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ON INDEXED FUZZY MODELS OF PRODUCTION
Part 1: The simple interval indexed fuzzy model and interval

indexed fuzzy Leontief model.
Marian MATZOKA

Institute of Economical Cybernetics, Department of Mathematics,
Economic Academy of Poznari, ul. Marchlewskiego 146/7150,
60-96T7 Poaznari, Poland

1. Introduction. One of the main tasks of economical sciences is to
construct models at which we first of all want to establish that
they are logically possible and consistent,and next make sure that
our models are realistic. The fuzzy sets theory - initiated by Zadeh
{1965) provides a methodology and mathematical apparatus more adequ-
ate then the crisp ones. So,recently these new ideas are have found
their expression in papers initiated a new branch of economical scie=
nces, the fuzzy economy.Indepedently of these investigations many
authors build up an interval theory of the economical systems with
wealth constraints {comp.MatXoka (198%),Rohn (1978 79)). This theory
is developed of basic concepts of interval mathematics.This paper is
a trial of compound fuzzy and interval mathematics and application.
nmecause Zadeh s theory does not allow to take specific proper-
ties of economic processes into comsideration,so we will use the
indexed fuzzy subsets theory which was introduced by HMatzoka (1984).
The interval indexéd fuzzy matrix theory which we will use in this
paper is a generalization of fuzzy matrix theory (MatXoka (1984)).
This paper presents a preliminary attempt to &pply interval in-
dexed fuzzy matrix theory fo linear models of production.Such models

are completely described by a matrix,whose coordinates have some
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economic interpretation.For example,the coordinates of this matrix
meay represent the amountsAof goods consumed or produced by activie
ties in the time-momcnt.But in practics,it is not easy to find ouk
the exact values of these coordinates because the data from which
they are determined often fail to be both exact and complete.In this
paper,we make attempt to take this fact into account,assuming that
for each i=1,...,m, j=ﬁ,;..,n and for any time-moment we know only
a real interval.We will say,that the amounts of goods consumed or
produced by activities is approximated by real intervals.In practi-
ce we do not consider all time-moment but only some time-moments,If
we additionally assume that an information about choice of these
time-moments is given then we shall be able to say on an fuzzy
time-moment.If we also assume that an information about quality of
aporoximation is given then we shall be able to say on the interval
indexed fuzzy elements which are coordinates of our matrix. The
membership function of this interval indexed fuzzy element depends
on the .wembership function of fuzzy time-moment and on the informe-
tions about quality of approximation.We are thus led to an intermal
indexed fazzy matrix which describes an Interval indexed linear mo=-
del of production.

In the section 3 we present the basic definitions of indexed
and interval indexed fuszzy theory which we exe use in thle next sec-
tions.In the sections 4 and 5 we consider the simple and Leontief
interval indexed fuzzy models respectively.We obtain the fuzzy ana-

logon of Samuelson - Yoopmans - Arrow substitutability theorem.
2. Motations.

ii - an interval indexed fuzzy matrix,
A - an indexed fuzzy matrix,

Ke¢ii = A is an indexed fuzzy matrix such that ij-th coordinate ofA
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know only a real interval, Ve willi say, that the amounta of goods
consumed or produced by activitlies is approximated by rcal intervals.
in practice we do not comnsider all Tvime-umoments but only some tdme =
moments. If we additionally assuile that an information about choice
of these time-moments is given then we shall be able to say on an
fuzzy time-moment. If we also assume that an informatdéon about quality
of approximation is given then we shall be able to say on the interval
indexed fuzzy elements which are coordinates of our matrix. The member-
ship rfunction oi thig interval indexed fuzzy element depends from the
membership function of fuzzy time-moment and from the informations
about quality of approximation. We are thus led to an interval indexed
fuzzy matrix, which describes an interval indexed linear iodel of
production,

in the section > we present the basic definitions of indexed and
interval indexed fuzzy theory which we ere use in the next eections,
In the sections 4 and Y we are conserned with the simple and Leontief
interval indexed fuzzy models respectively. We obtain the Iuzzy
analogon of Samuelson - Koopmans - Arrow substitutebility theorem,
Tinaliy, in section 6 using the connection bvetween indexed fuzzy
matrix and indexed fuzzy cone we ave able to investigev vun ieunenn ‘s

indexed tuzzy model o an expanding economy in an explicite way.

2. Notations,.

14 -« an intervali iadexed fuggy wairix,

4 = an indexed fuzzy matrix,

if%j - i1j=th coordinate of the interval indexed iuzzy aatrix,
£1J - 1jth coordinate of the indexed fuszy matrix,

LA€31i - A is an indexed fuzzy matrix such that 1ij-th coordinate of A
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is an element of ifij » $=T,40e9m, Jmi,4.4,n,
iyz{ifl,...,ifgj’- the iaterval indexed fuzzy vector whose coordinate;
are the laterval indexed fuzzy elements,
yutfv.'..,fn ]~ the indexed fuzzy vector whose coordinates are the
indexed fuzzy elements,
y€iy - y is an indexed fuzzy vector such that i-th coordiancte of y

iS an e]-ement Of if{; ? 131’.01’110
3. Basic definitions of the interval indexed fuzzy sets theory.

Let T be a subset of real numbers R and let Gé0’1> deuiotes the
family of all functions g : T-»<0,1%. Let Y denotes avbitrary, but
for further considerations fixed set. Next P(Y) denotes the family
of 21l non-void subsets of Y. Let F be a mapping from T to 2(Y).
so, Ytel 7(t)e¥., Instead of F(t) we will write A

Definition 3.1. i generalized Cartesian product of the sets Ft

(teT), 7(T) say, is the set of all functions f : Te»¥ guch that
r(t)er, , Vien,

Jefinition 3.2, An index fuzzy subsed,v say, ic a fuaction frem
G;O,1>.
The set T and tie fuzzy subset v we will call +the set of time-moments
and the fuzzy time-moment respectively.

Definition 3.3. An indexed fuzzy subset of #(T), A, say, is a

) OIS R
mapplnb/pAV ¢ F(L)~n G such that

(i) if v(t)=0 then M (£)(t)=0, ¥V £er(T), Vter,
v

{11) if therec exists an element t €T such that £7(t)=£""(t)

[

then /A%(f')(t)“/ﬂ;v<f”)(t)p £ ;-‘- €r{ij.
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The speecisnd cage of indexed fuzzy subsel is an indexed fuzzy element.
Hamely, Ly an indexed ruzszgy elenent, fv say, 1t is understood an
indexed fuzgy subset of F(T) such tnat Vi e (D)’

i" r if f’'=f,

bi\ (j’)& ¢
it ‘' 0 otherwisge,
where r‘;G§0’1> and if v(t)=0 then r(%)=0,.

Let us consider two functions £ and T from F(T)., Let 4if deno=-
tes interval if= {feF(T) : £<£<T §. We will white if=(g£,T>.
If if ie an interval then for any teT 4if(t)= < £(t),L(t)> also will
be an interval,
We say that a function f ¢ F(T) belongs to an interval if= ¢£,T >,
feif say, iff for any t¢T £(t)e <£(%),T(t)> .,

By the symbol IF(T) we will denote the family of all intervals
in P(1).

Definition 3.4. An intexrval indexed fuzzy subset of IF(T), 1A,

say, is a mapping /“IA H IF(T)~9-G§O’1> such that
1 v

(i) it v(t)=0 then P 1 (1£){t)m0, VifeI¥(T), V¥Vt eT,

Sy

{1

. . N - L) . s olra v _an??
{ii} i1 tiere exists an element t €T such that il (t)=1£" (%)

(), Art,if"7e Ir(T).
An interval indexed fuzzy element we define in the seme way as an

indexed fuzzy clement,

v v
ifv denotes an interval indexed rfuzzy eiement,

We wili write that 7 eif iff (£)= {(if) and £ if, where
Pe, /‘ifv

Delinition $.5. An m-indexsd fuzzy vector, a say, 1ls an orcdered
21 0

set of m-Jndexed fuzzy eleurents I 1 ,...,4Jn .
v -
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Ve shell use the notation az(fii), meaning a is the meindexed fuzzgy
v
VECLow wnose i-ph coordinste ig f i
v

i

v1 vm

call the indexed fuzzy point, in symbol {a}.

If b g (2 )mesem w o (£%) then such indexed fuzzy wector we will
Iyt e

Lerinition 3.6, Am m n - indexed fuzzy matrix is a rectangular

I ’y ~ -", » .
array of the indexed fuzzy elements £7. {(i=1(1)m, j=1(1)n).
v
Thug
o1 B
' '{v‘.;a‘l L3 2 ) f1r11n
WJ v
A =‘:’ L O R
sy ... fan
;L V'mz .\7;1}11 -

Trgteoa of writing ouvt the above tableaun, we will simply write

ﬂ=(fi%.}, to be read "4 is the indexed fazzy matrix wiose ij~th
v’ t

coordinate is £9, .
ij
v

IT in the above Jefinitions instezd of indoxad fuszy elements we
have interval indexed fuzzy elements then we will obizin thie dofini-
tions of the interval indexed fuzzy veetor, intervel indsxad fuzzy

pelnt and interval indexed fuszy natrix respectivaly.
4, The simple interval indexed fuszy model of production.
Ceusider o production systen, say a Jactory , in widch a goods

11,...,Tl are: involved either 2as invuts to the productive process or

ag fine2l roods. Tet us assme +that they have 2 varfous prelicrences

0

"
ki o
S 8 KCFIIN

[

Definition 4.1. An interval indexed fuzzy activity P involzing

n goods corresponds to an intervel indexed fuzzy vector iap(ifv)'
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The good 7. is egalled an input to the activity in a time moment + 4f

i, . ) . e - .
1F°7+) i 13 mezative iaterval, and an output of the activity iz

. pogitive interval and u i( 1)><3.
Ii
ity

~~
o>

.
e
%
m

in interval indexed fuzzy production model IFPM involving n goods
consists of a set of such aclivitie f1,¢..,2m. Such a model is
ccmchtelv described by an interval indeited fuzzy matrix lAP(lf ),
where 1¢ \c; ig the approximaite amovnt of Tj produced {(or consuwsed)
in moment t when Piis operated at vwnit level, The inteoval indexed
tuszy motrix 1A is called the productlon matrix of the model IFPH,

A production schedule for IFPM is defined to be an indexed fuzzy
mint with {the nonnegative suppodt. The coordinaves ol thics indexed
fugmv point are cailed intensitics for the activities 2ye If fal
decrotes o peoduction schedule then fP{aj(a)(t) denotes its quality
in timge moument t,

i ciuple interval indexed fuzzy model of production, SIFFI say,
is 2 cpecial case of the IFPM, The speclal assumptions are these:

Apsunption I. Each activity Pi produces only one good Tj.

In terms of intervel indexed fuzzy matrix 14 this sssunption nmeans
tha+t toere is only one intervel indexed fuzzy element witi positive
surnort in each vow, ali the rest being zero or ancgative,

Assuaption Ii., Bach good T, is produced by one and only one
activity Pi .

This means, in particular, that there are the same number of
activities as coods, and it is natural to label gooda and activities
correspondingly. Ve shall agree nencafortb that 2, is the activity
which produces T, . The production matrix iA for SIFPM is a square
natrix,

Because of Assumptions I and II it is convenient to modify
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In vnee case we snalli say thal L4 Luseld 1o productive w10l Togoaod
t0 thne indexed Iuzzy matrix i,

vnegorel Ao, It tne dunterval indexed fuszgy matedx i4 is producile

§

)

ve with regard to an indexed fuzzy matrix A then for any iadexed
zzy vector b witn the nonuegatlive supnort the indexed fuzzy equam
Gion
?L{' - 1a5‘1‘§ = D
hag a unique solution witihn nounnegzailve support, on tae coadicicn that
1. Ly 1>
T

v . \n”)/m 44 ‘. - € G

Wooos
h i F
v

L

c_l

wiows J1 cenoler tne indexel le=rnorm {compare Matioirc {(4901)).

Lt theoren wilil be a conseguence of tie following ledu.,
fernin <oty I R4 1o productive with regard to A ana Jajy{al-A

NERIeIY] , X R ER JAN 2, O, where {8.} = fi

wocd, By definition: Jhere cxists an indezed fuuzy point § c.}'—" (?t)

with tvhe nonnegative suppert such ithet a & A o This meanc thet

Tt ¢, Yi., Luppose now that fal= \1‘1’) and fayy{a} X and I ? 0.

4 , i S _ 1 Ty
Then Ot least one and T T} 0, Let o = mex{~f{{ /'f {3},

-
ER ol

‘ ..,1 L . ‘ —
sy o s =TT TN E ) Then ot Lo poulidve and {o e 4a ) e 47§ nae
, - . . 7. . .
Loo swonregacive suppoet with £ \ t =0. Dut also
” o o . mew

foo b= jal vk dads (fulrax {23 > 0o o

wihvier woulrd inply
SN S T TUE & PN 14 ot
Ty x> 27Ty () 5,0, & contrediction (O, - zero indexed

s
=

o
-

TNz e anon by

sev s note that faye-{al i we caa write in the following form

i.!
ghers T 0 n o Ladomed Fusny mateixn with the elonents f!.,,w,*'J such that

Rt T _ , 1 eLwm),
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w o Voieoom v L0001,
fy*d
SV 1 R B . DSt SRS S o - PP S 10
mollany, TF A0 o o dvctive with rogand A thoen the natrix

T -'\ 3 o 0 o3 ; ) ) ) A
(T = 7X(t) hac vark n for all t €%, where (I = B)(%) 1s Lhe mairix
wite “10 elonente J{“c) - iijf Yide

Tronfeor tho i‘heorem. Lecows: (L = £;(t) has rauk u zud ¥V J

fT <O, > - X .
bl ) -3.j“ "j pHe G'l’ ’ tren there existes a unique indexed

Tvzzy peint ja §such that Jaly (I - X)=b and since ha) O the lemma
- A '
impiies £ Op s Vi,

fo fom ewnw dlecusicn hat been concerned entirely with the guantity

¥ T + » - - - 2 - . B P - -
gide., "2 fTurn now to the price cide introducineg pricec. ¢ tsual

(=3
5]

wo Dot | 5:;»‘}:(1.\\3',',.' pe the indsyed fuzgy peint (fuszy price vechor),
Yo o profid Lo given by the et

{0y = 24py 2 hednd,

Theoron 4.2, If i4 igc productive with regard tc T then for any

irdered fuzzy vector g=( x,r‘) with the nennegative supiort such that

oty s ey p e (*‘O L

/4“

PR J i“v'

< lv-i

taere exists o uniouve iladexaed fuzzy eleaent {p i‘; with tae nonaegative
suoport suca that
q={I = A)"{p}-

ihe proof ic a consequence of the Theorem 4.1,

5 Thne intorval indexed fuzzy Leontief model,

A siaple interval indexed furzy nodel - a8 can observe - has the
inconveniences as a closed one, Therefore, we in our SIFPM modificae

tions analogous to these ones which are used when we are passing from
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the cliosed simple model to the open Leontieif model. 'hen the interval
iflaft) becomes the approximate amount of T, reguired per t in order
to ohtain in tugk time an oultput of one unif of Ti .

Detfinition 5.1. The simple interval indexed fuzzy Leontief model
consists oif a simple interval indexed fuzzy model in which is a

sin;le primery zoacd TO cailed lakox,.

pas

eopleldd oozume that labor is necded as input to all activities,
ihav is, the consunptiorn intervals if10(¢) are al: positive (% ¢ suppv)
Fox the ioterval indexed fuzzy Leontief model with labor as primary in

input iv natural to assume that when the cost of labor is taken into

MTeorel H.1. Let 14 be a wroductive matrix with resard to A.
Thern thnere exists an indexed fuzzy point { py with the positive sup=
port, ymique up to multiplication by the mmkiwity positive functions,
guci tiatn at prices {p_§the pro1it to each activity is zero (on the

O(TLO) ok B g .(T*9)), The mulbiplication
1 o

condi ticn that Yi fﬁmi
iﬁ j“)O‘;’

reYor-hoxi v

reder B0 denulvipiication snd Zewulviplicetlon vy o Tuacelon

e cmidy SR
ol = iy b . }.’\.? j) T L CCiLare Lig RS es] . {75 fie
T, T
9 - "v
e = ”,
Yoo, Teh Al iy nroductive with reosrd to A and lev for (pi=

(=%), :“=1,. The condition that profits be zerd is then

(e ) ipYy Al (x)
PR ) . L Ny .
wiaere a“a(;;J) and A" is the incexed iuzzy matrix without the column
a”, 5y theovem 4.1 (%) has a uninue soluiion with the nonnegative
. N '.—t - N - ;L . o~ . o o
support and since support a is8 positive, QQ‘Ealao has the positive
suporT,

Defindtion 5.2, & general interval indexed fuzzy Leontief model

Lr
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. .

is e inter vl iccomed runs Teontied model to satiefy all the

’

| LI U R - R 1 " o N e " R 1 « SN PR . - . :
condiii o Laososad on uhe simpre medel cxeapt that the goouo V. Lay

J

T meGuCiblo o omero tham oug ectivity.

Leoaensbe Oy ﬁj the oot oi all indices i such that 2, proguces Qj .

Lot faye {ii} Lo oo datensity vector. Them an indexed fuzuy vector
¢t 3y

L e e P d Y g g
0L oy Lulgie \J‘—«'—\hv/ 1O SXVeL Y

s

N i
R TS T e SN J

v - -.‘-':- s

e et b oof oll such iandexed Tuzzy vector will bs term:d the output
sroon gL the Ttasle

-

oy . v A Pl gy
Phroorcl Sede 4303

seneral interval indexed fuzzy Leontiel aodel

()

"

i: productive with regard o X +then there existe a set of n activities
P, gees:P. , wWhoTLS i eS1 , such that the interval indexed fuzzy

: ¢

Yoo hicod Lodol fomaed from these activities has sane outpult space

for & 22 the criginal model,

Tet us veconsider the camonical fuzzy problem (compare 4ailioka
(1964} of finding an iadexed fuzzy peint {&) with tpe sounegetive
anemort such thes

va o sqatc, VaeF(T) X, eex B(1) (1)

Foe s
<)

i
s
@:

4
oy
E

Cefinition Se3. We call o set of independent rows Gy of an
indewerd fuzey matrix A an optimel {feasible) basis 1f there is i
prtized {leasidle) iudezed fuzzy noint depending on these rows,

Lemna 5.1. Let a cet B of rows a, of incexed ruzzy mailrix & be
sn civimel basis for the problem (1), (2) =2bove and consider the

- . - . o i gk . PETEE N
pew _wouledn : find {a "V with the nounegative support such that

{a}lc v&éw(r) Tessk F(T) (1")

L4

la

B

[N

i
‘{‘ C
“
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jaj'A = b’ (%)
vio e :;,n(g,‘;,}. Lnen Ga L1 o leaiibice vasis o prouiii 4 Joie g
1T oLy a;mooact, en optimal basis for this problem also,

TO0N, beTh {a'} re an ogstimel aindexed fuzgy point Tor probliem
{1)s.c) dervending on tie basis B and {¢ Yoe & solution ox whe dual.
voen o kmow (comnare Hatxoha (984 )) that

o .- 3 LA . .

ifoa, o yd b> % then £~ 'zﬁ){. (%)

Wow merune Ja’ Y is a feasibie indexed fuzzy point or problew {17),(27)
cemending on the set B, lhen we have clso

fa” }>g then ?"La()f (")

Buat uhio Lu precisely the condition that {2° % andia’y e solutions

s T N T 2 . - - . Py , "o 14 k . »
07 “he grivel spd dval sroblems of {(17) and (27) wad, 11 zartieularn,

12%% in oo sosimed Sndeced fuz: mr vector, 23 assernted,
TN g o E I | ~ o de Y 4 hY R e o g
"reei ol the Theoren 5,2, Lel b= 'lv,j he an dndewed fazuy vaecher

wi'tiy she Desitive support in the output spsce v, We consider the

CoEne e, wzy roolem of producing b while mimiwizming fthe amount

o ioney need, that is,
{.s,.'} 2’ ¢ feay a” Wa e F(T) XeeoX p(m)

liow, Llet {a”F ve a pasic ovtimal indexed fuzuy point for +uis problem,

Taen {0 Y geunds o0 at moot n 2nug Lyseesyi, 0L The Luccmed fusay
o . -
T S L " e b - Lo Y o E ISR R | : P I
mMaverisn e ocause oY >O“i’ , ao £F >~ir_f. Jogoone indszi ioin caei: of the
. . T e e . ® - . 3
S0V . L2tting . e the indexed ruszay moetrix with rows o, it

ooy

Lj 3
rensiir: to show that A° has the output space W. Let b'c¢W, Because

b ” . N » . - .
h*> 0. a0 o+ 1o the productive matrix. Lence, by Theorea 4.1 ; there
g g : ey “len ey 4 i i g b Ty gnnd
e om oincezed ruzzy soimt {a Ysuch that
..

i . L f:,l_ - e ‘L)i »

< ¥

but snig =inply saye thot the basis given by the rows a, is Feasible
A
d
. . . N . -
Lnowae aew arogram, wuaere vectox o be produced is b ozothax b,

N
o

Accoruing to the Temma 5.1 ,{a’} is also optimal, that is
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{'3'}:—10 <i{ay. 0
among all possible [a }for the original model. Since b’e W there is
some ja ] such that -[a}. A" = b’ and {a.g.ap < %, » It now follows
that

(3°V-A% = b°
because

-y 0 o

The proof is now complete.
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