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Introduction. A theory of fuzzy programming presented in
this paper is quite different from the well-known fuzzy linear
nrogramming theory developed by Hannan (2}, Rodder [4] and
7immermann [5] . Using the dgebraic apparatus developed in [3]
it is possible to give a complete theory of fuzzy programming
(e.gs [1]). At first the fauz=y programming problems are defined
and described and then the fundamental duality theorem is forma -
1ated and proved. Assuming the duality theorem we prove the

important "equilibrium theorem" .
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nsing the algebraic machinery developed in the paper [3]
we are going to formlate the fuzzy programming problem FP.
In the fuzzy vector matrix notation which we have introduced,
this problem can be Yvritteri in the following form:

Gieven an m xn fuzzy matrix A= ( {Xij’ aié } ), an n- fuzzy
vector b= ( {yJ, 5 }), and an m-fuz=y vector ¢=( {z;,¢;} ),

find an m-fuz~y point {a"} p with the nonnegative support such

that
{_a’}P-c ),{a}‘ch. , VaeRn:, . (1)
where P is the fuzzy subset of solution of fuzzy ineguality
{a}ag® | (2)

and{a}P a ( {ai,/u.P(a)}) R a=(a1,...,am)eRm .

Note that {a}, is the singleton fuzzy subset.
A fuzny programming problem FP is called feasible if there
exists a fuzzy point {a};, such that a €Ry and {a}; # #. Such

a fuz~y point is called feasible solution. A feasible fuzzy
point {a‘}P satisfying the condition (1) is called an optimal
solution. |

The dual problem FP' i3 then that of finding n-fuzzy point

{’j‘}P‘ with the nonnegative support such that
{a"}p 0 sfalper, YV d€RS » (1)
where P' is the fuzzy subset of solution of fuzzy inequality
Ao{d} ¥ c (2')
Presented above fuzzy programming problem FP is called a standard

FP. We can distinquish the various types of FP according to the

nature of the contraints and of the optimal solution.

DEFINITION 1. Let A, b and ¢ be as before. The canonical

fa77y programming problem FP is that of finding a fuzzy point
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{a'}P with the nonnegative support such that

{a%}p e {a)p e

Vaeky |, (3)

where P is the fuzzy subset of solution of fuzzy eqation

{a}-A = b
Analogouély, we define

which is that of finding a

support that Vae K%
{a*}P. c ${a}prc .

e shall now show that
nroblems are egquivalent in
transformed into the other
1f we replace (4) above by

fala b

(<1)n{a}h (=1) € (~1)wb+(-1)

(4)

the canonical fuzzy problem FP ,

fuzzy point {a"}P with the nonnegative

the standard and canonical fuzzy
the sence that either one can be
in an obvious manner.

the inequalities

(5)

i+ ia clear that we have rephrased the canonical problem as 8

standard problem. Qn the other hand, to change a standard fuzzy

problem to a canonical one Wwe replace the fuzazy ineguality

{al-a s 0
by the egnation
{a}rz=v,

(6)

(7)

where {a} and 2 are the fuzzy point and the fuzzy matrix which

we defined in [3] .

Tne condition (1) we replace by the condition

a'fs- ¢y {d}g-c,

(8)

whers C= ({ 7;, &3}) is an (u+n) fuzzy vector such that

Vi=1(1)m Zyw %y 0 G4 Oy

and ¥V iz (m+1)(1)m+n Z;= 0, C.2 1,

We now have a fuzzy problem FP whose contraints arc fuzzy

equations, and clearly {2} has a nonnegative support and {a'} p
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subject to (1) and (/) iff {éf}f, subject to (7) and (8),
shere P is fuzzy subset of solution of fuz=zy equation (7).
The most general case Fr is problem in which some {a] have
arbitrary support and where the contrainte include both equations

ani inequalities.

P T \ ) 1 - I’-
DEFINITION 2. Let a s ({X;,, 311}),..., 8’ = ({X, . airg),

21 S a

1= {{wi1, di13)""’ s P ({wis’ disﬁ) and c= ({zi, cig) are
n-fuz=7y vectors and let {h1,k1},..., {hr,krj, {11,f1},..;,
{ls,fe} are the fuzzy elements. Let Vi=1(1)s

m
£/ T ;= e <017 .
iz 1

Tne general FF is that of finding an m-fuzzy point {a?}P such

that
{a"}P-’c y{ajp ¢ ‘q’aeRm (9)
where P ig the fuzzy subset of solution of the
{a}" ad < {hj’ kJ} for j=1(1)r , (10);
{ad-a® = {1, £} for pz 1(1)s .

It is clear that both the standard and canonical FPs are
special cases of the general FP. Conversely, the general Fr
ran transform into either of the others. To obtain a standard
oroblem equivalent to the general problem above, we first
ybtain contraints involving only fuzzy inequalities by replacing
the fuz»y equations in (10) above by the inegualities

{a}.a” < {1,, £,3,

| (11)
(-1)wfa}-d (=1) £ (=1, T 3:0-1) .

Next, introduce new unknown n-fuzzy points {a'} and {a"}
with the nonnegative supports and replace fuzzy inequalities

£40) and {11) by
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({a'} - {a"§)-als {ng, %,
( {a'}- {a"§)aP< {1, 13, (12)
(—)x( {a'}y - {a']) P (1) & (e1)ef1, £ 5 (1)

and require that V/é, Q‘E.Ra
® o 1 .
({a"}p - {83 p)ey ({dyp - 4a"F p)ec (13)
The fuz~y points {a"}, and {a"} satisfy the condition (13)
eubject (12) Lff the fuzzy point {a'}, = {a“'}P - {a“’j p

solves the original problem.

Lemma 1. Let {a}, and {d}p are the feasible solutions
of the standard fuzzy programmings FP and FP' respectively.

Then
{a}P-cs{d} prb . (14)

Proof. From (2) wehave: VY
L {xyge sy blag pe®) € Ly o3 3

and from (2 ) we have: Vi
ZEZ Lxyy agydddg pp (@37 {255 o4 (% &)

wnltiplying (%) by {di,/upﬂ(d)3 and summing on j, and
mil tiplying (% ¥) by {ai,/Jp(a)S and summing on i gives

Ei.: {ai’/“P(a)S'{’i’ciss 23‘ {dja/‘ln‘(d)}’{yjybjg
which means

{a}p ¢ < {djpr - b .

Theorem 1. (optimality criterion). If there exist fecasible
solutions {a'} p and {a'} p' of the standard fuzzy programmings
FP and FP' respectively such that

{8y prc = {a'pu.0 , (15)

ther these feasible solutions are, in fact, optimal solutions
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»® their respective problems.

proof. Let {a}, be any other feasible solution of the FP.
Them from the Lemma 1

falp e < {d\}P\‘b ,
and combining this with (15) gives

{alp e < {a'f, - c
showing that {a‘}P is an .optimal solution, A symmetrical

argument proves the optimality of {d'}% p' -

Le£ us note that theory of fuzzy programming presented in
this paper is true for first and second kind inequalities.
"nfortunately the fundamental duality theorem is true iff in
the fuzny programmings FP and FP' we have the second kind inequa-
tities, ' e

Theorem 2. ( fundamental duality theorem). If both a fuzzy
crogram and iis dval are feasible and are described by the second
k¥ind inequalities then both have optimgl solutions and the values
of the two fuzzy programs are the same, If either fuzzy program
ig infeasible them neither has an optimal solution,

Proof. From classical fundamental dua;ity theorem we have
that supp ({a"},.c ) = supp ({d“}P\- b ).

We are going to prove that
m » n « "
;Z; Ci'/",P(A) = J-'E b‘}‘/JP’(d) .
Because {a“}P and {d*j,1 ere the optimal solutions of FP and
FF' respectively, then there exist i and j such that

Ki{a*y= b. / ] a0
/r P( ) J / 'i‘ ji i_J
’

gnd

A (d*): C; / :r as:t .
¥ I )9 . -1 i'd
i,4

Note that,then



b= i b. ¢, 2 .
j m#p 3 and i th cy
tz:),
RS P(a*) = ¢y b, / T B
i=1 7 i g id
and
T T
T /P\(d ) = < C, / 8. .
. 1 'J
4=1 -9J

From classicad fundamental duality theorem it follows that

the second part of this theorem is true.

Theorem 3. (canonical equilibrium theorem). Let {a‘}P be

a solution with the nonnegastive support of fuzzy equation

{alac-cob ' (16)
and let {d}P' be a solution of second kind inegualities
Aady 2 c
Then
{a*}P~c>,{a}P- c , Vaer
ana
{d"} o0 < {afpeed Vae g? (17)
i FF
»

a; = O whenever Ag {ay > {z4» ¢4 3
where Ay is the i-th row of A.

proof. If (17) satisfied then we have

» » "¢ - » » =
{afp e = z {ai’/‘P(a )3z, °i3=§'{ai')"i’(a Yo by daThy
e ¥* » ¥ . » w

( L {af, ppla”) - Ay -1dpree fpra{dty = o {7 (18)

and therefore {a'} and {d*}P' are optimal solutions.

Conversely, if {a and { ¢}, are optimal then (18) follows
. P P

from the dnality theorem, from which we get

Zi{'a;'fp(a,‘)}.(!\i‘{d}?‘- {zi, cia): e

and since all terms in this sum have nonnegative support, condi-
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tion {17) follows.

Theorem 4, (equilibrium theorem_for standard FPf. The
feasible solutions {a}, and {d}P\ of second kind inequality
{a}~A £b
and of second kind inequality
A{a}y z e, |
respectively are optimal solutions iff
d; = 0 whenever f_at}-A'j < {yj, bj} (19)

and

a; = 0 wheneve; Aiw'{d}7{_zi, c;¥ (20)

ahere A is the j-th column of A and A, is& the i-th row of A,
Proof. First suppose conditions (19) and (20) hold. Then

we have

{d}'b = ZJ: {dj,ﬂp'(d)3~{yj, bj}: Z.J:{dj’}‘P‘ (d)}'{a'}-A'j:
= ZJ:" {dj ,)_;P\(d)}- Zi: {ai,rP(‘a)}‘{xij, aiJ} .
tajos Zi: {ai’/"'P(a)}'{zi’ c;} = Z% {ai'/*P(a)}'Ai'{d}‘

] Yf fag, pp(a)} ZJ;.{"J"/‘*P‘ (OFfry 50 8y53 -

From this qualities it follows, that {d}b = {a}.c .

Whence from Theorem 1 {a}P and {d}Ps are optimal solutions.
Conversely, let {a}, and {d}p' are optimal solutions.

Then from the duality @heorem we have

{a}P cc = {d}y b .

o
co,

?{av}‘ﬂa)}-{zi, °3}= Z;' { ai’/‘P(a)}'%:{dJ’}‘P‘(d)} .

Lrge eyl e pet Ol ) -
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From the first equation we have

z‘k‘{al’)ip(a)} ({‘Z'L’ 013 - ?{d.},/)ﬁ(d)}-{le, 313”: e

bt since {dfp' is feasible it follows that

supp ({7, o4} - i;'.{dj,rl;(d)}-{xij, aijz-' ) -
J

iz nonpositive and hence for each 1
{70 c;§ - %{dj,ﬂﬁ(d)}-{xu, aiJS) CH
from which (20) follows at once. A symmetrical argument proves

condition (19).
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