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Abstracts

thie concepts of the fuzzy point and its quasi-coincidence
neizhborhood have been introduced in 11]. Using these notions, we

.

shall give the theory of fuzzy convergence classes. Especially
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Introduction

After introducing the fundamental concepts of fuzzy point and

its neighborheood structure (so called Q-meighborhood), we have attempt
to get a characterization of fuzzy topology wia the corresponding
fuzzy convergence classes in‘[j]. The results obtained in [j] is

basically parallel to that «in general toipology and is not perfect.
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In fact, the range domain of set functions is now extended from

the two elements set<£0, Wﬁ to the unit interval {O, 1J=I, roughly
speaking, the related problem is considered in one more dimensional
space. Moreover the rang domain 1 does not be simply seen as a set
of points, there is an order relation among the points of I. There-
fore the desired characterization in fuzzy topology should be com-
plicated somewhat than that in general topology. Considering
properly the influence affected by the range domain I, we now get

a new characterization. Several analyses about the new characteri-
zation will be also made.

T
[IERY

Y. be ordinary non~empty set and the value domain be I.

The concepts which do not define here we refer to [11,

-

l.  Fuzzy convergence classes

A

Definition 1 3upp

O

se that ) is directed set, and for each

mg D there are a directed set E' and fuzzy net $%= s™(n), n& E" .

Then under product ordering we have a directed set F=DME§£ E" and
a fuzzy net S defined by

s(m, £)=8"(£(m)), meD, fe 2 EM.

The fuzzy net S is called induced net (exactly, associated with D

m
and each 3 )

Definition 2 Let g be a class consisting of pairs (S, e),
where S= 3(n), Ne&D 1is a fuzzy net in X and e is fuzzy point in
X, ?9 is called a convergence class for X iff it satisfies the five

conditions lised below. For convenience, we say that S converges



(\g)toeiff (S, e)(—\g.
(G1) The constant value net {S(n)z some ej converges (g) to e,
(Ge) 1t (S, e)(‘B/then so does each fuzzy subnet of 3. ‘
(G3) If (S, e)ﬁ\fj/ then there is a fuzzy subnet T of S, no
fuzzy subnet of which converges (§) to e.

(G4) Let D be a directed set. For each mé& D, let the fuzzy

net szis(m, n), né Em} converge (9) to S{m) and let the fuzzy net
iS(m), me Dj thus obtained, converge (E) to e. Then the induced
net {with respect to D and each 3") also converges (9§ ) to e.

(G5) For each point x € X and real directed set D <(0, 1], if

535 sup D, then the fuzzy nets\x . /UeDj converges (\ﬁ) to x
, A (-

Theorem 1 Let (X, J) be a fuzzy topological space. Then the
set of pairs 2{(5, e): fuzzy net S converges to e} is a fuzzy conver-

gence class, denoted by ?(‘T)
L]

troof In $14 of [1] we have already shown that ¢ (37) satisfies

the conditions above (G1)-(G4). As to (G5), write ) =sup D, in view

f

and that fuzzy net ix/u Sy MED 'I clearly converges to xl, it follows

of that each U-neighborhood of x_, is naturally Q-neighborgood of X5

that Cf(j) satisfies (G5).

Proposition 1  Let §2 bea family of fuzzy points in X and

!\=VS?_. Let the set of pairs S satisfy the conditions (G&4) and (G5).
~
If fuzzy net 5 in A converges to e, then there exists a fuzzy net S

that consistes of fuzzy points in {2 and converges (5) to e.

Proof  Suppose that S=§S(m), m € DS. For each mé€ D, since



S(m)zye is in A, we have the family of fuzzy points {y{’; < §2 such
n

that jyfgv{yf,“l] . Writting the set of these reals fjn as Em,we get

a fuzzy net Sn'r-}'yf y fp € Emf By (’5 sup £™ and (G5), g™ converges
(" Fn

(5) toS(m). Now from (G4) it is not difficult to give a induced

net as degired net.

2. Characterization of fuzzy topology

X——) IX is

Theorem 2 For each set of pairs g » a map C:1I
induced as follows: for Ae IX, put \5 (A)-——{e: for certain net S in
A, (S, e)égs. Define C(A)EAC=VB(A) e.. (*) Now if 5§ is a fuzzy

convergence class for X, then the fbllowing hold:

’

(1) The correspondence A |—> Ac is closure operator., The topo—
logy thus obained, is denoted by Y(E)

(2) PYEN=9 ~

(3) y?j;j, therefore there is a bijective map between the
set of all fuzzy topologies for X and the set of all fuzzy conver-
gence classes for X. MoreIover', this map is order-reversing, i.e.
if g2 l)then 70(3’;)5 7’(3;)

Froof. The argument is processed as follows:

(1) It is easy to see that ¢c=,@, A< A® and (AV B)C=ACYBS
(Notice that for establishing (A VB)“4A°YB®, we need to us?e the .

implication: & < bVc = either A < b ora= c. This fact is trivial

for value domain I but is not true for more general value domain).

Now to show € is closure operator, it suffice to prove (AC)CS AC.

Take e eﬁ(Ac), there is a fuzzy net g={S(m), me D} converging ()



to e. To show eg;AC, we shall get a fuzzy net £ in A converging
f% tc e, Taking any m€ D, we denote the support point and the

by
membership grade of S(m)Ax and A respectively. Write Bﬁ={f:

fuzzy net in A converging (Y ) to xfi. Obviously sup BM:AC(X); A

By (G5), the fuzéy net Sm={xf,f ¢ Bwﬁconverges (§) to x1=§(m).
By the definitio of By, for each Pe B,,, there exists fuzzy net in
A converging (f)) to xf. Thus in virture of (G4), we have a induced
net T in A (with respect to B . and others) converging (ﬁ ) toS(m).
That is to say, for each m¢ D, there is a fuzzy net in A converging
(G ) to S{m). Again using (G4), wé get a induced net,glin A (with
spect to D) converging (§) to e. This shows that ¢ is closure
operator.

(2) Suppose that (S, )€Y angd write T = y(E;). We need to
show that § converges to e relative to topology J . Otherwise
there 1s an open O-neighborhood U such that the fuzzy net S is not
coincident with U eventually, i.e, S is fregquently contained in
Ut=F. Thus there is subnet T of S in F. 1In view of (G2), T converges
( 3} to e, But F is closed subset, hence eé’FC=F. This contradictes
with assumption that e coincides with F'=U.

(%) Suppose that fuzzy net § converging to e relative to topo-
logy § . We need to show that 5 converges (E;) to e. Otherwise,
by (G3), we have subnet T={T(m), m€ EYy of S such that no subnet of

T converges CB ) to e. Now by Theorem 1, T converges to e relative

[

to J . Put Am=1/{T(n):n;.mS (me E). By Theorem i3.3 of [1], eeﬂAm.

Write ezxx. For meé E, put szif: In A,, certain fuzzy net S‘0 con-



verging (4G ) to Xp } Furthmore, in view of Froposition 1, we can
assume that for each fé D" the fuzzy points of net S are the form

T(n) where n2m. Obviously Af“(x)zsup Dmgl . By (G5) the fuzzy

a4

net fxf’ > Pe Dm§ converges (5 ) to e. Thus we have induced net i

(with respect to D" and S ) converging to e. The corresponding
P

P

directed set of T" is denoted by FT, Clearly, the fuzzy points of

~

™ are the form T{(n) (n> m). Again using (G4), we get a induced

A

net T (with respect to E and Tm) converging to e. The corresponding
. o o s N )X m . s . .
directed set of T is EXmeE F". We claim that T is subnet of T. In
— ~ ;
fact, for any m €[, when m>» m, we have T(m, £)=T"(f(m)) for a. .y
fénéﬁ‘ ™. Hence T(m, f) is the form T(n), where nzm>m, . Thus

we get a subnet ,TT of T converging () to e. This is a contradictiom!
By (2) and (3) above, we have ?}é(}’j =9 .
(4) To show ¥¢( T )=T. For a fuzzy topology J for X, from
Theorem 11.1 of [1]§ it follows that the closure operator induced
by £ (T ) Just is one associated with the topology I . Namely,
YH(T )T
{5) Whenojigddz ,» it is clear that P(J)) Q—ﬁ"(ﬁ;). We complete

the proof of Theorem 2.

3. Some Analyses on (G5)

Comparing the conditions of the fuzzy convergence class with

the ones in general topology, we find the condition (65) is new.

R T TR R
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We shall analyse the condition (G5) in details.
(1) The condition (G5) is necessary. In fact, we shall show
by examples below that for set 5 of pairs satisfying just (G1)-(G4),

the operator c¢ defined by formula (*) in Theorem 2 may be not closure

. C\C y,C .
operator, i.e {(A”) #A7; Moreover, for certain case the operator c

is closure operator, but ([OSL(g )#5

Example 1. Let X be singelton {x’} For each fuzzy met.

3={S(n), ne D%, writting the membership grade of S(n) by An we get

&

~

3 real net § :{Rh/ne};‘zﬁ associated with S . For each A €I, the
ordinary neighborhood system of real A denotes N{A). Now we take
5 set of pairs 5 ={( 5/){}&)% as follews:
dhen AL £1, 2/%, S is eventually in U for V U €N(A).
whan A =2/3, §J<‘ eventually in (U- {1/55)0 i2/3} for Y UeN(1/3).
when A =T, gis eventually in (L\-{?/j&) Uity for Y uenN(2/3).
it easy to see that \5 satisfies the condition (G1)-(G4). Now

taking A=x,,, for operator € defined by above formula (*), we have
N . CyC_ c
A ,(1/3, ([{ ) X" #A »

iixample 2 . Suppose that X is a non-empty set. S =i(.‘S, e):
S(n) is eventually equal to e } Obviously ‘5 satisfies the conditions

(G1)-(GL). Meanwhile we have A=A (A€ I%),

i.e. the induced operator
¢ is closure operator and the relative topology & is discrete

topology. Consider the fuzzy net S=4x,_ nenN5( denotes the
1= Ui

set of all positive interger, x € X). Clearly S converges to x4 rela-—
tive topology O but does not converge (B) to xy.

(I1) The condition (G5) can be decomposed into two parts as

B N =



i1

follows:
(GS)*' For each xéX and each directed real set D (0, 1], the

fuzzy net {X,u’ A€ D} converges (§) to X, where A =sup D.
(G5)" 1If (g/xl)é:‘j’, then for each 4¢(0,1] we have (S, X/u)éﬁ'

We shall show by examples that the condition (G5) can not be
replaced by either (G5)' or (G5)". First, we see _

Froposition 2 Suppose that B satisfies (G2), (G&4) and (G5).
If (5, xk)ég and 4 e(0, AJ then (5) &)é‘é,i.e. the condition
(G2)" holds. '

Froof  Suppose that D= {;‘t}is singelton. By (G5), the fuzzy
X,» For n¢E, putting g’/(l/ n)

=S5(n) and E,=E, we get fuzzy net g = fg(i/n), née Eﬂj . Obviously
S is a copy of S . By (G2), S’conver‘ges (‘5 ) to x . Using (G&4),

we have a induced net T converging (3) to X (with respect to D
e
and E’K;" Condiser the correspondence n (ln,fn), where n¢ B,

and f, sending 2 to néek,. Clearly S is subnet of T. By (G2),
3 converges (\9) to x .
/L{

Example 3 We adapt the example 1 above by adding following
pairs (S} x,) to G,
When )} =2/3 or 1, gis eventually in U for each Ué€ N{Aa).

~_

e
This set of pairs obtained is denoted by ‘g . Obviously

satisfies (G1)-(G4) and (G5)". For A=x,,, we have AC4(A®)®. Note

that the condition (G5)"does not hold, because for 5;=[x1_b4ﬂ}1e4v§

~

we have ( S/X‘I)GE but (S, X'z) ¢ g




-
o

.

bxample & Suppose that Xz{x}. The set of pairs 35=‘C(5'xl)j
> 2

where § ={XF )rkgl)jsatisfying the following conditions:
n

whenA =1, eventually f, =1;

wheni< 1, forYe>e eventually f,>A- €. (Obviously § satisfies 3

e
(G1)-(G4) and (G5)"., The operator c¢ defined by the above formula (%)

is identity mapping, hence the induced topology is discrete topology

57'. But the fuzzy net S'={xp¢4%,rléﬁvsconverges to xk,relative the

toralogy J and does not converge (3;) to xy4.
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