ¥ F s (32) ifs L dis
e -0 . L0, - -
. hie proves D4 and 67 ig a similar consequence of

rerificetion for (~re ularity is the sane). The last
o}

direct consequence of Lemma 2,5 for n =

£

o(a(x)

, PR .. d S ew e o
N « L ~» 1 Ll LAven.

¥
O
-
3
e
[¢4]
]
+.
¥
N,
3
4
)
4
b

VUo{st isoan cinary complenent of 4 if7

(70 s ol = Uy
i onplenent 17 (34) does not hold.
wre exiets ned

Lher “'“iOH#( r reguler complenent of fuzzy sel.

roof. (33) defines an crainary conplement of A iff

dod
Lo=o(l) & K=" for ¥, icCX,

X - . ) . . .
vl equivalent to {34} and ve geb 1. Tivere does not exist a fune—

— . A e . -
r.,=:{r) for L CcX relL
- I 3 : T ~r doom 7
ﬂ'\h for 4 e Lz(i\), U g L,
W
e S =N e - \ 8 SR ey o
coseases o (50) o alue 1 # r, C, and (36) leads to wnequivalent
o theoren we sce that the above comparison vrith criep complementd
2 e for datroduction velier tiaan ordinary complement of Tuzzy
o gituabion we have tie two wave: a) consiiering o weaker
i coofl e L on, wideh leods to inequalityr in (75 ond
I H oY e Y
: PO L (/u y W

considering comnections with early ¢hosen uwnion
so iberscetion {ef. el . Wever [7).

Saae nanner as Lema 2 vas used in Theoren

il

—
-
o
B
<

e
<

i g(0) (=) = (0 ) Tor U CL(X), iy ={A(x)] AeT}, mex,
. =
cun g s IMes I dm piven.

O amhe
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g 7 wndon in L{X) iff

B ; 5‘5({1 = 1,
TR AV I (38} ¢oes not holdl.

intersection in L{X) iff

Co, ¢({1}} 1a
w1 As o singvler iatersection 18T (%2) does nod
' i a wifores infinite wnion in L(X) iff

) gL{OY)y = o, g{C,x}) = gl{r}) = for r € L.
-~ ¢ i & wiforn infinite intsrsection in L(X) iff

L ¢({O}) = 4(0,v}) = Q ¢({r}) =r for re€l .

5 recular {(geregular) infianite union in U(X) 1ff L is o chain with

A e
& c

Y A L AN T e
(u} C‘:ud kS 1(‘_’"' j,;.OldS)t

infinite wnion is de

nherscection

R P o S, S U SR ST [P P
PRNAE) les 2 and 2 0Ve e LIau sy mlar OGCTEVLICNE a1¢

6 cod 4 LT o= L, o ovie ash vhether the Tormula

ik

(5(4'11 (}C1),. - ,;}n(xﬂ}}

o
i

ev.y 1, Cefines a Cartosian product

o

tie proof of "heorenm 1 ve get

from ( “}—2) »

v

nioduct 18

and 4la) =1 & M(a, = 1),
;4
2 1 product 17T {43%) does not hold.

{( .A’ and fla) = r & Mz, = 1) Tor rel.

4 A
Pe o oproducs L7 (11Y holde.
LA ig an geregular carbesien vroduct ifF 1110 holds

THe [ ~vrc ulor @urtesisn _voduct does now exist (Gariesion

Grmeras s oo i endograpil of €nruesian
& co DeUeCk 1 zad 3, end beltween Y - Tj‘f/'

Teores S ghows Lerity are not comparavle

Lesvie ' and 2" e con forpmlate e following siheorens for

Svolurery wed Por cowvuable Quvtesian product:



ceorven 4'. Lew £ 270 -, A € L(X ) for s € 5, and

————— e ————— w3 3
{ % {- = A [ Y i Y - N _ -
L X ;;")H{.) = é({g‘;cé\usj!s € o}) for =x (}.S)s o°
s€S )

Soere ndinite then we Lot the following penerel Caricsian vroduchs

1o an ordinery Certesian produets iff (3%9) Lolde and it 4is o singu-

oo

wroduct 100 (70Y Joes not Lold.

v

: Pole wouniform Certesion rodvet iff (41) holds.
o iz e sular Cartezian produet iff L ig o complete latitice and
o acldo,
UL Is nochedn, then (45) is an s-regular Carbesisn oroduct 1T L
norrener end (11') holds.
i) . .
‘oeoren M. Let oL =L, x= (::1,111,’2,...}, and
{ XA (%) ¢(.!;1(;\;1},51?(:-:,)},...} Tor A, y X.€ X, 1 €.
ieN - -oC - R
i infinite, then we et the Follow ing countable Certesian vroduche:
h 00 ie wn ovadrary Cartesian product iff

LT Ble) € 0,1} for a e {6,137 and dla) = 1 < Ve, = 1
i

el
[N L

v
e 4
Vord g
‘
LI *
e o
- e
L W
. o

Theaseve

IR
A
P !
s
e =
AL s
T

is o scivguler Carbesien produet 1iff (A7) does not hold.

g

e o owniforn Carlesien vrocuet iff
a) € {O,r} for a € {C,: I and g(a) = r 4> -V(a.i: r) for v € L.

is o regular Jartesi

?3

0 provuct 1L L is ueet-8=couplete and {11

e e v 4 R I S o - . ~ YA ey gy £ 4
Lnooochaln, hen (46} is an gseresular Cartest producth

{’I‘i‘% and ( 11 ”:? holde.

vheorens are comnected with so called "exension principle” (cr.

i

U\j or Jubcis, rrade [6]). & function f i X l...”}(n -+ Y ig

1
Yo o 1;{2'11) ... *L(KVI) = L(Y) by 4he formulsa
. e ogli o) = L EEN Y. P » { for a
J_(A,!y ? n)(,r "-”P(“ v . (A" e ‘kn)( 1],& o,}&n.) 10Y ¥ &
ey /;1,-.¢,.X.n
wvemum 1o faken on | the set

- v Y o~ 5 ¥ Y e
p ey ] .«2( x . ] i{ . < = L]
1 3% ) T nl f(x,l, 9% ) }

1 e have tae simplest case

NG =V A(x) for yE€Y, A€L(X)and £ { - v,
U—'l (JL/
cueerens 1, 3 and 4 we et

i

eoren 5. Let L be o complete labbice. Shen (50) is a wnifora funchion

18 vhe wmigue

8)« .oreover, if I is a chain, then

i whe unigue s-resular funciion image.

. . . - A o, g . . . o 1
wler (g~reular) funcbion itege 1T L has property

sr

- P S AL R
LLe O L Le LINLTE .

v
i/
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Lev b e a conplete latlice. I the Cartesian yroduct in (4S)

!

ordinary or wniform, then (4¢) gives a zingular, ordinary or
o ? (& ? W

of funciion I, recspectively.

- 2

coreover, AT L oic a chrin and she Cesbesian product in (4¢) is defined by

(11, tuen

en g=resular extension of funciion f.

T as o wroperty [(¥4) or I ig finite or 111...3Xn is finite, then (49)
Ja

oo ceoular extension of function f.

Y
lication of¥above theorew lewds to the consideration of ordinary,

ailem or regular calewlus of fuzzy numbers (for X =W agnd fiXx Y- X

br crithmetic operstions; cefs e.p. Dubois, Prade [6], Chapler 2).
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