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ABSTRACTION

In this paper we will give a decomposition of soft algebra, then, by means
of this result, we will give a definition of degree of soft algebra which extends the concep-

tion of measure of fuzziness.

1. INTRODUCTION AND DEFINITION

Fuzzy phenomena exist everywhere in the world, what is the universal law of fuzziness? To
make out this question, we will do well to manage to translate fuzziness into certainty. As
have been shown, we can use )\—cut to realize this purpose. But, only with }\—cut, we can not
grasp the essence of fuzziness completely, some direct relationships between: fuzziness and
certainty are missed. So we want to consider the relationships in other way.

A partial o;dered set L is called a upper semilattice if for all o, ? in L, there is a
least upper bound in L; A partial ordered set is called a lower semilattice if for all ¢y ,
? in L, there is a great lower bound in L.

A partial ordered set L is called a lattice if L is both a upper semilattice and a lower

semilattice.

A lattice is called a dual lattice if there is a operator c on L, such that:

D (X9%= ¢y V o € L;

2) (0(V§)C: O(C/\Pc (O(Ag)CZO(CVSC L

A lattice is called a distributive lattice if the operation }/ and A satisfy the condi-
tion OKACBY T )—( oA B IV XAT) and oV (BAT I=(oty B ) A (oty Y ) for all
o > @ and 4" in L.

A lattice is called a soft algebra if it is a dual distributive lattice.

2. LATTICE DECOMPOSABLE MAPPING AND DIVISION OF SOFT ALGEBRA
In this section we will give a conception of lattice decomposavle mapping, then, we will

show thar each such a mapping can introduce a division of L. first, we give
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Definition 2.1 Let L be a soft algebra. If _‘f is a mapping from L to L
satisfying following conditions:

L.1) f(d)go( , Y X eL;

L2 (oap )= FeONBIVF(BINC, Vo et
then we call j a lower semilattice decomposable mapping.

For a mapping f from L to L, we can introduce a relation ~ in L, such that X~ P
iff f( Ol )— f( P ). It is easy to see .~ to be a equivalent relation. Let L/Jc =
{Ef[O(]}, where EAO(]:-{G j’( ?): f(d)}

From above definition, we can obtain the following proposition immediatly.

Proposition2.1 Letfbe a lower semilattice decomposable mapping of soft algebra L, then
each element of L/f makes up a lower semilattice in the-iriduced order.
Proof For all @ , T in E[], then , f( B )zf (7)= f(X), by L.1), L.2), we
have
FCEAYY =(FUBIAYIV(F (YIAP)I=(F(TIAYIV(FCBIAP)
= fCY) AfCBI=F (o)
theretore, 6/\16 Ef[D( 1. i.e. Ef[ X ] closes for operation /\. This is to say EE[O(]
is a lower semilattice in the induced order.
Definition 2.2 Let L be a soft algebra, j be a mapping from L to L. f is called a upper
semilattice decomposable mapping, if j satisfies the conditions:
L3 foo Ko, Yeel
L&)  f(XV p>::<j<oz>/\p°>v<j<p>/\o<c) Vo, pel.
Similar with proposition2.1, we also have
Proposition 2.2 Let L be a soft algebra, j- be a upper semilattice decomposable mapping
of L. Then each element of L/f = { Ef[ o] ]} makes up a upper semilattice in the induced
order.
Definition 2.3 Let L be a soft algebra, a mapping j from L to L is said to be a lattice
decomposable mapping, if J‘ satisfies L.1)—L.4).
It is easy to see j— is a lattic decomposable mapping of lattice L iff f is both lower
semilattice decomposable mapping and upper semilattice decomposable mapping.
Following proposition is evident.
Proposition 2.3 1If j- is a lattice decomposable mapping of a soft algebra L, then for
all &, B €L,
D flaveO= F(XAD)= f () vV f (X3
2 flXVB IS (Ff (OV F(BNA(X AP,
FCAAB ) S F OOV F(BNACX AP
N VB IV FIXABI=CFEOACBY PNV FBIACX VD,
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Proposition 2.4 If f is a lattice decomposable mapping of a soft algebra L, then each
element of L/ R makes up a sublattice in the induced order.

This is simply a corollary of proposition 2.1 and 2.2 .

Definition 2.4 A lattice decomposable mapping j is said to be dual, if

L5 f(oO= (&5 VXeL .
holds.

From the definition of dual lattice decomposable mapping, we have

Proposition 2.5 Let L be a soft algebra, and f be a dual lattice decomposable mapping
of L. Then for each Ef[ X ] in L/j. , Ef[ X | makes up. a dual sublattice in the induced
order and induced dual operation.

From the discussion above, we have seen that every lattice decomposable mapping of a lattice
L not only brings us a division of L, but also keeps each member of L/j is a sublattice
of L; If L is complete, then each member of L/_-f is complete; If j is dual, then each member
of L/f is a dual sublattice of L. In the following part of this paper , we should only
consider a very particular lattice decomposable mapping—boolean decomposable mapping jo ,
That is for all X in L, fo( o )= o(/\O(:.

It is easy to see that j-'o satisfies L.1)——L.5). Therefore fa is a dual lattice de—
composable mapping. By the proposition 2.4, every element of L/fp is a dual sublattice of L
in the induced order. But with the definition of fo , we know that for all @, in Ef£0< 1,
pANAP — xAdS, @,\/ @c: o(\/()(c, 50 ( Efg X ], &£ ) 1is a boolean algebra with
Oy = X /\0(c zero member and 1y = X VX wnit member. therefore, we get

Theorem 2.1 Every soft algebra has a division such that each part of the division makes
up a boolean algebra in the induced order.

Definition 2.5 Let L be a complete dual distrbutive lattice. let 0= AL, 1= VL, we
call the element in Efc[ 0 ] to be sharpen element of L.

Let X be a ordinary set, F(X) is consists of all fuzzy sets of X and P(X) is consists of
all ordinary sets of X. Because F(X) make up a soft algebra in the ordinary order, there-
fore, we get

Corollary 2.1 let L ,=F(X), LO:P(X), if f is a dual lattice decomposable mapping on L,

1

then E_[ O | Is a dual fuzzy sublattice of F(X) with O the smallest member and 1 the greatest

member. Particularly for fo , Ef[ 0 ]:LO:P(X).
o
By means of theorem 2.1, we can write out the form of the number of L when L is finit.
Corollary 2.2 1f L is a finit soft algebra , then [L} = 27 uhere | L| denote the

number of element in L, and "% is the number of element in Ef[ .
(-3
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Remark Tt is not difficulty to show that for any finit number n , there must be a soft
algebra L, such that IL |= n. But, when supposing no ¢y in L such that O(c: o, then
| LI —-2k for some natural number k . If we want to express it more precisely, we can write
lhl: = SiZi’ (i=0,1, 2, cvu ... ), where s; denote the number of {Efo[o( ] | Ef£0( ]‘

_ 21}.

3. SOME PROPERTY OF Ef[O(]

Tn the first section, we have discussed some kinds of lattice decomposable mapping of a
Lattice L. In this section we principally consider the relationship between different mem-
bers of {Efa[ X ]} .

In the following part of this paper, we always Let L be a soft algebra , j; be boolean de-
composable mapping from L to L, i.e. for all ¢ inkL, jo( X )= o(/\O(c. Next, instead
of Efa[ O ], we use E[ & | denotes the member of L/f,

Proposition 3.1 \ o, P €L, let 0, = (A", 05— p ’,\(5C ,and 1= AV
lg =gV @ then

1) If X > p then BA oS =0, A Op » PV =1,V 1p s

Dy TeHoVE b YATEY 0A O, YVYT & LV 1p
( the same is true for Y in E [ XAP 1;

3)  IF OyAf = Ox AOp » then Ogyp== Ou A\ Op;

PV lg=1xV 1 , o(V1p =14V 1p, then 1 s =1,V 1y ;

4) 08 0, ff 14> 1g,

Oq = 0p  iff L= 1

The proof is direct.

Proposition 3.2 lLet {O“} :{ XA O(Cl X el } , then {OO(} make: up a lower semilattice
in the induced order. Particularly, if for all X , @ inL, OyV O@ < leg A 1P )
then { Od} make up a lattice in the induced order.

The proof is evident.

Definition 3.1 Soft algebra L is called local boolean , if {Od} make up a lattice
in the induced order.

Proposition 3.3 F(X) is local boolean . Furthermore, for all A in F(X), if A(x)=%1/2 for
all x in X, then E[A] has the same cardinal with E[ 0 ]= P(X).

From the discussion above , we can see that soft algebra is nothing but a mapping with a
domain semilattice and a range collection of boolean algebras . In other words, a soft algebra
can be regarded as a plate of lattice on which every point endows with a boolean algebra. this
idea suggests that fuzzy computor can be regarded as a group of ordinary computors which are

arranged in certain partial order. In following part of this paper , we will mainly discuss
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under what condition can a group of boolean algebras decide a soft algebra.
For each E[OX], let E[X] ::{T ‘ O S Y L1, Y'GL}- It is easy to see that E[x] is a
dual sublattice . Evidently, E[(X] is consists of all sharpen elements of B[ o¢]. We call E[oY]
to be frame of E[O(L and noted as E[OX(] = Fr(%{od).

Definition 3.2 A sublattice of a soft algebra M is said to be substantial, If for all X,
@ inM, Xgp > then, ¥ Y , o(éfse, we have Y ¢ M.

Obviously, ﬁ[o(] is substantial for allEf o¢] in L/j;‘>

Proposition 3.4 Let E[ex], E[ p] € L/4, » then

1) If Oy € Op, then E [8] is a substantial dual lattice of fi[of];

2) Both E[ o] and E[ @] is substantial dual sublattice of E[Od A Op 1;

3) E[D(] N E[@] is the biggest substantial dual sublattice containing in ﬁ[o(] and
EL6 ]

The proof is simple.

Definition 3.3 Let T be a complete lower semilattice {Lt} teT is a collection of soft
algebras. A collection { j(t c >‘ V £ty €T, f(t t is a mapping from L U Lt

to Lt At } is called a 1nterre1ated mapping collectlon on T If for all (X in Lt ,
1772 1

Sty s ) F iepep ™= j(tl/\t3’t 2 f (@) Torall bty

Definition 3.4 Let T be a complete lower semilattice , a collection of soft algebras

2

{ L’t} CET is called auto-agree, if there exists a interrelated mapping collection F on

T, such that for all f ,in F
(ti sLa

ta)
(1) Und I L d L, £ Le,),
) Under f(tlatz)s £, j(‘:. ,t;)( t, )'an £y f(t. atz)( Cz)
where #2 denotes isomorphism between lattices;

(27 If t1< ty, then f(t £2) (Ltz)ls a substantial dual sublattice of L. £

(3 ) 1Iftq = tg, then F.( f(c . )(Ltl))ﬂFr( f(t &) \(Ltz))_ 0;

a0 T8 Oy Oy 1’ Lo
f(tptz)(otp/\f(tl,tz)(%) ~O A, -

Definition 3.5 let T be a complete lower semilattice, a collection of boolean algebras

is the minimum menber of Ly respectlvely, then

{ [‘.r} teT 1is called suitable with a given auto-agree collection of soft algebras {Lt} teT
it for amy t&T , there exists a isomorphism between Et and Fr(Lt)'

Theorem 3.1 Let T be a lower semilattice, {Lt}(t €T) is a auto-agree collection of soft
algebras, collection of boolean algebras {Et}(t(- T) 1is suitable with {LJ (t €T) . then, there
must exists a soft algebra L such that B[] € L/j-o iff there is t in T, such that
E O] isomorphies to E .

The proof is omitted.
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4, EXTENDED MEASURE OF FUZZINESS

The degree of fuzziness is assumed to express on a global level the difficulty Of deciding
which elements belong and which do not belong to a given fuzzy sets.

Mathematically, as D.luca and Tuemini has proposed , a measure of fuzziness is a mapping d
from F{X) to [0, +e) satisfying conditions

(1) d(A) = 0 iff A is a ordinery subset of X;

( 2 ) d(a) is maximum iff /U.A(x)—_—l/Z V x €X;

( 3 ) d(a*) < d(A), where A* is any sharpen version of A, that is , /QA*(X)SQ /MA(X)
if /LLA(X) < 1/2 and /(,LA*(X) >/{'(A(X) if M A(X) > 12

(4 ) d(a) = d(A) , When A is as fuzzy as A .

By theorem 2.1 , it is reasonable to regard that that A is as fuzzy as A can be discribed
as A f\ﬁc = A A AS. Therefore , in order to extend above definition of degree of fuzziness
to soft algebra, we give following definition of degree of soft algebra.

Definition 4.1 A mapping d from a soft algebra L to [0, +¢ ) is said to be a degree of
soft algebra , if d satisfies conditions

a1 I dAKS KpABS thn d(x) L d(B) Y ot Bely

d.2) d( 0 )=d( p ) iff o(/\o(“::@/\pc Vo, pe bs

d.3) d(X)=0 iff X€H 0 ] ,

Evidently, we have

Proposition 4.1 Let L be a soft algebra , d is a degree of L,

(1) If fx = O(C’then,forall t@ in L, @ﬁo(,wehave d(te)éd(o();

(2 d— dX) is a degree of ﬁ[a]

The proot is direct.

When we restrict L to be F(X), the degree of F(X) is nothing but the measure of fuzziness
if onlv we pay attention to the fact that for any A in F(X), that AA AS £ 1/2 is always

true.
1 express heartful thanks for professor Wang Pei-zhuang 's direction in composing this paper.
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